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Lay Summary

In this thesis we present a number of studies concerning the determination of the
Parton Distribution Functions (PDFs) of the proton. PDFs describe the internal
structure of the nucleons in terms of their constituent quarks and gluons, and
therefore they are important to gain a better understanding of the fundamental
structure of the proton. Additionally PDFs are a necessary input to perform
a number of relevant computations in high energy-physics phenomenology,
which makes their precise knowledge, together with the determination of the
corresponding uncertainty, a key ingredient for new physics studies. It is
therefore important to produce more and more precise PDF's, researching into
new numerical frameworks and physical ideas. In this thesis we present a number
of steps in this direction, addressing a number of different topics, which span from
the impact of new experimental data from the Large Hadron Collider (LHC) to

recent developments from the lattice community.
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Abstract

A precise understanding of the proton structure, encoded in Parton Distribution
Functions (PDFs), is required to make reliable predictions and analyses at the
Large Hadron Collider (LHC), the main source of experimental data probing
subnuclear interactions we have today. PDFs have played a central role in
the recent discovery of the Higgs boson and, since it is increasingly clear that
any effect due to new physics will manifest itself as small deviations from the
current theory, a precise determination of PDFs is likely to be a key ingredient
for new physics studies. The PDFs are formally defined as matrix elements of
renormalized operators in Quantum Chromodynamics (QCD) involving hadronic
states. They are inherently non-perturbative quantities, and they are extracted
from global QCD analysis over experimental data using the so-called factorization
theorems. Producing a new generation of PDFs, satisfying the precision and
reliability requirements demanded by the current research, is a challenging task
which involves, together with the experimental data input, the development
of robust fitting methodologies, along with new physical ideas. In this thesis
we present a number of progresses which have been developed in the last few
years in the context of PDFs determination, some of which will lead to the next
PDF's release by the NNPDEF collaboration. In particular we will discuss a new
framework for global PDFs determinations, the impact of new experimental data,
with particular emphasis on jets data, the inclusion of theory uncertainty in a
PDFs fit and the treatment of heavy quarks distributions. We will then discuss a
set of recent ideas which would allow to extract PDFs from equal time correlators
computable within the framework of lattice QCD, and we will present results

regarding data coming from different lattice approaches and collaborations.
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Introduction

The increasing demand for accuracy required nowadays to perform high-energy
phenomenology represents one of the main challenges for the particle theory
community. The overall precision of theoretical computations has to match the
one of the corresponding experimental measurements: more precise experimental
data call for more precise computations, together with a better control and

understanding of the different sources of errors affecting theoretical predictions.

The computations of high-energy processes involving nucleons are based on
factorization, namely on the separation of amplitudes or cross-sections in different
contributions, each of which depends on a specific energy scale. While short-
distance (or high-energy) contributions can be computed within the framework
of perturbation theory, those related to long-distance phenomena and responsible
for the internal structure of the nucleons are not directly accessible by means
of first principle computations, and are factorized into universal objects of non

perturbative origin, denoted as Parton Distribution Functions (PDF's).

PDF's encode our knowledge about the structure of the nucleons in terms of quarks
and gluons, and represent an essential ingredient to perform theory computations
in collider physics. Using factorization theorems, PDFs can be extracted
from global QCD fits over a set of experimental data, and, thanks to their
universality, the results can be subsequently used to compute different processes.
Unfortunately, they also represent the dominant source of uncertainty in many
important computations, including analyses at the Large Hadron Collider (LHC)
and other experiments, the determination of standard model parameters, Higgs

boson characterisation and searches for New Physics. It is therefore necessary to



push the determination of PDFs to a new level of accuracy, researching for new

methodologies and physical ideas to improve such global analyses.

The problem of PDFs determination involves a number of different lines of re-
search which can be investigated using diverse approaches. For phenomenological
applications, it is important to develop frameworks which allow to implement and
test different numerical and analytical techniques to deal with complex global
fits involving a big number of data coming from experimental measurements.
Such frameworks need to be flexible enough in order to fit the available data
while imposing known physical constraints which have to be satisfied by the final
PDFs, and should allow to easily include new data and computations in the
analysis. When new experimental data for specific high-energy processes become
available, their impact on parton distributions needs to be studied and quantified,
to see how the new experimental information changes our knowledge regarding
the structure of the nucleons. This involves, on one side, the understanding of the
details of the new data (distributions to be included in the analysis, statistical
and systematic errors, kinematic cuts to apply in order to use factorization
theorems in their domains of validity), on the other the implementation of the
most up to date theoretical computation for the process considered. In order
to quantify how reliable the theory predictions are, specific studies regarding
the theoretical errors and their propagations into PDFs need to be carried out,
and a suitable prescription for the combination of experimental and theoretical
uncertainties have to be formulated. Alongside this kind of studies, which are
usually performed within the high-energy community, other approaches to study
parton distributions are possible. Being non-perturbative objects, PDFs are also
a natural subject for a lattice QCD investigation. Starting from the formal
definition of parton distributions, given in terms of matrix elements between
nucleons states of QCD bilocal operators, it is possible to study the detailed
structure of the ultraviolet (UV) and infrared (IR) divergences of such objects,
and relate them to specific correlators which, in principle, can be obtained through
lattice QCD simulations. Such ideas have been studied and developed in recent
years, and data from lattice QCD simulations have started appearing. Given the
high interest shown by both the lattice and high-energy community, new data
for different lattice observables are likely to appear in the coming years. It is
therefore important to understand how to extract information about PDFs from
them, study their potential for high-energy phenomenology, their interplay with
experimental data and understand the different sources of uncertainties affecting

the corresponding lattice simulation.



This thesis can be divided into three main parts. The first part, composed by the
first two chapters, is devoted to review the basics of QCD and the main concepts
underlying factorization theorems. We will introduce parton distributions first
from a phenomenological point of view, following the parton model ideas and
discussing the general structure of the NLO QCD corrections, and subsequently
following a more formal approach, revising the theoretical definition of PDFs
in terms of QCD bilocal operators. These chapters are based on a number of
standard QCD text books [IH3], quantum field theories lectures and classical
references regarding factorization in high-energy processes, such as refs. [4H6],
and will be used to set up the main notations adopted in the rest of the thesis.
In the second part, made by chapters 3 [ [f] and [0 we will present a number
of phenomenological studies, as detailed in the following. In chapter [3| we will
describe the fitting methodology which has been developed within the NNPDF
collaboration and its recent implementation within the new n3fit framework,
with particular emphasis on the numerical techniques adopted to impose physical
constraints on PDFs. We will also discuss the so called fit basis, showing how the
final results produced within this framework only depend on the experimental
and physical inputs, and not on the specific details of our fitting methodology.
Such studies will be part of NNPDF4.0, the next public release of the NNPDF
collaboration. In chapter [4| we will discuss the impact of jets data in a global
PDF's determination. This gives an example of the kind of analyses which need
to be done every time an important class of new experimental measurements is
available, together with the corresponding theoretical predictions. The results
discussed in this chapter have been first presented in ref. [7]. In chapter |5 we will
discuss the definition and implementation of a theoretical error accounting for
missing higher orders in a PDF's global analysis. The chapter is based on refs. [8, 0]
where this study was first presented by the NNPDF collaboration. In chapter [6]
based on ref. [I0], we discuss an alternative treatment for the bottom PDFs,
analysing the specific case of Higgs production in bottom fusion and its potential
impact on precise phenomenology. Finally, in the third part of the thesis, made by
chapters[7] [§land [9] we will present a number of studies to understand the relation
between PDFs and lattice computable Euclidean correlators. In particular in
chapter [7} based on ref. [I1], we will revise the main theoretical ideas behind
the lattice approach using a nongauge theory as a simple toy example. This
chapter is used to introduce the theoretical framework necessary to understand
the studies presented in the two following chapters. In chapter |8 we analyse

data for quasi-PDFs matrix elements, studying their potential in constraining



PDF's and presenting a detailed analysis of the systematic uncertainties affecting
the data and of how these affect the final results. The results reported in this
chapter were first presented in ref. [I2]. In chapter [ we present results for PDFs
extracted from a different kind of lattice observables, denoted as reduced Ioffe-
time pseudodistribution, assessing differences and similarities with the analysis
of chapter [8| The chapter is based on ref. [I3]. Finally in chapter [10] we briefly

summarize the main results and conclusions of this thesis.

The thesis is supplemented with a number of appendices, where some analyses are
further expanded and the details and results of the more technical computations

are reported for reference.



Basics of QCD

In the early ’60s it was generally believed that a theory for the strong interaction
could not be formulated within the framework of Quantum Field Theory (QFT)
[14]. Despite the remarkable success of Quantum Electrodynamics (QED)
in describing phenomena such as the anomalous magnetic moment of the
electron, the renormalization process was not completely understood yet and

renormalizable quantum field theories were still looked at with suspicion.

The experimental observation of Bjorken scaling [15] in Deep Inelastic Scattering
(DIS) experiment (SLAC 1960) suggested that the constituents of nucleons may
be described as almost-free and point-like objects when observed with high spatial
resolution, leading to the formulation of the parton model [16]. Accordingly, the
dynamic of partonic systems should have the property of becoming weaker at
shorter distances. In 1973 asymptotic freedom of non-Abelian gauge field theories
was discovered [17, 18], making possible to embed the partonic model ideas within
the framework of a renormalizable QFT. Soon after it was shown how non-Abelian
gauge field theories are actually the only ones exhibiting such property in four
dimensional space-time [19] and Quantum Chromodynamics (QCD) emerged as

a mathematically consistent theory for the strong interaction.

After its formulation, QCD has been successfully used to describe strong
interaction processes observed at colliders, and nowadays it represents one of the
cornerstone of the Standard Model. In this chapter we present a brief overview of
QCD, recalling some basic features of the theory and introducing our notation.
For a more detailed treatment of the basics of QCD we refer to standard QFT
and QCD textbook, such as refs. [TH3].



1.1 Lagrangian and its symmetries

Quantum Chromodynamics is a non-Abelian gauge theory based on the gauge
group SU(3)color- The classical Lagrangian of QCD, describing the interaction of

Ny massive spin—% quarks and massless spin-1 gluons, is given by

1 y Lk
»Cclassical = _ZF::,FA“ + Z 77/}& (Z’}/'uDM + mk)ab 77/}57 (11)
k=1

with the field strength tensor and the covariant derivative defined as

Fi = 0,40 — 0,A% + g fPCAT AT (1.2)
D,=0,—igT"A;. (1.3)

The summation over k runs over all the quark flavours, with each quark field
¥k belonging to the fundamental representation of the gauge group SU(3)color
(a = 1,2,3), while the gauge field Aﬁ, called gluon, belongs to the adjoint
representation (A = 1,2, ...,8). The quantities g and f45¢ are the gauge coupling
and the SU(3)lor Structure constants respectively, and T4 are the eight gauge

group generators, satisfying

(T4, TP] =if*PeTe, (1.4)
Tr [TATP] = Tr " (1.5)

An explicit expression for the generators 74 in the fundamental representation
is given by (T%),, = 1/2 ()\A)ab with A4 representing the eight 3-dimensional
Gell-Mann matrices and with the normalization of the generators conventionally

chosen to be Tr = 1/2. Given the equations above, the colour matrices obey

Z Z bTbc CF ac (16)

ZZTSCTCD = ZfACBfACD = Ca0pp, (1.7)

A C A,C

where, considering the generic case of SU(N), Cp = &

The classical Lagrangian of eq. (l.1)) does not allow to formulate quantum
perturbation theory in a consistent way. The problem cannot be avoided as

long as we rely on a gauge invariant Lagrangian, where the gauge field A;:‘ has



the freedom to change according to gauge transformations. We can get rid of such
freedom by putting constraints on the field A/’:‘, known as gauge fizing conditions,

which in general can be expressed as
A_ pA
G'A = B”, (1.8)

with G* and B4 chosen in some convenient way ﬂ Upon functional integration
over the arbitrary quantity B, such condition is implemented in the theory by
adding to the classical Lagrangian the so-called gauge fixing term

1
‘Cgaugeffia:ing = _i (GHA;?) s (19)

with £ representing an arbitrary parameter whose specific value defines the gauge.
Different choices for the gauge fixing term can be done. Taking G* = 0" we
obtain a class of covariant gauges. In this case the gauge fixing term must be
supplemented by an additional term, known as ghost Lagrangian [21], describing
a complex scalar field n* (the Faddeev-Popov ghosts) obeying the Grassmann

algebra and belonging to the adjoint representation of the gauge group
Eghost = (aoﬂ?A)* D4y UB . (1-10)
Perturbation theory can be formulated starting from the Lagrangian density
L = Leiassical T Lgauge— fizing + Lghost - (1.11)

Another possible gauge fixing term is the one giving the so-called axial gauges,
fixed in terms of a chosen vector n such that G* = n*. In this case ghost fields
decouples and can thus be ignored, but the explicit form of the gluon propagator

turns out to be more complicated than the one in the covariant gauges.

The QCD Lagrangian has a number of important symmetries, both exact and
approximate, which is worth recalling here. The classical Lagrangian given in
eq. is invariant under SU(3)co10r gauge transformations. After gauge fixing
gauge invariance is broken, but the resulting Lagrangian of eq. satisfied
the BRST symmetry [22, 23], which in turn helps with the renormalizability

of the theory. The so-called flavour symmetries are also exact symmetries of

'Eq. (1.8) in general admits various solutions, representing different possible gauge
configurations known as Gribov copies. Their occurrence is known as the Gribov copies problem,
or Gribov ambiguity [20].



QCD, acting through a global phase transformation of each quark field separately
and giving the baryon number conservation. Other symmetries include the
discrete global symmetries of parity and time reversal invariance. Finally charge-

conjugation is also an exact symmetry of eq. ((1.11)).

Assuming mass degeneracy for the up and down quarks, the U(1) global symmetry
associated with quark number can be extended to a global U(2) = U(1l) ®
SU(2). The new symmetry SU(2) is known as isospin symmetry. We can further
enhance the symmetry group to U(1) ® SU(3) assuming the strange quark to
be also degenerate in mass with the up and the downE]. In the case of massless
quarks, a chiral symmetry U(2);, ® U(2)g = SU(2)y ® U(1)y ® SU(2)4 ® U(1)4
holds, which however is spontaneously broken to SU(2)y ® U(1)y ® U(1)4, with
the subscripts V' and A denoting the vector and axial combinations. The three
pseudo-scalar Goldstone bosons resulting from chiral SU(2) breaking to SU(2)y

+ 7~ and 7° in the massless quark limit.

are identified with the three pions 7
While the survived SU(2)y ® U(1)y symmetry is identified with the isospin
and baryon number conservation mentioned previously, the remaining U(1)4,
despite not being spontaneously broken, appears to be lost in QCD. The study
of what happens to this symmetry is known as the U(1)-problem [25]. The axial
symmetry U(1) 4 is actually broken at the quantum level, through the Adler-Bell-
Jackiw anomaly, which induces a new term in the QCD Lagrangian proportional
to €qpys It FYFe8  This term would be responsible for a violation of CP in
the strong sector and its magnitude is given by the size of the parameter 6,
representing an angular variable whose values is fixed to be in the range # < 107
by experimental measures. The unexplained smallness of such parameter is known
as the strong CP-problem. Among the proposed solutions, the Peccei-Quinn
mechanism was developed [26] which, together with the introduction of additional

particles called axions [27, 28], proposes a dynamical explanation for the  values.

1.2 The running coupling and asymptotic freedom

In analogy with the QED fine structure constant, the QCD coupling constant
is defined in terms of the gauge coupling as a, = g¢?/4w. As a consequence
of the renormalization process, the coupling acquires a dependence on the

renormalization scale p, namely the arbitrary scale at which the subtraction of

2Such approximate flavour symmetry SU(3) is the basis of the Gell-Mann quark model [24]
which was proposed well before the birth of QCD.



the ultraviolet (UV) poles is performed. The resulting renormalization group

equations read

5 Oavg

e

— B(ay) . (1.12)

The S function can be computed in perturbation theory as a power expansion
in a,. Nowadays results up to five loops have been computed [29]. At next-to-

leading order it is given by

Blas) = =foa? (1+ fras + 0 (aF)) (1.13)
with
33 — 2N, 153 — 19N,
= = 1.14
T  CE R} gy (1.14)

Using the leading order expression for the 5 in eq. ({1.12)) we find the leading-log
solution for the running coupling, relating its value at the generic scale Q? to the

one at a reference scale p?

2\ A (p?)
@ (&) = 1+ o (142) Bo logif—g2 ' (1.15)

Given the positive sign of fy, from eq. it is evident how, as the scale
QQ* becomes very large, the coupling a, (Q?) decreases to zero. This property,
which characterizes non-Abelian gauge theories like QCD, is known as asymptotic
freedom and the theory is then said to be asymptotically free. It is customary
to introduce a dimensionful parameter directly in the definition of «y, usually
denoted as A. It can be defined as

2 oo
1 dx

with its specific value depending on the choice of the renormalization scheme, on
the order of the  function power expansion and on the number of active ﬂavoursﬂ
entering the theory. Any dimensionful quantity in QCD can be expressed in units
of A. It can be thought as an intrinsic scale of QCD: at scales much larger than

A the coupling «y is small and quarks behave as almost free particles.

3The notion of active flavours will be discussed in sec.



1.3 Quark masses

The quark masses represent another parameter of the Lagrangian eq. (1.1)). Just
like the coupling constant because of the renormalization process they also acquire

a dependence on a renormalization scale p given by

,0m

WogE = m (as)m (%) . (1.17)

The quantity 7, is the mass anomalous dimension which can be computed in

perturbation theory as a power expansion in ag
Y (@s) = cag (1 + dag +...) (1.18)

with the explicit expression of the coefficients depending on the choice of the

renormalization scheme.

In order to study the impact of the quarks mass on a generic physical observable
R, consider the situation in which we have only one quark with mass m. Writing
R=R(Q*/1? as(p?),m (¢?) /Q) and setting the renormalization scale equal to
the physical scale p = @), if we assume the first N derivatives of R to be finite in

m = 0 we can write the expansion

R(1,0,(Q%),m(Q%) /Q) ~ R (1 0, (Q%),0)
+ i 1 {m(QQ)rRW (1, s (@) ,0) . (1.19)

QQ

where R™ denotes the n-th derivative of R with respect to its third argument.
Given the fact that eq. leads to a change of the renormalized mass with
(2 which is at most logarithmic, from eq. it is clear how, when considering
high energy scales ) > m, the mass dependence can be dropped, and the quark
can be considered massless. On the other hand, when the mass of the quark is
much greater than the relevant scale () it can be shown that the heavy quark
mass correction to R are suppressed by inverse powers of m, and therefore they
can be ignored when ) < m. The n; active flavour introduced in the previous

section are the light quarks whose mass is much smaller than the physical scale

Q.

Considering the situation in which we have n; light quarks (i.e. quarks whose mass

10



is much smaller than ) and a single heavy quark with mass m, the two values

1
Oégm-i— 1)

) and o™ measured in the two domains @ > m and Q < m respectively,

are usually matched through matching equation of the form

ol (QP) = o™ (@) + D e (D) (ol ()", (120)

o
k=2
where the coefficients ¢, (L) are polynomials in L = log Q%/m? and at the scale
m? = @Q* the O (a?) coefficient vanishes, ¢z (0) = 0. Depending on the specific
energy scale of interest, one can perform the computation of a generic physical
observable considering either n; or n; + 1 active flavours, each choice being more
convenient in a given kinematic region. In sec. [2.4] we will discuss a way in which

such computations can be combined in a unique result which is accurate at every

energy scale.

1.4 Perturbative and non-Perturbative approaches

The property of asymptotic freedom allows to compute high energy scattering
processes as an expansion in the coupling, paving the way to a perturbative
treatment of QCD. The Lagrangian given in eq. can be written as the
sum between the free Lagrangian L, describing free fermions and gauge fields,
plus an interaction term L;, containing all the terms proportional to the gauge
coupling ¢g: at high energy g becomes small, and all these terms can be treated
as perturbative interactions, so that the corresponding contribution in the action

can be expanded in a power series of the coupling.

In general, perturbation theory can be seen as a systematic way of approximating
the solution of a quantum field theory keeping the error under control. Although
its success in describing high energy processes, it is not a full solution of the theory,
and there are situations in which it cannot be applied: in the case of QCD, at
low energy the coupling becomes large, and a power expansion in «ay is no longer
possible. It is therefore important to have a non-perturbative formulation of
QCD, based on the classical Lagrangian of eq. . The framework of lattice
QFT represents one of the most studied and developed systematic approaches to
study quantum field theories in non-perturbative regimes. In the following we
recall the basic ideas underlying the formulation of QCD on an Fuclidean lattice,

referring to standard textbooks as ref. [30] for a complete discussion.

11



In lattice QFT the path integral of the theory is defined on a discrete and finite
Euclidean space-time, characterized by a finite volume and lattice spacing a, and
directly evaluated through Monte-Carlo simulations. The lattice can be defined

as a cartesian product
A (N) = a([[o, No — 1] x [0, Ny — 1] x [0, Ny — 1] x [0, N5 — 1]]) . (1.21)

where N is a four vector with integer components and [0, n] is the set of all the
integers j such that 0 < j < n. The integer N, represents the number of lattice
sites in the p direction, corresponding to a space-time extent equal to a/V,,. From
this definition it is clear how for each point z, belonging to the lattice there
exists a four vector j, with integer coordinates such that z, = aj,. The zero-
component Ny is usually identified with the temporal extent T" = a Ny, while the
three remaining ones, assumed to be equal, represent the spatial extent in the
three spatial directions L = aN; = aNy = aN3. On such lattice the full Lorentz
invariance of the continuum Minkowski space-time is reduced to the hypercubic
group, however when considering gauge theories their lattice version is built in

such a way to preserve gauge invariance.

Considering for simplicity a theory containing a single scalar field ¢, taking a

generic correlation function in Minkowski space

CM (g, .. x /Dgf)qﬁ 1) ... (z,) exp (15 (M) []) . (1.22)

one can define the associated Euclidean correlation function by performing a Wick

rotation z; = (29, 7;) — 7; = (—ia?, T;)

CT(LE) (1'1, ey L C(M (iL‘l, ,.Cfn) =

. / Do (1) 6 (ea) exp (~SE[g]) . (1.23)

where S is the Euclidean action of the theory. Such Wick rotation effectively
transform the Minkowski metric 7,, = diag(l,—1,—1,—1) into the positive
Euclidean metric 6, = diag(1,1,1,1) E|

The functional integral of eq. ([1.23)) can be estimated by averaging the fields

4The precise conditions under which the Wick rotation works are stated by the Osterwalder-
Schrader axioms [31]. These are a list of properties that correlation functions in Euclidean space
have to satisfy to be the analytic continuation of the correlation functions of the original QFT
in Minkowski space.
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product ¢ (x1) ...¢ (x,) on the probability density D¢ exp (—S(E) [qb])

In order to write a discrete version of QCD, we need to construct an action for the
gauge field and one for the quark fields. In the case of the gauge field, the action
can be written in terms of gauge links U, (), obtaining the so-called Wilson

action

Sq (U,) = % > Y Re(l- P, (x), (1.24)

zEANL p>v

P (@) = U, (@) Uy (2 + a@) U, (z + ad) U, (@) (1.25)

where [ is a constant of the theory. It can be shown that in the continuum limit,
using 3 = 2N/g?, eq. (1.24) recovers the Euclidean Yang-Mills action.

Considering the fermionic fields, defining the translation operator in the [
direction as 7, f (z) = f (z + aj1), it turns out that a naive discretization of the

Dirac action

o [0:0] =0 3 0@ (- = r) +m)wle) (120

zeN? 2a

would lead to a theory with the wrong continuum limit, describing 16 independent
fermion states all having the same energy. This is the so-called doubling problem,
and it is a consequence of a more general property of fermionic actions known
as the Nielsen-Ninomiya no-go theorem [32]. A possible solution to the doubling
problem was proposed by Wilson [33], through the addition of another term to

the fermionic action to remove the unwanted states

SW Wﬂﬂ - SDirac Wﬂﬂ - %5 Z QZ (x) 52¢ (Z‘) ’ (127)

zEA*

where 02 = ¢ 2 Z# (1 —7_,) (7, —1). In the presence of a gauge field, eq. (1.27)

becomes

Sw [, 0, U] = a* Y~ 0 (2) (K [U,] +m) ¢ () | (1.28)

rEAL

where K [U,] is a suitable discretization for the covariant derivative which
implements the Wilson prescription. The addition of the Wilson term in the
action solves the doubling problem, however it explicitly breaks chiral symmetry,

leading to a more complex UV structure of the theory. An example of this appears

13



when looking at the renormalization of the fermion mass: when a Wilson fermion
is coupled to some gauge interaction the mass shift, which would be zero in the
continuum and in the case of naive lattice fermions, is not zero anymore. This
means that a Wilson fermion with zero bare mass is actually not massless. Its

mass is denoted as critical mass.

Once the Fuclidean action has been defined, the expectation value of a generic
observable O [@/}, ), U, “] can be evaluated through the path integral

(0) = % / Dy DY DU, O [1,9,U,] e~ SVl (1.29)

with

S[y,,U,) = Sq (U,) + Sw [¢,9,U,] . (1.30)

Since the fermionic action is quadratic, the functional integrals over ¢ and ) can

be performed analytically getting
1
(0) = 7 / DU, det (K + M) Owiq [U,] e 5cUnl (1.31)

where Owiac denotes the functional obtained from O performing the Wick
contractions of the quark fields. Note that this observable depends on the quark
propagator (K + M )_1, appearing for every 1) contraction. Inverting the term
K + M in order to obtain the fermionic propagator represents the elementary
computation in lattice QCD simulations. Assuming det (K + M) > 0 H, the
quantity

1
— det (K + M) e~ 56l (1.32)

can be interpreted as a probability distribution and an estimation for (O) up to
a0 (1 /VN > statistical error can be obtained by drawing N samples U, ,Si) from it

and computing

(0) = %Z o] . (1.33)

5In a continuum theory it can be shown that this is true thanks to chiral symmetry, as long
as we consider non-zero masses. On the lattice the situation can be more complicated: in the
case of Wilson fermions for example chiral symmetry is lost, and the determinant is positive
only when the bare masses are bigger than the critical mass.
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Factorization theorems in QCD

In the previous chapter we have seen how, thanks to asymptotic freedom, the
structure of QCD simplifies when considering problems involving short-distance
or high-energy scales: the coupling becomes small and the theory can be solved
perturbatively. However, cross sections for high energy processes are usually a
combination of short- and long-distance effects, and cannot be fully computed
within the framework of perturbation theory. Factorization theorems allows
to separate (factorize) a cross section or amplitude in separate contributions,
each factor containing the dependence of the process on a specific distance scale:
while short-distance effects can be computed in perturbation theory, contributions
coming from long-distance phenomena have to be extracted from experimental
data. In this chapter, starting from the Parton Model ideas we will discuss
factorization theorems in QCD, using the case of Deep Inelastic Scattering (DIS)
as a basic example. We will then introduce the main subject of the present work,

namely Parton Distribution Functions (PDFs).

2.1 The Parton Model

The basic ideas underlying factorization theorems for high energy processes can
be described appealing to Feynman’s parton model [16, B34, 35]. In this picture
fundamental particles called partons are bound together to form hadrons. Since
the details of the partonic system are unknown, the scattering between a test
particle and the hadron as a whole cannot be computed. However we assume
that we do know how to describe the scattering with a free parton. For example,

let us consider the case of the scattering of a high-energy charged lepton off a

15



hadron target
e (k)H(P) e (K)X.

Such process is known as Deep Inelastic lepton-hadron Scattering (DIS). Looking
at this scattering in the centre of mass frame, the hadron will be Lorentz
contracted in the direction of the collision and the lifetime of the internal partonic
states will be lengthened. As a consequence, the time the electron takes to cross
the hadron will be much shorter than the average lifetime of each partonic state.
During the time of the interaction the hadron can then be thought as “frozen”
in a well defined partonic state, with each parton carrying a definite fraction &
of the hadron momentum and not interacting with the other ones. If the energy
of the collision is high enough, the virtual photon mediating the electron-hadron
interaction will interact with a single parton having a given momentum fraction.
Likewise, interactions occurring in the final states are assumed to occur on time
scales too long to interfere with the hard scattering. Given this picture, it is
natural to think about the scattering cross section as classical and incoherent,
namely as a sum of probabilities rather than of amplitudes. The parton model

ideas can be summarized in the simple formula
o(e"(k)H(P)—e (K)+X)=

Z/O d€ i (€) 6 (€™ (k) q; (EP) — e (k') + gy) (2.1)

where ¢ represents the partonic cross section describing the interaction between a
single free parton and the virtual photon, and the set of functions ¢;/ (§) are the
probability densities of having a parton of kind ¢ inside the hadron H, carrying

a fraction £ € (0, 1) of the total hadron momentum.

In the following we recall in more details how parton model ideas apply
to the case of DIS, setting the stage for a more complete discussion of
factorization which will be addressed in the next section. DIS experiments
are traditionally the main testing ground of perturbative QCD, having been
the first processes where pointlike particles were seen inside the hadron, thus
motivating the formulation of the parton model. They play a central role in
any discussion regarding factorization and provide a simple experimental and
theoretical framework to study the strong interaction. As we are going to recall
in the following, measurements of DIS structure functions directly probe the
structure of hadrons, giving the bulk of experimental measurements at the basis

of every phenomenological determination of Parton Distribution Functions.
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Figure 2.1 DIS kinematic.

The kinematic for DIS is reported in fig. We specify the discussion to the case
of neutral current (NC) unpolarized scattering, considering only the contribution
associated to photon exchange (which is the dominant one as long as we consider
energy scales below m%). The space-like momentum of the photon is given by
q = k — k', the centre of mass energy square is s = (P + k)* and we denote the
invariant mass square of the final states as W = (P + q)z. It is customary to
introduce the kinematic variables

Q° Q’

2 2
=—q° >0, = , .
¢ a . 2P -q Y s

(2.2)

In the regime
QQa W2 > mlzladron ~ A?QCD )

leptons and quarks masses can be neglected. It is easy to see that the variable

x, known as Bjorken wvariable can take values between 0 and 1, with z — 1

2
hadron*

is then defined as Q* > Agp with  fixed and different from 1.

representing the elastic limit in which W = m The Deep Inelastic regime

The amplitude corresponding to the diagram in fig. reads
e N ‘
M= Sa )7 u () (X1 (0)|P) 2.9

where |X') represents the generic final state with n on-shell particles and j, is the
electromagnetic current through which the photon interacts in the proton. The

cross section, which is proportional to the amplitude square, is then found to be
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proportional to the product between a leptonic and an hadronic part

do 3K
—x | —W"L,,. 2.4
dx dQ)? / 2F, (2m)° ! 24

The leptonic tensor L,, can be easily computed within QED, while the hadronic
one, containing the information about the interaction between the virtual photon

and the hadron, can be parameterized as
nv _ nv quV 2
W (P.q) =—1g Tz A (2,Q%) +

1 P.q Y LP-q 9
m(Pu_q# e )(P —q " >F2(x,Q), (2.5)

Fy and F5 being scalar functions, called structure functions, depending on the
invariant quantities of the problem, namely x and Q?. If, more generally, we
allow j, to be any electroweak current, there will be an additional parity-violating

structure function Fj.

Computing explicitly the leptonic tensor and plugging eq. (2.5)) in eq. (2.4) we
can derive a general expression for the double differential cross section of DIS in

the Center of Mass frame

do 2ra’? 5 2(1—y)
= 1+(1—y)°| F )+ —FF 2 2.
dmdQQ Q4 [ +< y)] T(xaQ)+ - L(x7Q) , ( 6)
where o = €2/ (4m) is the fine structure constant and the transverse and

longitudinal structure functions are defined as

FL:FQ—Q.IFl, FT:2F1. (27)

The partonic cross section do for the scattering of the lepton off a single parton
with momentum &P can be computed through a simple leading order QED

computation (e~ + g — e~ + q) getting

do  4ma?

drdQ? ~ QO

14 (1 )7 %e%s (x—¢) (2.8)

from which we can read the expressions for the partonic structure functions 2
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and FQ
Fy = x5 (z — &) = 22k (2.9)

Finally, using the parton model assumption of eq. (2.1]), we can write an explicit

expression for the full structure functions

Fp (z,Q%) =0, F(z,Q%) = xZez Qajm () . (2.10)

Eq. makes manifest how DIS experiments probe the structure of the
incoming hadron H, giving direct access to the functions g, m (x) encoding its
internal distribution of quarks and gluons. Also, it shows explicitly how in the
parton model the structure functions do not depend on the energy scale. Such
property is known as Bjorken scaling, and its experimental observation was taken
as a confirmation of the composite nature of hadrons, confirming the basic ideas
of the parton model. From the analysis of DIS experimental data within the
framework of the parton model the following picture emerged: the proton is

composed by two u-valence quarks
uy () = u(x) —u(z) ,

and one d-valence quark
d, (z) =d(z) —d (),

which carry the proton electric charge and baryon number, plus a sea of light
quarks made of ¢¢ pairs. Additionally, the following integrals, known as valence

sum rules, are satisfied

jgldxuv(x)::z, jﬁldxdv(x)::l. (2.11)

Experimentally it was observed that only about the 50% of the proton’s

momentum is carried by quarks
1
}:/(mxm@g+q@ﬂ:o5, (2.12)
0
q

with the remaining momentum fraction associated to gluons.
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2.2 Improved Parton Model and factorization of

collinear singularities

In this section, starting from the parton model ideas, we briefly recall how to
include Next-to-Leading-Order (NLO) QCD corrections. As we are going to
see, when considering QCD corrections two important things happen. First
Bjorken scaling is broken, namely the structure functions acquire a non trivial
scale dependence. Second, when considering gluons emissions from the initial
state particles, infrared collinear singularities arise. The universal factorization
of such collinear poles and the subsequent renormalization of parton distribution
functions represent the main conceptual point of factorization in high energy

processes, and will be discussed in the following.

2.2.1 Next-to-Leading-Order QCD corrections

Considering a generic structure function F', following the parton model ideas we

can write it as
Ly R
F(z,Q%) =) / fqi% (€) Fu (g Q2> , (2.13)

with F, representing the partonic level structure function for the scattering of
a quark off the virtual photon, and qi(;)H denoting the parton model PDFs .
Such formula is valid up to power corrections, namely up to further terms of

non-pertubative origin which are suppressed by powers of A3qp/Q°.

From the previous section we know that at Born level E, is proportional to a
delta function €2 (1 — ). Considering QCD correction of order «, initial and
final states emissions of a single gluon, corresponding to Feynman diagrams of
fig. have to be computed. Accounting also for the corresponding virtual

corrections on the quark legs and for the gluon induced vertex correction, the full

! Although here we are introducing this formula starting from the ideas of the parton model,
eq. (2.13)) can be proved in the Bjorken limit, and the bare PDF qg})H can be defined in terms
of a bilocal operator matrix element. We will get back to this point in the next sections
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result has the following form

F(2,Q%) = ¢ {5 (1 —2) + a, (P (2) log Q—; +R (x)ﬂ : (2.14)

with

2
P(w)—ﬁ{l+$ 3

= — + =0 (1 — 2.15
on u—@++2( @} (2.15)
with the action of the plus distribution over a generic test function g (£) defined

as

1 1

1 1

do g @ = [ @ -9 (210)
/0 (1—=z), o (-2

Two observations can be done. Firstly, as anticipated above, beyond leading

order Bjorken scaling is broken by logarithms of @2, and the structure function

acquires a Q? dependence. Secondly, eq. (2.14)) contains a logarithmic dependence

on an infrared cutoff @2, pointing out the presence of an infrared divergence.

Figure 2.2 Real NLO QCD corrections.

Working in a light-cone gauge, such logarithmic divergence can be traced back to
the square of the amplitude associated to a gluon emission from the initial state
quark. It can be shown that, denoting as k; the longitudinal momentum of the
emitted gluon, we end up with a contribution of the form

- @ k>

Fyosgg (2,Q%) = / —La,P(x)+ ..., (2.17)
where the ellipses stand for finite regular terms. It is clear from eq. that
such term diverges in the region of small-%£, . In order to regulate such pole we can
introduce the infrared cutoff 3, getting the logarithmic contribution observed
in eq. . Similarly, when considering multiple gluons emissions from initial
state particles, terms of the kind (as (Q?) log %g)n show up. Since all these

terms are of order 1, if we accounted for only some of them we would spoil

perturbation theory. In order to get a proper perturbative expansion such terms
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have to be resummed at all orders. Such resummation is achieved factorizing
the collinear singularities into the parton model PDFs, and solving the resulting

renormalization group equations as described in the next sections.

2.2.2 Factorization of collinear singularities

The singularities described in the previous sections arise from the kinematic
region where k; — 0, namely when a gluon is emitted parallel to an initial state
quark. For this reason they are often called collinear singularities. To understand
how to deal with such terms, one needs to realize that the limit of small—k
corresponds to the long-range (low energy) regime of the strong interaction and
therefore cannot be treated within perturbation theory. We can then consider the
parton distributions introduced through the parton model as bare, unmeasurable
quantities, and use them to reabsorb the collinear singularities. In this way, all the
dependence on low energy phenomena can be factorized in the parton distribution

functions, leaving the hard cross sections free from collinear singularities.

Starting from the logarithmic divergent contribution appearing in eq. (2.14)), we
. v . . . Q2 QQ H'Q

can introduce an additional unphysical scale p1r and write log o= log ”—2+10g >
0 F 0

Looking back at eq. (2.13]), the infrared divergent partonic structure function can

then be written as

F(¢Q) = /1 Dy (%w) Freg (n Q) : (2.18)

¢ N ’ HE
with
2
T (o) = 6 (1 y) + a [P (1) Iog £ + <y>] , (2.19)
R 2
Fo, (77, 2) —5(1—n)+a, {P () log &+ R (1) — T e <n>} @)
HF Hr

The new scale pup introduced above, often referred to as factorization scale,
separates long and short distance contributions: everything which is below pg is
considered to be in a non perturbative regime and it is factorized in the kernel
I, which therefore contains the infrared poles. The term I'f;,it represents finite
contributions that can be kept into the subtraction kernel rather than in the hard

structure function. Its specific choice is what defines the renormalization scheme.
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Substituting eq. (2.18) in eq. (2.13)) it is easy to see that we can write

F('Ta Q) = Z/ %Qa/H (nvleF) Freg (z, Q) ) (221)

n ur

where the renormalized quark PDF's ¢,/ is defined as

Ldn x
Ga/m (T, pF) = ? qff})H (;) I'(n, ur) - (2.22)

The collinear poles are therefore factorized from the hard scattering structure
function and reabsorbed into the PDFs, following a procedure symilar to the
one used for UV renormalization. As a consequence PDF's acquire a non trivial
dependence on an unphysical scale pgr, which will be further described in in the

next section.

To sum up, considering higher orders QCD corrections, the DIS structure

functions can be written as
1 2 2
d§ r Q AQCD
F vaQ = / = a(_a_7as)Qa &/LQ +O(
( ) Za: . g 5 M% /H( F) QQ
Q’ A7
=Y G (L)o@ ro(22) . e
- F

where in the second line we have denoted as ® the convolution operation.

The coefficients functions C, appearing in eq. ([2.23|) correspond to the finite

partonic structure functions Fi., after renormalization and subtraction of collinear

singularities. Their explicit expression will depend on the specific structure
function under consideration and on the choice for the renormalization and
factorization schemes, defined when removing the UV and collinear singularities
respectively. Once properly defined they can be computed order by order in

perturbation theory as an expansion in the strong coupling
Co (z,0) = CO (2) + a, OV (2) + a2 CP () + ..., (2.24)

where the first contribution (LO) recover the parton model predictions, the
second one (NLO) corresponds to the QCD corrections discussed above and the
coming ones (N"NLO) will refer to higher order corrections. Differently from the
initial formula of eq. , which was written in analogy to the parton model
formulation, the parton distributions have now acquired a scale dependence,

which cancel against an analogue dependence in the coefficient functions, leaving
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the physical structure function independent from any unphysical scales. Also,
even if in our discussion we have only considered the quark channel, the sum
over the flavour types a now includes also gluon initiated contributions, which
formally start at NNLO.

So far we have discussed factorization for processes with only one hadron in the
initial state, but the same ideas and logic apply to inclusive enough high-energy

hadron-hadron collisions
Hy (p1) + Ha (p2) = W (Q) + X,

where H; and H, are the incoming hadrons, having momenta p; and ps, W
represents the particle produced in the hard scattering (Higgs or vector bosons,
heavy quarks) and X denotes any other particle appearing in the final state. In

this case the factorization formula takes the form

1
o (p1,p2, Q) = Z/ dzdzs
ab VT

2 A2
Qa/H, (xh M%ﬂ) dv/Ho ($27 lﬁr) Oab (x1p17$2p27 22—2, as) +0O ( E;D) , (2.25)
F

where 7 = %2 and s = (p; + p2)°.

The two factorized expressions given in eqs. , allow to connect
cross sections for high-energy processes having hadrons in the initial states
to hard scattering cross-sections. The former can be measured in collider
experiments, while the latter can be computed in perturbation theory. The
objects connecting perturbation theory with physical observables are the Parton
Distribution Functions. The content of the factorization theorem is that all the
dependence on low mass phenomena is entirely contained in the PDFs. Therefore,
since they describe the internal structure of a given kind of hadron and have been
decoupled from the short-distance details of the specific process we consider, they
are nonpertubative and universal objects. This means that the PDFs appearing in

the case of DIS must be the same considered for any other high-energy collisions.
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2.3 Parton Distribution Functions

In the previous section we have introduced PDFs as some bare quantities,
which are then used to reabsorb the infrared collinear poles coming from the
fixed order computation of partonic cross sections. Following this approach
PDFs are introduced in the discussion through the parton model ideas, and
defined as objects containing all the dependence of the physical observables
on low energy physics. It is possible to give a rigorous operator definition
of parton distributions, which can be applied beyond perturbation theory and
makes manifest the universal nature of PDFs. The formalism and notations
commonly used to describe PDFs in terms of QCD operators are quite different
from those introduced in the previous section, which are usually adopted for
phenomenological applications. Since in this work we will present results for
which both formalism are required, in this section we briefly revise the formal
definition of PDFs, addressing their UV renormalization and renormalization
group equations and making contact with the formalism and notations introduced

in the previous section.

2.3.1 PDFs operator definition

Working in the Bjorken limit, it can be proved [4] [5] that the bare unpolarized
quark PDF appearing in eq. (2.13)) is related to the light-cone Fourier transform

of a bilocal operator, given by

0@ = [ et @ () U0 o), (220

where |P) denotes a hadronic state with momentum P* = (P°, 0,0, P?), x belongs
to the real interval [—1,1] and P* = @ are light-cone coordinates. The
index q identifies the parton under investigation. For instance, in a theory where
we only consider the four lightest quarks, we have ¢ = u, d, s, c. The momentum
carried by the parton is k* = xP*, wéo) is the bare quark field operator and the
Wilson line U is given by

-
U (f_,O) =Pexp (—ig/ dn~ AO+ (77‘)) . (2.27)

0
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An analogous definition can be given for the gluon bare PDFs, denoted as féo) ().
The superscripts (0) in the above expressions identify bare fields: the matrix
elements that enter in the definition of f((lo) are ultraviolet divergent, and therefore
need to be renormalized. Renormalized parton distributions are usually defined

by minimal subtraction, and the relation between the bare and the renormalized

/ —zab( )fb (v.17) | (2.29)

where the indices a and b run over all the parton types (gluon and flavors of

quantities is given by

quarks) and p denotes the renormalization scale introduced by the minimal

subtraction scheme.

Focusing on the quark PDFs for now, the renormalized distributions introduced
above have a compact support given by the interval [—1,1]. To recover the
conventions of the previous sections, used for phenomenological applications, it is
customary to define the PDF's on the interval [0, 1], and to introduce independent
functions for the quarks and the antiquarks, which we have previously denoted

as q(z, u*) and q(z, u?) respectively. The relation between f,, ¢ and q is

q(x, u?), if x>0,
o (2, 1%) = (2.29)
—q(—x, p?), if x<0.

It is useful to consider the symmetrised and antisymmetrised combinations of f
in the interval x € [0, 1]:

JEm™ (e, p®) = folo, p?) + fol—z,p4?), (2.30)
oV (@ 1) = folz, p?) = fo(—z, p?). (2.31)

It can be readily shown that

Fm (s 1) = q(a, 1?) — gz, p1?) = ¢~ (2, %), (2.32)
[ (2, p®) = HENTOP (2.33)

where ¢* and ¢~ are defined by the equations above. Considering a SU(4) flavour
symmetry, we can collect the quark fields in a vector, e.g. ¥ = (1, Vg, U5, ¥e),
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and define the following nonsinglet bare PDFs:

) = [ L =P PO () Ayt U (67,000 @ (0) [P),  (2.34)

where A = 3,8, 15, and we have used the 4-dimensional Gell-Mann matrices

1 0 00 10 0 0 10 0
0 -1 0 0 01 0 0 010
A = R Y- R W 2.35
"o 00 *“ 1o 0 =2 0 "7 1o 01 (235)
0 0 0 00 0 0 000 —3

In this notation f3 corresponds to f* ¢ = f, — f4, fs = 742, and so on.
The symmetrised and antisymmetrised combinations map directly into the so-
called evolution basis for the PDFs that is normally used in phenomenological
studies, see e.g. ref. [30] for a detailed definition of the flavor decomposition.

More specifically, we have:

3 =ut —dt =Ty, (2.36)
N =uT —dm =V, (2.37)
Y =ut +dt —2sT =Ty, (2.38)
SN =uT+d —2s =V, (2.39)

Y =ut +dt + st =3¢t =15, (2.40)
DM =uT4+d 4+s =3¢ =W5. (2.41)

As mentioned above the bilocal operator products of eq. (2.26]) require renormal-
ization. The corresponding renormalization group equations are the Altarelli-
Parisi equations for PDF's, or DGLAP, discussed in the next section. Considering

on-shell incoming partons, a straightforward 1-loop computation gives

1 1
FO ) (,6) =06 (1 — ) +ay | — — — | PY (2) + O (a2) | (2.42)
af €vv  €IR
where P(Y) (x) represent the collinear splitting function, which will be introduced
in sec)2.3.2l To obtain such result, one has to work in dimensional regularization
to regularize both the UV and IR divergences. Working in the M S scheme, the

UV pole 1/eyy is removed through renormalization, and we are left with the
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renormalized partonic PDF's

Japp (2,€) = 0ap 0 (1 — ) + g (—%) PY (z)+ 0 (a?) . (2.43)

Such object, despite being UV finite, does contain infrared poles.

We can now see how the formal approach followed here recovers the picture given
in the previous section. Taking as example the case of DIS structure function,

we can apply eq. (2.23)) to the case of an incoming parton qﬂ

(@) Z/ Lo(fo)meoro(*E) . @y

Considering the coefficient functions power expansions given in eq. (2.24) and

an analogue expansion for Fa, using the 1-loop expression for the renormalized
partonic PDF of eq. (2.43]) we get

0 (x) = B (w) (2.45)
Y (@) = B Z/ £O (g) , (2.46)

which recovers the prescription introduced in the previous section: in order to
compute the hard scattering cross sections, one should calculate the structure
function at the parton level and subtract from it certain infrared divergent terms
proportional to the splitting kernel and the Born cross section. Such terms,
identified as collinear emissions in the previous sections, here are computed in
a process independent way starting directly from the formal definition of PDF's.
Another way of stating this, is that the infrared subtraction kernel I' introduced
in eq. (2.18) corresponds to the parton level renormalized PDF of eq. . For

a proof of this at every order in perturbation theory see for example [4].

2.3.2 DGLAP evolution equations

As stated in eq. (2.28)) the operator defining parton distribution functions requires
renormalization. It follows that renormalized PDF's acquire a scale dependence.

Including in the discussion also the gluon PDF', the corresponding renormalization

2An important property of the hard coefficient functions is that they depend only on the
parton type a and not on the specific hadron H, so that they can be computed with the simplest
choice of external parton.
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group equations read

0 (a(x, 1)\ _ tde [P <£’O‘S> Pag (E’%) j (@, 17)
T V) B oF A Vi o St ) [ Ve

(2.47)
with each splitting function P computable in perturbation theory
qu'q]' (xv(XS)_él]qu ( )+a5 q) ( )
Py (1.02) = PLy) (@) + 0Py (@) + 18
PQQ(x7a$>:Pg(q)<x>+a5 ( )+
ng(an‘S):Pg(g)()"f’aP (z) + ...

It is convenient to re-express the DGLAP equations choosing a PDF's basis which
maximally diagonalize them. In order to do this the aforementioned evolution

basis is particularly useful. Denoting
G =qa+tq, (2.49)

and considering the flavours u, d, s, ¢, b, t the non-singlet sector is defined by the

valence distributions
and by the T; combinations

T3:U+—d+, T8:U++d+—28+, T15:U++d++5+—3c+, (251)
Toyy=ut+dt +st+c" —4b", Tys=u" +d"+s" +ct +07 —5tt. (2.52)

Each non-singlet distribution ¢V will then satisfy an independent evolution

equation, given by

d df (x )

2 NS 2 NS 2

Wo—q (T p”) = P (& as)q - u ) 2.53
The splitting function P for the V; and T; distributions is given by P~ and P*

respectively, which at leading order are

Cr (1422
~0) () = PO () = Z£
P~ (z) = P™Y (2) o ( T )+ . (2.54)
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Working in the evolution basis, the only distribution which couples to the gluon

is the so called singlet combination, defined as

2 (o) = 3 (0 (o) + 0 (2.0%)) (259

(2

for which we have
M2i ¥ (z, p?) . /1% FPog (805 ) Pog (£ 0 Y (z, p1?)
a,uz g(l’,/lQ) T f P, %7045 Pg %7058 g(xhu’Q)

with the leading order splitting function given by

Cp[ 14+22 3
(0) e I —
Cal = 1—x (11C4 — 2nTR)
PO ()= =2 1— 1— !
g () - _(1—3:)++ . +r(l—2)|+6(1—2x) o ,
Cr[14+(1-2)
0) (p) = ZF |27 4
Fo’ (@) 27 x ’
PO (z) = 2L [22 4+ (1 — 2)?] (2.57)
a9 o1t . .

Because of charge conjugation invariance and SU (ny) flavour symmetry, splitting
functions are independent on the quark flavour and are the same for quarks
and antiquarks. Also, the leading order splitting functions have a nice physical
interpretation as probability distributions. Following ref. [37], eq. (2.53) can be

written as

¢ (2, 1) +dg"* (2, 1%) =
2

/ldy/Idzé(zy—m)qNS (y, 1) [6(z — 1) —|—asP(z)dlog'u—2 . (2.58)
0 0 Ho

The quantity in square brackets can then be interpreted as the probability
density of finding a quark inside another quark, with a fraction z of the parent
momentum. The quantity asP (z) is then the variation of such probability density
per logarithmic unit of the energy. The interpretation of splitting function as
probability densities implies that they are positivite for x < 1 and allows to

compute them starting from the QCD vertices for ¢ — ¢g, ¢ — q¢ and g — gg.

The DGLAP equations can be solved perturbatively by computing an evolution
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kernel, which can be subsequently convoluted with PDFs at a given scale )y to
evolve them up to the final scale ). In such evolution kernel the resummation
of the large collinear logarithms mentioned at the end of sec. [2.2.1]is achieved by
exponentiating them, allowing a consistent definition of PDFs at a generic scale
@. In the following we briefly summarise how the QCD evolution equation can
be solved in Mellin space for the nonsinglet sector, yielding such evolution kernel.
Denoting the nonsiglet distributions V; and 7; with ¢(=) and ¢'*) respectively, the

QCD evolution equations can be written as

0 as(p?) [t de x
2_~ o (H) 2y _ s o pE) (2 2 (£) 2 9
1% 8M2q (l‘wu’ ) o . 5 qq €7O‘S(Q ) q (§7M )7 ( 59)
which in Mellin space becomes
0
=g (N, @) = 45 (N, o) ¢ (N, ?) . (2.60)

o
The distribution at the scale p? is obtained from the distribution at the scale p2
by introducing the evolution operator I'

¢ (N, pi?) =T (N, o, 0) ¢ (N, 13) (2.61)

where o, = a; (¢?) and 2 = a, (). Substituting eq. (2.61) in eq. (2.60) and
remembering that the dependence of I' on the scale p is only through the coupling,

we have

0 F(i) (N> A, Oég) = fy(i) (N7 Oés) F(i) (N7 s, Oég) ' (262)

Blas) dag

Considering for example NLO evolution equations, using eq. (1.13) and the

perturbative expansion of the anomalous dimension

Ol g\ 2
1S (Noa) = P () + () 1T N +0(ed) . (263)
eq. (2.62)) can be easily solved getting
0 (£) (£)
s N) - 517 (N)
P& (N, ap,af) = 1+ 2% (1 0 . 2.64
( Y « ) as) + 47T 260 ( )

The solution in the x-space is obtained by computing the inverse Mellin transform
of T™®) (N, ay,al). Having analytically continued the function I'(N) to the

S

complex plane, the inverse Mellin transform is obtained by computing the contour
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integral

IS (x,ozs,ag) = / g—i\;x_N ) (N, 043,042) ) (2.65)
c

2.4 Heavy quarks

Considering a process in perturbative QCD involving heavy quarks’ the cor-
responding cross-section can be computed in different renormalization schemes.
In a standard minimal subtraction scheme, like MS, heavy quarks are treated
on the same footing as light flavours. In practise this means two things: first,
they are endowed with a PDF and second the § function depends on the total
number ny of both light and heavy flavours. Alternatively, in a decoupling scheme
heavy quarks are treated as massive particles which fully decouple from QCD
evolution equations, so that only the n; light quarks contribute to the DGLAP
and running of «, as briefly discussed in sec. In the first case, often denoted
as massless scheme, collinear logarithms of Q?/m? are resummed through DGLAP
equations and reabsorbed in the corresponding PDF, but corrections suppressed
by powers of m7/Q?* are neglected. In the second case, denoted as massive
scheme, collinear logarithms are only included to fix order, but the full mass
dependence is retained. While a minimal subtraction scheme is more precise
at high scales Q* > m?, where unresummed collinear logarithms would spoil
perturbation theory, a decoupling scheme is more accurate close to the threshold,
where mass corrections might be non negligible. Heavy quarks schemes are all
based on the idea of combining these two computations, each of which is more
accurate in a certain kinematic region, in order to get a single result which is
accurate at all scales. Some of the possible options available from the literature
are the ACOT [38-40], S-SACOT [41], TR [42] and FONLL schemes. The latter
was initially introduce in ref. [43] in the context of hadroproduction of heavy
quarks, and subsequently extended to DIS structure functions in refs. [44] and to

hadronic processes in ref. [45].

In the following, using the notations of refs. [44, [45] we will briefly recall the
main features of the FONLL scheme, which will be used in chapter [6] to construct

a new method to deal with initial state heavy quarks in an hadronic process.

3considering a process characterized by an hard scale @2, we define a quark to be heavy if

m% > 2, with my, the quark mass. This definition is usually applied to the charm, bottom
and top quarks.
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Considering an hadronic process involving n; light quarks ¢ and only one massive
quark A of mass my, the corresponding cross section in the massless (n; + 1)-

flavours scheme is given by

ot = //dmdm Z fi(nl+1) (xlaﬂ2> fJWH) (xQ’/ﬁ)

j=9,4,q,h,h

X [75;11“) (1, 79, @M TV (2.66)
The sum in eq. (2.66)) runs on both light and heavy flavours, which are all treated
in the M'S scheme. The heavy quark has an associated PDF and contributes
to both the DGLAP evolution equations and to the running of a,, which is
therefore denoted as a&"l“). For simplicity we have omitted the dependence on
the factorization and renormalization scales in the hard cross section. The same

process can be computed in the massive (n;)-flavours scheme as

G(m)://dwldm Yo S () £ (i)

1j=9,9,9

2
A (1) K )
X 05 (ml,xg, m_%’ a" ) . (2.67)
Unlike the case of the massless computation, here the sum is on light flavours
only, there is no PDF corresponding to the heavy quark and the hard cross-
section retains the explicit dependence on the heavy quark mass my. In order
to match the two computations, we express eqs. (2.66)), (2.67) in terms of the

massless schemes coupling agnlﬂ) and light quarks PDF's

fi(nl+1)7 Z = q

9,4,9q
using relations of the form
o (12) = alf) (1) + 3 ex (L) (ol ()" (2.68)
k=2
£ (, p1?) = / 1@ > K (E,L,aé”” (MZ)) £ (i), (269)
z Y iaad Yy

where i = g,q,q,h,h and L = log u?/m?. The coefficients ¢ (L) are polynomial
in L, and the functions Kj;; can be expressed as a power expansion in a, with
coefficients that are polynomial in L. The sum over j in eq. (2.69) runs over the

n; light flavours and anti-flavour plus the gluon, therefore the first 2n; +1 of these
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equations relate the light quarks and gluon PDFs in the two schemes and can be
inverted in order to express the massive scheme PDFs in terms of the massless
scheme ones. The last two equations allow to express the heavy quark PDF in
the massless schemes in terms of the gluon and light flavours PDF's of the massive

one. Inverting egs. , - ) and substituting in eq. , one can obtain

ni+1 1
the expression of the massive scheme cross-section in terms of oz( D and fi("’Jr ),

with 2 =g¢,q,q
o™ //d$1d$2 Z f WH) Ty, U )f( matl) ($2,M2)
17=9,9,9
12
X Bij (9617%2, —2704£nl+1)) ) (2.70)
mp

where the coefficient functions B;; can be expressed as a fixed order expansion in
1
agnl-f' )

s 1) - 1) s
Bi; (m,mz, m2,oz(”l+ ) _ Z (D) (42)) BY, ($1,$2,W) . (271

h p= h

From now on we can use eq. to express the massive scheme results, avoiding
any further reference to al™ and fi(”l). Using again egs. to write the
massless scheme heavy quarks PDF's in terms of light-quark parton distributions,
the massless scheme results eq. can be written entirely in terms of light-
quark PDFs

nH-l //dx1d$2 Z fnz+1 .1' " )f( ny+1) (-TQ,,UQ)

ij=9,4,d
X Az] (-Ila T2, L7 agnl+l)) ) (272)
where the coefficients A;; are given by a perturbative expansion of the form

N

Ayj (21,09, LoD (1)) = Y (™ (02))"

p=0

X ZAZ%))’UC) (21, 22) (@D (22) L)k @)

where at leading order N = 0, at N°LO N = k.

“Note that eq. (2.70) differs from the original massive scheme expression eq. (2.67) by
subleading terms, due to the fact that matching coefficients are known at a given order in
perturbation theory.
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In order to match the two results given in eqs. , one should notice
that the contributions to the massive scheme expression of eq. which do
not vanish when p? > m3, namely all the constant and logarithmic terms, must
also be present in the massless scheme computation. The p-th order contribution

)s D

to the sum of these terms, denoted as Bi(](-) , can be implicitly defined as

2 2
. H (0),p K
lim | BP (21, s, _ B o, —0, 2.74
mi—>0|: g (wl = mi) “ <x1 2 m%)} (2.74)

and since it has to be present also in the massless scheme computation it will

admit an expansion of the form
(0) M2 . (p—k),(k)
B;"" (xlvl’% ) m_}z) => AW (g 2g) LF (2.75)
k=0

The FONLL method can be expressed as follows: considering the massless scheme
coefficients at a given perturbative order p appearing in eq. (2.73) Ag-) )’(k), replace
all the terms which are also present in the massless limit of the massive scheme
Bi(;-)) P of eq. (2.75)) with their fully massive expression BJ; appearing in eq. (2.71).
This can be done in a systematic way defining the massless limit of the massive

computation as

o) (0) — //dxld:vz Z fi(mﬂ) ($17#2) f;mﬂ) ($27#2)

1J=9,4,9
0 w2
X Bi(j) ($1,$27 —Q,Oég”ﬂ)) , (2.76)
mp,
with
N 2
Bg» — Z (@gnz+1))PB§j€J)7P (xb s, “_2> : (2.77)
p=0 my
and computing
GFONLL _ (m+1) 4 o(m) _ 5 (m),(0) (2.78)

In this way the mass suppressed terms which are not included in a massless
computation, but which are known from the massive one, are included in the final
results. On the other hand the all order resummation of collinear logarithms L
achieved in a massless scheme through DGLAP equations, which would be lost

in the massive scheme, is now taken into account.
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Global fits of Parton Distribution Functions

As seen in the previous chapter, factorization theorems allow for a separation
between contributions related to different distance scales: while short distance
effects can be obtained through the perturbative computation of partonic
matrix elements, long-distance contributions are collected in the universal PDFs
q (z,Q?). As seen in sec. , knowing the functional form of the PDF's at a given
initial scale @2, their dependence on the generic energy scale Q% can be computed
by solving the DGLAP evolution equations. However the dependence on x would
be computable only solving QCD in a nonperturbative domain. We will come
back to this point in chapter [7, when considering lattice QCD observables. In this
chapter we will discuss the general approach adopted to extract the x dependence
of the PDF's from a discrete set of experimental data, using as basic ingredient

the factorization theorems for high-energy processes discussed before.

The general problem is to determine a set of unknown functions given a collection
of data instances. Such kind of task has a long history in data science literature,
and can be classified as a pattern recognition problem [46]. However the specific
problem of PDFs determination has some additional peculiarities that we need
to keep in mind. First, PDFs are continuos functions, which makes our problem
intrinsically ill-defined: a continuous real function ¢ (x, Q3) cannot be determined
from a discrete set of data, no matter how large such set is. Second, the data are
not instances of the functions we are trying to determine, but they are related
to them through factorization theorems: each point is determined combining a
certain subset of PDF's in a non-linear way, and integrating over a certain range of
x, as stated in eq. . As we will extensively discuss in this and the following

chapters, this fact has several practical and conceptual implications.
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Another important aspect concerning the problem of PDFs determination is the
need for results with well quantified uncertainties and correlations. Universality
of PDFs allows to extract them from a set of data for some specific high-energy
processes and use the result to make predictions for different observables not
included in the analysis. In order for PDFs to be useful as an input to physics
predictions one needs to account for the different sources of statistical and
systematic uncertainties affecting the experimental data, and propagate them
on the resulting PDFs. Ideally one would like to determine a representation of
the probability distribution for the unknown PDFs in the whole functional space,
so that the full information about uncertainties and correlations are taken into

account when making predictions for new observables.

In this chapter we discuss how all these issues have been addressed within
the NNPDF collaboration starting from 2002 [47], revising the Monte Carlo
replicas generation, the neural networks parameterization and the minimization
procedure. Such methodology has been used to produce the last public NNPDF
PDFs set NNPDF3.1 [48] . The studies which will be described in chapters
and regarding the inclusion of jets data and the formulation of a theoretical
error in a global PDFs determination, have been performed within the private

c++ implementation of this framework.

We will then describe how such methodology has been revised and extended
within the new n3fit code [49], which will be used to produce the next NNPDF
release, NNPDF4.0. In particular, we will discuss in detail the implementation of
M S PDFs positivity, the integrability of the nonsinglet sector and the fit basis

independence.

3.1 NNPDF methodology

The NNPDF methodology is based on a Monte Carlo determination of the
PDFs error, combined with a neural network parameterization of the unknown
x-dependence of the PDFs. So far numerical minimization algorithms have been
used, and overfitting has been avoided using a cross-validation technique. In the

first part of this section we revise these general ideas, referring to the baseline
c++ code which has been used to produce NNPDF3.1.
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3.1.1 The Monte Carlo replica method for error propagation

As mentioned before, in order to make PDFs sets an useful tool for making
predictions, a faithful estimation of the errors affecting the analysis is necessary.
A possible way to address the problem is to determine the probability distribution
of the PDFs set ¢ (z) given a set of data D. Let’s denote such probability
distribution as P (¢|D). A generic observable O, function of one or more PDFs,
will be determined as an expectation value over P. Considering for example the
case of a DIS observable, the central value and uncertainty of the prediction will

be given by

(0) = / DgO[q|P(gD), Var[O] = / Dg (Ol — (O)*P (D) . (3.1)

The problem is then about how to compute a reliable representation of the
probability distribution P (¢|D). In the NNPDF framework a Monte Carlo
approach is adopted. In this method an ensemble of NV,., artificial data is
generated for each experimental point, assuming a multigaussian distribution
given by the experimental covariance matrix. More precisely, denoting as O the
experimental data for the single point p corresponding to the kinematic variables

{zp, Q2}, N, artificial pseudo-data are generated according to [50]

oM = g%, (0;XP +> o, + r;%m) . k=1,..,No (32
l
where

Spv =1 (1 +rEopn) . (3.3)

n

takes into account normalization errors. The variable o, represents the
uncorrelated statistical uncertainty of the datapoint while ¢,; and o,, are

the I-th and n-th source of additive and multiplicative systematic uncertainties

(k) (K

respectively. The variables ", r, ) and rz(,,,)l are all univariate gaussian random

)

numbers, generating fluctuations of the artificial data around the experimental

value. For each replica k, if the I-th additive systematic is correlated between the

two experimental points p and p’ then 7’;()];) = Té’f?)l
(k)

Tpn to ensure correlation between multiplicative uncertainties. N,., independent

with an equivalent condition on

fits are performed, generating a Monte Carlo ensemble of PDFs that faithfully

reproduces the statistical features of the original experimental data, providing the
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desired representation of the probability density in the space of PDFs. Central
values, uncertainties and correlations can then be computed by doing statistics

over replicas, so that for example

N'rep NTEP
1 1 2
(0)~ 5 Y 0®, Var[0] ~ Y (oW —(0))". (3.4)
rep }_q TP k=1

The Monte Carlo method allows to propagate the error from the data to the
PDFs set in a natural way, using only the input experimental information and

without the need of any further assumption.

3.1.2 Parameterization and Neural Networks

As mentioned above, the determination of a continuos function from a discrete
set of data is an intrinsically ill-defined problem, no matter how copious this
set is. In order to overcome this issue a particular functional form for the z
dependence of the PDFs at a reference scale @)y is chosen, given in terms of a
set of free parameters. The PDFs at all the other scales () are determined by
solving perturbative evolution equations, and the experimental data are used to

determine the optimal values of the free parameters.

The choice of the specific parameterization has been largely debated and
investigated, and its final form varies substantially between different fitting
groups. The underlying idea is that the PDF's parameterization has to be flexible
enough to describe all the data entering the analysis without introducing a bias
in the final results. The fact that a too restrictive functional form is likely to
introduce a strong bias in the result has been rapidly recognized, and more and

more complex models have been adopted in recent PDFs determinations.

The use of neural networks as basic functional form for PDFs was first suggested
in 2002 [47], in the context of the determination of the DIS structure function
F;. The idea was further developed in ref. [51] and applied for the first time to
quark distributions in ref. [52]. This first suggestion was then developed in the
context of global fits of PDFs by the NNPDF collaboration through a series of
intermediate steps [50, 53H55], the last of which in 2017, with the release of the
PDFs set NNPDF3.1 [4§].

. . 1
Neural networks are a class of non-linear maps between some input 52»( ) and some
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output §Z-(L) variables. They are used in several machine learning applications
where flexibility and a lack of bias with respect to a conventional fixed
parameterization are desired. Like other sets of functions, neural networks, in
the limit of an infinite number of parameters, can reproduce any differentiable
function. The main advantage of using them is the possibility of dealing with
a greater number of parameters than what is usually available using a more
standard parameterization. The basic element of a neural net is a neuron or
node, which takes a vector ¥ € RV as input and gives back a scalar output
f(Z) € R. A neural network consists of many neurons stacked into layers and
can be graphically represented as a direct graph made by input, hidden and
output layers. Starting from the input, the output of each layer is used as input
for the next one. The specific form of the function f characterizing the nodes is
usually given by a linear function composed with a non linear transformation g,
called activation function, so that the output of the i-th node of the I-th layer
£ ") is obtained by that of the (I — 1)-th layer using the relation

€0 g (z W0 ew) 6.3
7

The weights wg) and the biases le) are the free parameter of the nets, to be
determined during the fit. Different choices can be made for the activation

function g. In many cases, including the NNPDF code, it is given by a sigmoid

g(x) = (3.6)

for the nodes belonging to the hidden layers, and by a linear function g(z) = =
for the output layer.

Starting from the first proof-of-concepts exercises up to the most recent public
release, the basic neural network architecture employed in all the NNPDF
determination has been the same. The only thing which has been changed
is the number of independent parameterized PDFs in a global fit: five in
NNPDF1.0 (up and down quarks and antiquarks, gluon), seven in NNPDF1.1
(up, down, strange quarks and antiquarks, gluon) and eight in NNPDF3.1 where
the total charm PDF was fitted from data for the first time. Each flavour is
independently parameterized using a neural network, with architecture 2-5-3-1,
represented in fig. (3.1)). The momentum fraction x enters the two input nodes as

x and logx, followed by two hidden layers with a sigmoid activation function
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and an output layers with a single node, associated with a linear activation
function. This architecture is supplemented with a preprocessing polynomial
factor = (1 — x)” which controls the PDFs behaviour at large and small z, so

that the parameterization for each independent flavour reads
rq; (2,Q3) =2 % (1 — )% NN; () . (3.7)

Eq. (3.7) can be supplemented by an additional normalization factor A; which
imposes momentum and valence sum rules. The eight flavours independently

parameterized in NNPDF3.1 are
g = [2,9, V. Va, V5, T3, Ts, '] (3.8)

which in terms of quarks and antiquarks distributions are given by

YS=u+u+d+d+s+35+2c,

V=@w-a)+(d—d) +(s—3),
Vs=(u—u)—(d—d)
Vs=(u—u+d—d)—2(s—53), (3.9)

The preprocessing exponents «; and ; are randomized, by choosing a different
value for each replica within a suitable range. This is determined in a fully
self-consistent way: the effective exponents, defined in ref. [55] as

log g; log g;
Qeppi (T) = %15?, Begpi(r) = %, (3.10)

are computed for each distribution ¢;. The 68% confidence level across replicas is
determined for each flavour, and the fit is repeated with the exponents randomized
in a range taken equal to twice this interval. This procedure is iterated until the

range stops changing.
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Figure 3.1 Graphical representation of the neural network used in the NNPDF
code. For each PDF of eq. (3.8]) one independent neural network is
implemented.

3.1.3 Minimization and stopping

The optimal fit is obtained by varying the parameters of ¢; (x, Q3) in such a way
that some chosen figure of merit is minimized. Since most of the experimental
data are assumed to have a multigaussian distribution, a standard choice for such

an object is obtained by taking the standard 3 for each individual dataset k

Ndat
X2 = Z (Dri — Tii) C5' (D — Tij) (3.11)

ij

and then by building the quantity
=) Xk (3.12)
k

Here D,; is the i-th experimental datapoint in the k-th dataset; Tj; is the
corresponding theoretical prediction, computed using a suitable factorization
theorem and expressed as a function of the free parameters; C;; is the covariance
matrix, which takes into account both statistical and systematic uncertainties,
as given by the experimental collaborations. In order to avoid a fitting bias,
multiplicative uncertainties required to be handled with a specific method denoted
as to prescription, which as been developed in ref. [56] and implemented in all the
following NNPDF PDF's determination.
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The x? minimization implemented within the NNPDF environment is based on
genetic algorithm (GA): after a first random initialization of the neural network
parameters, the weights are mutated according to a suitable rule, producing
several copies of the original neural net, each one characterized by a different
mutation. Mutations with the lowest value of the figure of merit are selected
and the procedure is iterated. Different variations of GA have been used in every
NNPDF PDFs set, including NNPDF3.1. Another possible option which has been
investigated is the CMA algorithm [57], which has been used, for example, in a
recent NNPDF determination of fragmentation functions [58]. Nowadays several
efficient deterministic methods are available in a number of public libraries. As
we are going to discuss in the next section, numerical minimizers are no longer the

best possible option and an efficient deterministic minimization is more desirable.

Independently from the specific minimization algorithm implemented, overfitting
is avoided employing a cross-validation technique. In this method, the available
data are split in two sets. The first, the training set, is used for the minimization
of the error function, while the second, the validation set, does not enter the fitting
procedure. At each iteration of the minimization algorithm, the error function
between the theory predictions from the neural net and the data is computed for
both the training and validation set. At an early stage of the training, both these
quantities are expected to decrease. However, towards the end of the training,
while the error function over the training set will keep decreasing, the same value
computed over the validation data will reach a minimal value, and eventually
it may even start increasing. This is a signal of overfitting, and the point in
parameters space yielding the minimal value of the validation error is the one
taken as the fit result.

3.1.4 Fast Kernel tables

In order to get expressions for physical observables, PDF's have to be evolved up
to the physical scale @) of the hard processes and finally combined with partonic
matrix elements. These steps happen through two separate convolutions, first
with the evolution kernel, see sec. [2.3.2] which solves DGLAP evolution equations
and second with the hard cross sections. Such convolutions happen by means of
FastKernel (FK) tables, introduced and validated in refs. [53, 59] and used in
any subsequent NNPDF analysis. Each PDFs is projected on a suitable basis
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functions
4q; (x, Q(Q)) = Z 4q; ($a, Q%) AL (95) (3~13)

so that, considering the case of a DIS observable OP™| its final value can be

expressed as a tensors product of the kind
OP = [FK],, ¢ia - (3.14)

with the PDF tensor defined as ¢, = ¢; (74, Q2). The matrix FK, denoted as FK
table, stores the evolution and partonic matrix element and can be precomputed
for each process entering the analysis. In the case of hadronic observables OPY
the PDF tensor has to be replaced by a luminosity tensor Linjs = ¢iag;s and the

FK table becomes a rank-4 tensor,

O™ = [FK],,,5 Liajs - (3.15)

After computing the value for all the observables entering the fit, the data are
split into training and validation sets and the y? function of the training set is

minimized.

3.2 Towards NNPDF4.0

The methodology described in the previous section has been completely revised
and extended within the new n3fit environment, first presented in ref. [49]. This
framework will be used to produce NNPDF4.0, the next public PDFs set by the
NNPDF collaboration. In this section we describe some of the n3fit general
features, focusing in particular on the implementation of PDFs positivity and
integrability. Additionally, we will present some results regarding the problem
of the fit basis independence, addressed here for the first time within this

environment.
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3.2.1 Architecture and general structure

The n3fit code is a python-based framework, written using an object-oriented
approach and a number of external libraries. Unlike the previous c++ code of
the NNPDF methodology, which is fully based on an in-house implementation of
neural networks and minimization algorithms, in the new framework Keras [60]
and Tensorflow [61] have been used to deal with them. This choice greatly
simplifies the study of new architectures and techniques recently introduced in
the machine learning literature, allowing for a systematic investigation of many
of them, and represents an important technological improvement with respect to

the previous code.

The two main methodological changes in n3fit concern the architecture and the
minimization algorithm: rather than using eight independent neural networks,
each one giving as output a particular flavour, in the new environment a single
net with an eight-dimensional output is used; additionally, gradient descent
methods are implemented to replace the genetic algorithm described before. The
new architecture, graphically depicted in fig. 3.2 allows to study and take into
account cross-correlations between different PDF's, while the new gradient descent
minimizers have been proved to produce more stable fits than those obtained using

the genetic algorithm.
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Figure 3.2 Graphical representation of the neural network used in the n3fit
framework. Each output nodes represents one of the independently
parameterized flavours.

For each dataset entering the fit, a vector of z values is given as input to

the neural network and, as in the old methodology, before going through the
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intermediate layers it is split into (x,logz). The eight output nodes of the neural
network provide the eight independent PDF's parameterized at the reference scale
Q0. We denote such set of independent parton distributions as fit basis. In
NNPDF3.1, this is given by eq. . The new framework allows the user to
choose between different options: two standard choices are the so called evolution
and flavour basis. While the former represents the equivalent of the one given
in eq. , in the latter each quark, antiquark and the gluon are independently
parameterized. The choice of the fit basis should not affect the final results,
however different choices might be more convenient from a numerical point of
view, and different architecture setups might be required when changing the basis.
We will extensively discuss these points in sec. [3.2.2 Depending on our choice
for the fit basis, each output can be supplemented with a suitable preprocessing
polynomials, and with normalization factors to impose momentum and valence

sum rules, as discussed in sec. |3.2.3

3.2.2 Fit basis

The parton distributions used to build the FK tables are the thirteen PDFs
¢ =2,9,V, V3, Vg, Vis, Vau, Va5, 13, T3, T15, To4, T35. (3.16)

Eight of these are independently parameterized, while the remaining ones,
involving heavy quarks, are determined by perturbative evolution, using the
matching relations given in egs. . When QED corrections are considered in
the analysis, the photon PDF +~ is also included and independently parameterized.
As mentioned before, the n3fit environment allows for different fit basis choices.
In other words, the user can choose which distributions should be independently

parameterized.

The two most natural choices are the so called evolution and flavour basis. The

former is defined by the eight dimensional subset of (3.16]) given by
qr = [gvza‘/a‘/&‘/SaniaT&TlS] . (317)

This basis is the equivalent of the one given in eq. (3.8]), with the only difference
that the distribution ¢™ has been replaced by T)5, defined as

Tis=(ut+u+d+d+s+5) —3(c+o). (3.18)
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In the case of the flavour basis the neural network outputs up, down, strange and
charm quarks and antiquarks distributions (for charm we consider ¢ = ¢) plus the

gluon
quJ = [Q,U,,?j, d7d787§a C] . (319)

When running a fit, the eight PDFs of the chosen basis are first supplemented
with the perturbative heavy quarks distributions and then rotated back into the

FK table basis of eq. (3.16).

The final result of a PDFs determination should be independent on the specific
basis used in the fit and only determined by experimental data and general
physical constraints. The way in which the latter are implemented in the fit
can vary depending on the basis, and might define different final methodologies,
which in turn could be more or less convenient in terms of numerical performances.
It is therefore interesting to study different possible fit basis choices, discussing
the differences in performances and methodologies and verifying that, at least in
the kinematic regions where experimental data are available, the fit results are

independent on the specific PDFs initially parameterized.

3.2.3 Theoretical constraints

As mentioned above, there are several theoretical conditions that can be used to
further constrain PDFs. In the following we address each of them, discussing the

way in which they are implemented when considering different fit bases.

Sum rules. As seen in sec. in the context of the parton model, the valence
structure of the proton implies the valence sum rules eq. (2.11)). Additionally,

energy conservation implies momentum sum rules, given by

1
/ doz(g(z)+ 3 (z) = 1. (3.20)
0

In QCD these sum rules remain valid, and provide additional information to

constrain parton distributions. We can rewrite eq. (2.11]) in terms of the evolution

basis
/Olda:V(:l:):/Oldxvg(:c):?)7 /Oldx‘/},(q:)zl. (3.21)
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and implement these conditions in the fit multiplying the distributions V', V3, Vg

and g by suitable normalization factors Ay, Ay, Ay, and A, defined as

3 L 1 4 :1—f01dxx2(x)
fol deV(z) fol do Vs (z) 7 fol dx zg(x)

so that egs. (3.20)), (3.21]) are automatically satisfied. Such multiplication happens
after rotating the fit basis back into eq. (3.16), so that the procedure remains the

same independently on the choice of the fit basis.

Ay = Ay, = . (3.22)

Additional information about PDF's can be obtained by the Gottfried sum rule,
given by the integral

g
Io = / & [ng - Fﬂ , (3.23)
o T

where Fép and FI" are the structure functions of lepton-proton and lepton-neutron

DIS. Eq. (3.23)) can be expressed as

IG:%/O dx (uv(x)—dv(x))+§/0 dz (u(z) —d(z))

S ;/0 dz (a(z) — d(2)) . (3.24)

Experimental data from th NMC collaboration show a deviation of I5 from
the nominal value of 1/3 [62], and provide measurements of the quark flavour
asymmetry of the sea [ dx (a = J) Unlike the case of the valence sum rules, no
specific value for the Gottfried sum rule is imposed during the fit. However the

value of I5 can be directly related to the integral of distribution 73

1 /1

Ig = —/ dzTs () . (3.25)
3 Jo

Eq. (3.25) shows how, in order to have a well defined value for the Gottfried

sum rule, the distribution 73 has to be integrable in the interval (0, 1), providing

information for its small-z behaviour.

Large- and small-z behaviour. The large-x behaviour of the PDFs has to
be consistent with the elastic limit, namely the condition ¢; (x =1) = 0 has
to be satisfied by all the distributions of both the flavour and evolution basis.

This can be easily implemented in the fit by supplementing the neural network
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parameterization of each flavour by the preprocessing factor (1 — JJ)B ‘. just like in
the NNPDF methodology described before. The use of an additional polynomial
factor 7%, controlling the small-x behaviour of each flavour, only makes sense
when working in the evolution basis. In this case, each flavour is either a singlet
or nonsinglet distribution, and as such its small-z behaviour can be classified
as integrable (nonsinglet) or not integrable (singlet) in # = 0, as discussed in
the following paragraphs: a parameterization like the one given in eq. can
be used, with a randomized in intervals such that a < 1 in the former case
and a > 1 in the latter. On the other hand, when working in the flavour
basis each distribution (except the gluon) has both a singlet and a nonsinglet
component, which makes it impossible to use a polynomial expression to describe
in a consistent way its small-z behaviour. Because of this, when working in the

flavour basis only a large-x preprocessing is implemented, so that each distribution
of eq. (3.19) is parameterized as

2q; (r,Q3) = (1 — )" NN; (2) , (3.26)

with NNj; () denoting the corresponding neural network output, just as in

eq. 370).

Positivity. As recalled in chapter 2] PDFs are renormalization scheme dependent
quantities. Despite at LO they can be interpreted as probabilities distributions,
when considering QCD corrections such naive picture doesn’t hold any more.
This in general prevents PDFs from being positive definite objects. However,
regardless of the PDFs sign and shape, cross sections for high-energy processes
have to be positive, which means that fit solutions leading to negative cross-
sections have to be discarded. This condition might have a non-negligible
impact on the PDFs themselves, especially in those kinematic regions where no
experimental data are available: functional forms giving negative cross sections
cannot be physical solutions of the problem, and therefore should be discarded. In
the old c++ code such requirement is implemented through the use of Lagrange
multipliers, penalizing fit solutions for which a set of chosen high-energy cross

sections, denoted as positivity observables, result to be negative.

It would be highly beneficial to work in a renormalization scheme in which PDFs
are positive definite also beyond LO: this would allow to implement directly
the positivity of the distributions, without having to rely on a specific choice of

positivity observables. This is indeed the idea of a recent paper [63], where such
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positive renormalization scheme for PDF's is built. In the same paper, the Authors
work out the relation between such positive renormalization scheme and the
standard M S scheme, which is the one commonly used in PDFs determinations,
and surprisingly they find out that NLO M S distributions for quarks, antiquarks
and gluon are actually positive definite. This result has been accounted for in
n3fit, where positivity is imposed at the PDFs level. In the following we describe
how this feature is implemented in the code, and we assess the impact of such

constraint on the large-z region of the PDFs.

For each distribution ¢ which has to be positive, namely for all the PDF's defining
the flavour basis of eq. (3.19)), we add to the total x? a contribution defined as

X%,pos = Ak Z Elua (_(jk (xia Q2)) 5 (327)

with Q2 = 5GeV?, z; given by 10 points logarithmically spaced between 5 - 107
and 107! and 10 points linearly spaced between 0.1 and 0.9. The Elu function is
defined as

Elu, (1) t it t>0 (3.28)
U, (t) = : :
aet—=1) if t<0

with @ = 1077, When the distribution g (x;, Q?) is negative, the total x? will
receive a positive contribution (a penalty) proportional to the corresponding
Lagrange multipliers Ay. Therefore, during the minimization of x?2, solutions
corresponding to positive distributions ¢ will be favoured. Note that such
implementation works fine for both the evolution and flavour basis, the only

difference being the linear transformation mapping the network outputs to the

positive distributions to be used in eq. (3.27)).

Integrability. Given the lack of data in the small-z region, when x < 10~ the
PDFs are left largely unconstrained. Because of the redundant parameterization
employed in the NNPDF methodology, this will result in an artificially big PDFs
error in the small-z region. This is an important feature that a reliable PDFs
set should have: in those kinematic regions where experimental data are missing,
the PDFs error should increase accordingly. There are however some physical
considerations that can be made to further constrain PDFs at small-z, which
can be used to reduce the huge error band in this kinematic region. As seen

in sec. [3.2.3] in order to have well defined momentum and valence sum rules
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the distributions V, V3, Vg, xg, X have to be integrable when x decrease to zero.
Moreover, in order to have well defined Gottfried sum rules, also the integral of T3
over the interval (0,1) has to be finite. The same is true also for the distribution

T, assuming the same small-z behaviour for all the light sea quarks.

This means that, denoting as ¢ (z, Q%) a generic integrable PDF at the fitting
scale, as x decreases to zero such distribution cannot raise faster than 1/z. In

other words the following limit has to be verified

}:iir(l) xq (:L‘, Qg) =0. (3.29)

In order to satisfy numerically eq. (3.29)) we require that, for a given set of points
(i)

xinteg

in the small-z region, the function zq (x) evaluated in these points is much

smaller than its peak value,
Z |xq|$=z(z) < $q|$:$pcak ’ (330)
N integ

with @pea denoting the point where the distribution zq reaches its maximum
value. Eq. (3.30)) can be rewritten introducing a numerical parameter f, of order
107!

Z |xQ|w:Ii(ri1)teg < fq * xq|$:xpeak : (331)

7

Despite eq. (3.31]) is not mathematically equivalent to eq. (3.29)), the idea is that,
()

integ> the function zq () will decrease to

if satisfied for small enough z values x
zero as x keeps getting smaller, and the integrals defining the sum rules will be
well defined. Also, unlike eq. (3.29)), the condition given in eq. (3.31]) can be easily

verified replica by replica, so that replicas not satisfying it can be discarded.

In a similar way to what done for positivity we can impose integrability. For
each distributions ¢, which has to be integrable we add to the total x? a new bit
defined as

Xi,integ = Ay Z [xz gk (l‘i, Qz)}Q ) (332)

(2

In this way, the fit will favour configurations with smaller values of |z; qx, (x;, Q%) |,
and should therefore produce distributions satisfying eq. (3.31)). The points z;

are chosen in different ways depending on the specific distribution and fit basis
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we are considering, as detailed in the next section.

3.2.4 Results

In the previous section we have described how theoretical constraints are
implemented in the fit. In particular we have seen how, when imposing positivity
and integrability, the total experimental y? has to be supplemented by additional
contributions proportional to Lagrange multipliers, so that the total y? which is

actually minimized during the fit is
Xfot - szp + Z Xi,pos + Z Xl%integ (333)
k l

with the indices k£ and [ running on the positive and integrable distributions and

X%pos, Xlg,integ defined in eqgs. (3.27), (3.32).

In this section we present results produced with the new n3fit methodology,
focusing on the effects positivity and integrability constraints have on the final
result. Our point here is to show the effects of such theoretical constraints on a
given baseline which doesn’t include them. We will first present results obtained
using the evolution basis, and in the next section we will repeat the exercise in

the flavour basis, in order to check explicitly fit basis independence.

The baseline dataset we will consider here is the one of the NNPDF3.1 PDFs
set, presented and discussed in ref. [48]. This includes: fixed-target neutral-
current (NC) DIS structure function data from NMC [64, [65], SLAC [66]
and BCDMS [67]; charged-current (CC) DIS structure function data from
CHORUS [68] and NuTeV [69, [70]; HERA data from their combined measure-
ments [71], including charm-production cross sections [72] and b-tagged structure
functions [73], [74]; fixed-target Drell-Yan data from E866 [TH-77] and E605 [78];
collider Drell-Yan data from CDF [79] and DO [80H82]; and Drell-Yan, inclusive
gauge boson, and top-pair production data from ATLAS [83-90], CMS [91-9§]
and LHCDb [99HI02]; ATLAS and CMS single-inclusive jet data [103, 104]. In
total this baseline dataset contains ng,, = 4287 datapoints, see ref. [48] for more
details.

When working in the evolution basis the small-x behaviour is largely controlled
by the preprocessing polynomial factor. Eq. (3.31]) can then be satisfied mainly by

choosing the corresponding preprocessing exponents in an interval which ensures
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integrability. Additionally, the Lagrange multiplier term given in eq. (3.32)) is
added to the total x? using a single small-z point z = 107°. These choices have
been proved to produce replicas which mostly satisfy eq. (3.31]).

In tab. we provide values of x?/Ng,: for an3fit global fit, reporting results
also for each experiment included in the analysis. These are compared to their
n3fit counterpart produced without positivity and integrability constraints.
Inspection of this table shows how the fit quality is basically unaffected by the
introduction of the theoretical constraints, with a slightly lower total x? when
theory constraints are included. It should be noted that a deterioration of the
x? after introducing additional constraints in the fit would be expected, but this
is not what observed here, where we observe a slight improvement in the total
x2. Such mild improvement provides an additional confirmation of the validity
of our theoretical constraints: despite these represent additional conditions to be
satisfied during the fit, they provide meaningful physical hints, making it easier

for the fit to describe the experimental data.

In fig. we show the distance between the two fits, quantifying the effect
of theoretical constraints at the PDFs level. For the definition of the distance
between PDF's sets, see app. [A] While in the small-z region the difference between
the two fits remains below one-sigma, in the medium- and large-z regions we find
differences of up to two-sigmas. The evolution basis flavours V', V3, V3 and Ty
are plotted in linear scale in fig. [3.4l Inspection of these plots show an important
reduction of the PDF's error for the flavours V', V3, Vg, and a change in the PDFs
shape and central value to satisfy the new positivity constraints, which affects
also the distribution Tj.

We conclude that overall after the inclusion of theoretical constraints the fit
provides an equivalent, or slightly better, description of the input data. However
there are important differences at the level of the PDFs, whose replicas are
globally shifted in order to satisfy positivity, resulting in a general decreasing

in the PDF's error, and in a non negligible change in their central value.

3.2.5 Fit basis independence

As described in sec. |3.2.2] different choices for the specific PDFs which are
independently parameterized are possible. In this section we present results for

a fit run in the flavour basis, using the same methodology implemented for the
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Experiment Nat ngol X?lav Baseline x?
NMC 325 1.247 1.258 1.280
SLAC 67 0.733 0.757 0.721
BCDMS 581 1.183 1.130 1.253
CHORUS 832 1.159 1.108 1.122
NTVDMN 76 0.969 1.332 0.961
HERACOMB 1145 1.150 1.125 1.168
HERAF2CHARM 37 1.522 1.572 1.492
F2BOTTOM 29 1.100 1.100 1.112
DYE886 104 1.410 1.534 1.560
DYE605 85 1.143 1.161 1.157
CDF 105 0.969 0.921 0.996
DO 48 1.505 1.362 1.409
ATLAS 360 1.105 1.082 1.126
CMS 408 1.035 1.056 1.052
LHCb 85 1.438 1.320 1.526
Total 4287 1.153 1.136 1.171

Table 3.1 The values of x?/Nga: for each experiment included in the global
fit, before and after the inclusion of positivity and integrability

constraints.
and flavour basis.

Values are reported for fits in both the evolution
From left to right each column reports: the

experiment, the number of datapoints Ngg, the value of the total x>
in the evolution and flavour basis when positivity and integrability
constraints are considered and finally the x> for the baseline fit
(evolution basis without positivity and integrability constraints).
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Figure 3.3 Distance plots between the baseline fit and the one produced using
positivity and integrability constraints.
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Figure 3.4 PDFs plots: baseline fit (orange) and fit with positivity and
integrability constraints (green). See eq. (3.9) for the definition of
the distributions plotted here.

evolution basis (same minimization algorithm and architecture parameters) and

imposing the theoretical constraints as described previously.

As mentioned in sec. [3.2.3] when working in the flavour basis no small-z
preprocessing is used. This implies that the small-z behaviour of the PDF's, which
is unconstrained by experimental data, can only be controlled through Lagrange

multipliers. Because of this reason, for integrable distributions more stringent

95



constraints are used than those implemented for the evolution basis. In particular,
in order to get replicas satisfying eq. (3.31)), the Lagrange multiplier terms given
in eq. (3.32)) are built using the three small-z points z; = 107°,1074,1073.

The fit quality is again basically unchanged, with a total x? which is slightly
better than the corresponding value in the evolution basis: x2., = 1.13
to be compared with the value x%_, = 1.15 from tab. . The resulting
PDFs plotted in the evolution basis are reported in fig. [3.5] where they are
compared with the evolution basis fit presented in the previous section. The
plots are shown in linear scale, in order to highlight the z-region where more
experimental data are available. By inspection of fig. it is clear that fit
basis independence is achieved, showing how, as expected, as long as data are
present and physical constraints given by positivity, integrability and sum rules
consistently implemented, different choices for the fit basis do not change the final
PDFs. It is worth stressing that this result, even if expected, is not trivial. When
we change fit basis a number of settings and parameters are changed at the same
time. In particular, no small-x preprocessing is used for the flavour basis, which
therefore presents a lower number of free parameters. The fact that we still get

equivalent results provides a strong validation check of the n3fit environment.

In order to determine the best methodology, one should fix the input dataset and
the fit basis. Once this is done, a scan of the hyperparameters defining the final
methodology has to be performed (neural network architecture, minimization
algorithm, positivity and integrability parameters ...), in order to determine the
corresponding values which allow the best fit. The methodology used to produce
the results presented here has been optimized considering the evolution basis,
which will be used in the final NNPDF4.0 release. If results in the flavour basis
were to be used to do actual phenomenology, an additional hyperparameters scan
should be run, to ensure the best possible performance of the methodology. Here
we have shown how, without explicitly doing an additional hyperoptimization,
the n3fit environment still allows to obtain a good fit using a different basis,

providing a proof of concept of basis independence.
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Theory interpretation of jets production
at the LHC

The inclusion of new experimental data is the central ingredient in any global
PDFs determination. New data provide additional constraints on PDFs and
allow to get more and more precise results. In this chapter, based on ref. [7], we
present a systematic analysis for the inclusion of jets cross-sections in a global
parton distributions determination. We will use this specific case to give an
example of the general procedure which is usually followed when considering new
experimental data, using the recent NNLO QCD computations supplemented by
electroweak (EW) corrections to assess the impact of jets and dijets production

measurements on the PDFs.

The choice of the most suitable jest observable to be considered in global PDFs
determination and, more in general, for precision QCD studies presents a number
of open theoretical issues, which makes the inclusion of jest data a particular
interesting case. On one hand, the simplest inclusive observable, the single-
inclusive jets cross-section [105, [106], turns out to be non-unitary. A possible
alternative is offered by the dijets cross-section which however, despite appearing
to be unitary and especially well suited for PDFs determination [107], at NLO
displays a significant scale dependence. Thanks to the recent NNLO computation
for these observables, this last problem has essentially been settled, with the scale
dependence of dijets cross-section being under control at NNLO. On the other
hand, the single-jet inclusive cross section shows a scale dependence which is not
reduced when going to NNLO [I0§], showing how the perturbative behaviour,
the scale dependence [I09] and even the definition [IT0] of this observable are

non-trivial.
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In this study we address these issues from a phenomenological point of view in the
context of PDFs determination. We study the impact of both single-inclusive jets
and dijets cross-sections in a global parton distributions fit and we asses which
observable leads to better PDFs compatibility with other data, better fit quality,
and more stringent constraints on the parton distributions. With this study we
aim to provide a guideline for the inclusion of jets observables in a future global
fit, like for example NNPDF4.0.

The chapter is structure as follows. In sec. we describe the data included in
the analysis, together with their kinematic coverage; in sec. we briefly discuss
the main aspects of the theoretical computation of jets observables, describing the
scale choices and the way in which NNLO QCD predictions and EW corrections
are implemented in the fit; finally in sec. [4.3] we present our results, consisting in

a series of global PDFs fits where different jets observables are included.

4.1 Jets data from ATLAS and CMS

The ATLAS and CMS collaborations have performed a number of measurements
of single-inclusive jets and dijets cross sections, with center of mass energies
ranging from /s = 2.76 to 13 TeV. In this work we will consider data at /s =7
and 8 TeV. Whereas recent global PDFs determinations include some jets data,
like for instance NNPDF3.1, which includes ATLAS and CMS single-inclusive
data with /s = 2.76 and 7 TeV, this is the first time that the full LHC-
Run I jet dataset is being considered. In particular dijets data have not been
included in any other previous analysis. Also, in the NNPDF3.1 determination,
theory predictions for the included jets data were computed by combining NLO
coefficient functions with NNLO perturbative evolution. In order to account for
the missing NNLO corrections an additional uncertainty was estimated through
scale variations and added to the jets data. In this work we will use the full
NNLO QCD computation, as detailed in sec. [4.2]

The specific features of the data considered here are summarized in table [£.1} for
each dataset we reported the centre of mass energy +/s, the integrated luminosity
L, the jet radius R, the measured differential distribution and the number of
datapoints ngat. The relevant kinematic variables are defined as follows. For
single-inclusive jets we denote as pr and y the jet transverse momentum and

rapidity. For dijets, m;; is the invariant dijet mass, y* and |ymax| are the
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absolute rapidity difference and the maximum absolute rapidity of the two leading
jets of the event, defined as y* = |y1 — v2|/2 and |Ymax| = max (Jval, |y2])
respectively. Finally, considering the dijets triple differential distribution, pr ave =
(pry, + pr,) /2 is the average transverse momentum of the two leading jets and

yp = |y1 + y2|/2 is the boost of the dijets system.

The ATLAS 7 TeV data for single-inclusive jets, given as distributions differential
in transverse momentum pr and rapidity y, cover the kinematic range 100 GeV <
pr < 1.992 TeV, 0 < |y| < 3, while the ATLAS 8 TeV data cover the
same range in rapidity and an extended transverse momentum kinematic range
70 GeV < pr < 2.5 TeV. In our default fit we include only the central rapidity
bin (yje < 0.5) of ATLAS 7 TeV, for ease of comparison with the NNPDF3.1
analysis of ref. [48], where the same choice was adopted due to the difficulty
in achieving a good description of the complete set of rapidity bins using the
default experimental covariance matrix}] The CMS 7 TeV data are available for
100 GeV < pr < 2.0 TeV, 0 < |y| < 2.5, and the CMS 8 TeV cover the extended
ranges 74 GeV < pr < 2.5 TeV and 0 < |y| < 3.0.

Moving to dijets cross-sections, in the case of ATLAS 7 TeV the measurements are
double-differential in m;; and y*, with 260 GeV < m;; <4.27 TeV and 0 < y* <
3.0, while for CMS 7 TeV the distributions are differential in m;; and |Ymax|, with
200 GeV < mj; <5 TeV and 0 < |ymax| < 2.5. Finally the CMS 8 TeV data are
triple-differential in prave, ¥» and y* with ranges 133 GeV < praye < 1.78 TeV
and 0 < 1, y* < 3. Note that ATLAS dijets measurements are currently available
at 7 and 13 TeV but not at 8 TeV.

In addition to the datasets listed in table ATLAS and CMS have performed
measurements at /s = 13 TeV for both single-inclusive jet [112, 113] and
dijets [112) 114]. These however have smaller integrated luminosities and for
this reason we do not include these datasets in the analysis. Finally several
measurements for multijets production are also available, with ATLAS providing
differential distributions for three jets cross-sections at 7 TeV [115] and four jets
cross-sections at 8 TeV [116] and CMS for three jets at 7 TeV [117]. However
theoretical predictions for these observables are currently available only up to
NLO, and therefore they will not be considered here.

For all the measurements considered here, the complete set of systematic

'In refs. [48, [111] this choice was validated, showing how PDFs determined from each rapidity
bin in turn are indistinguishable.
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Experiment Measurement Vs [TeV] L[~ R Distribution ndat  Reference

ATLAS Inclusive jets 7 4.5 0.6 d?o /dprd|y| 140 [103]
CMS Inclusive jets 7 4.5 0.7 d?c /dprd|y| 133 [118]
ATLAS Inclusive jets 8 20.2 0.6 d?o /dprd|y| 171 [119]
CMS Inclusive jets 8 19.7 0.7 d?o /dprd|y| 185 [120]
ATLAS Dijets 7 45 06  d%c/dm;;dly*| 90 [121]
CMS Dijets 7 4.5 0.7  d?c/dm;;d|ymax| 54 [118]
CMS Dijets 8 197 0.7 dPc/dpravedypdy* 122 [122]

Table 4.1 The LHC single-inclusive jet and dijet cross-section data that will
be used in this study. For each dataset we indicate the erperiment,
the measurement, the center of mass energy /s, the luminosity L,
the jet radius R, the measured distribution, the number of datapoints
ndat ond the reference.

uncertainties and correlations available from HepData have been used.

4.2 Theoretical calculations

In this section we present the main aspects of the theoretical calculations
used to perform our phenomenological study, discussing scale choices and QCD
corrections up to NNLO. We also discuss EW corrections and the way in which

they are combined with QCD predictions for the purpose of PDF's determination.

4.2.1 Scale choice

As mentioned at the beginning of this chapter, even when considering NNLO
predictions the single-inclusive jet cross-sections are in general rather sensible to
the choice of central scale. Three possible choices are given by the individual
jet transverse momentum pr, the leading jet transverse momentum pr; and the

scalar sum of the transverse momenta of all the partons in the event

I’irT = Z Py - (41)

iEpartons
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Predictions obtained from different scale choices may differ, even at NNLO, by
amounts which are comparable to their scale dependence. In ref. [109] the scales
= Hy and 1 = 2pr were singled out as optimal ones, according to a number of
criteria, such as perturbative convergence and scale uncertainty as error estimate.

Here we will consider results for p = Hy.

Turning to dijets observables, also here different scale choices are possible. As
mentioned before, at NLO theoretical predictions computed with different choices
differ significantly, however the problem is alleviated at NNLO, with p = my;
emerging as the preferred choice [123 [124], which therefore will be adopted here.

4.2.2 QCD corrections

Exact NNLO QCD predictions have been computed using NNLOJET [125]. As
detailed in chapter [3| the partonic matrix elements entering a PDFs fit have
to be precomputed in such a way that the numerical convolution with generic
input PDF's can be approximated by means of interpolation techniques. To this
purpose we use NLOJET++ [126] interfaced to FASTNLO [I127]. The computation
is performed using the scale choices described above and is validated against
the NNLOJET computation. This fast interpolation grids are then combined with
PDF evolution kernel using APFELGRID [59] to obtain FK tables, as described in
eq. . However fast interpolation grids to be used as input for APFELGRID
are available only at NLO. We therefore implement NNLO QCD corrections by
supplementing the NLO grids with QCD K-factors as detailed in the following.
We define the NNLO QCD K-factors as

JQCD 2.3 0ij

NNLO — ~NLO NNLO ’
Ez’j 05 ®£ij

5NNLO () »NNLO
ij

(4.2)

where the sum runs over partonic subchannels, ¢;; are partonic matrix elements
and L the corresponding parton luminosity, computed in both the numerator and
denominator using NNPDF3.1 NNLO as a fixed input PDF set. NNLO grids for
the relevant cross-sections are then obtained from the corresponding NLO grids

through the multiplicative prescription

d*c

NNLO de dy

d*o

dprdy

x Ko (pr, v, v/5) (4.3)

NLOgqgcp
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Figure 4.1 The NNLO QCD K-factors for the central rapidity bins of the
ATLAS 7 TeV single-inclusive jets (left) and CMS 8 TeV dijets
(right), with the Monte Carlo numerical uncertainties shown as filled
bands around the central result. Figure from ref. [7].

The first term on the right-hand side is the output of the NLO computation, given
in terms of fast interpolation grids, while the second term is the bin-by-bin QCD
K-factors computing according to eq. (4.2)). The result is validated against the
full NNLO result from NNLOJET. In general QCD K-factors might be affected by
point-to-point fluctuations due to underlying numerical uncertainties affecting the
NNLO computation, therefore they are provided with a Monte Carlo uncertainty,
estimated as described in ref. [128]. This uncertainty is added in quadrature to
the experimental one when performing the PDFs fit, fully uncorrelated datapoint
by datapoint. For illustration purpose, NNLO QCD K-factors for the central
rapidity bins 0 < |y| < 0.5 of the ATLAS 7 TeV single-inclusive jet and of
the CMS 8 TeV dijet distributions are displayed in fig. as functions of pr,
together with the corresponding Monte Carlo uncertainties. In both cases the
NNLO QCD K-factors increase monotonically with pr from about 5% to about
20% for single-inclusive jets, and from about 3% to 15% for dijets.

4.2.3 Electroweak corrections

The EW corrections for all the single-inclusive jet and dijets datasets considered
here have been determined using the computation of ref. [129]. These include
the O (aa,) and O (a?) tree level contributions and the O (aa?) weak radiative
corrections, where o and a4 denote the weak and strong coupling respectively. As

in the case of NNLO QCD corrections, EW contributions are included by mean
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Figure 4.2 The EW K-factors, eq. , forthe 7 TeV ATLAS and CMS single-
inclusive (left) and dijet (right) measurements. For single-inclusive
jets the K -factors are shown as a function of jet pr in siz different
rapidity bins. For dijets they are shown as a function of the dijet
invariant mass mj; for different ymax bins. Figure from ref. [7].

of K-factor, defined as

~LO QCD+EW NNLO
Zij ij ® Eij

~LO QCD NNLO
Zij Tij ® Ly

K"W = : (4.4)
where the partonic cross sections have been obtained combining the computation
of ref. [129] with LO QCD results. Fast interpolation grids accounting for EW
corrections can be compute supplementing eq. (4.3) with the EW K-factor of
eq. (4.4), getting

d*o B d*c
dprdy NNLO+EW dprdy NLOqe
X Knro (01 Y, V/3) X Ko (1, ¥, V/s) - (4.5)

Electroweak K-factors have been computed using a proprietary code, with
NNPDF3.1 NNLO PDF set as input. In fig. representative plots are shown
for ATLAS 7 TeV single-inclusive jet and CMS 7 TeV dijest, as functions of pr
(single-inclusive jet) and m;; (dijets), in bins of rapidity y or maximum absolute
rapidity ymax- In both cases, K-factors are close to one for small values of pr or
mj;, they are mostly flat for large values of the rapidity variable while they grow
with pr or m;; for the central rapidity bin, reaching values as high as 20%. EW

K-factors for the other distributions, not displayed here, present similar features.
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4.3 Results

In this section we present the main results of our study, consisting in a series
of PDF sets in which the global NNPDF3.1 dataset described in sec. has
been supplemented with subsets of the jets and dijets data described in sec. [4.1]
after removing all the jets data included in the original NNPDF3.1 PDFs set. We
consider a series of different scenarios where we vary the jet observable and the
input data. Specifically we have performed fit including either single-inclusive
jets or dijets data, in each case considering either the full dataset or the 7 TeV
or 8 TeV data only. As described in the previous section we use NNLO QCD
theoretical computations supplemented by EW corrections, with the scale choice

= Hy for single-inclusive jet and p = mj; for dijets.

In table [4.2| we report the full list of fits which will be discussed in the following,
together with an ID that will be used to identify them. The ID encodes the process
used (j for single-inclusive jets and d for dijets); the data used (a for all, 7 or 8
for the 7 TeV or 8 TeV datasets); finally “n” stands for the perturbative accuracy
NNLO QCD and “w” reminds that EW corrections are included; Each row of the
table corresponds to a different input datasets, with the fit #bn representing the

baseline, where no jets data are included.

In all these fits the systematic uncertainties are implemented as fully correlated
across bins of different kinematic variables, while statistical uncertainties are
correlated only across bins of transverse momentum (for jets) or invariant
mass (for dijets). Following the standard NNPDF methodology, multiplicative
uncertainties are treated with the to-method [56] and all the fits have been iterated
once in order to ensure convergence of preprocessing and ty method. The fits
have been run using the standard NNPDF methodology described in sec. [3.1]
employing the c++ framework used to produce the NNPDF3.1 PDF set. All PDF
sets discussed contains N,e, = 100 Monte Carlo replicas, and the ReportEngine
software [I30] is used to analyze results and compute various fit metrics and

statistical estimators.

In table we report the y? values for all the fits with single-inclusive jet data
listed in table [£.2] while in table 4.4 we report values for dijets fits. In both
cases values reported in square brackets are referred to points not included in the
corresponding fit. We show the y? values for all the data in the global dataset,
grouped by process type (DIS NC, DIS CC, Drell-Yan, Z pr, top pair) and for
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baseline (no jets data) bn

ATLAS & CMS jets 7-8 TeV janw
ATLAS & CMS jets 7 TeV jTnw
ATLAS & CMS jets 8 TeV j8nw
ATLAS & CMS dijets 7-8 TeV danw
ATLAS & CMS dijets 7 TeV d7nw
CMS dijets 8 TeV d8nw

Table 4.2 The PDF determinations discussed in this study and their IDs. Each
row corresponds to a different choice of input jet dataset, specified
in the first column. The ID encodes the process used (j for single-
inclusive jets and d for dijets); the data used (a for all, 7 or 8 for
the 7 TeV or 8 TeV datasets); the perturbative accuracy (n for QCD
NNLO, w for EW corrections). In this and subsequent tables and
plots “jets” stands for single-inclusive jets.

all jets data, both those included in the fit and those which are not.

4.3.1 Single-inclusive jets

We first analyze results concerning the inclusion of single-inclusive jet data only.
In fig. (left) we show the distances between the central values of the fits
#bn and #janw, namely the baseline not including any jets data and the one
including all single-inclusive jet cross-sections. From the distances plot it is clear
how single-inclusive jet data have an impact only on the gluon distribution, the
most affected regions being x ~ 0.05, 0.1 < z < 0.2, and 0.3 < x < 0.5, with the
gluon PDF changing by up to almost one sigma. Looking at the PDF's plot in the
right panel of fig. |4.3| we notice how at small-x the gluon distribution is suppressed
by about 2% and enhanced by about 4% in the large-z region. Looking at the y?
values in table , individual jet datasets show a x? per datapoint of order one,
with the only exception for the 8 TeV ATLAS data, for which we get y? = 3.22. It
is interesting to note that the inclusion of singe-inclusive jet data leads also to an
improvement of the description of dijets data, for which #janw shows better 2
than the baseline fit #bn. We observe a mild deterioration of the x? for top pair
processes, with a value of 1.25 to be compared to 1.05 of the baseline. A closer
investigation shows that this comes from the deterioration in the description of
the ATLAS top pair rapidity distributions, whose x? per datapoint increases from
1.22 to 2.01.
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Dataset Ndat bn janw  jTnw  j8nw

DIS NC 2103 1.17 1.18 1.17 1.18
DIS CC 989 1.10 1.11 1.10 1.11
Drell-Yan 577 1.33 1.30 1.31 1.31
Z pr 120 1.01 1.02 1.02 1.03
Top pair 24 1.05 1.25 1.02 1.24
Jets (all) 520  [2.60] 1.88 [2.53] [1.89]
Jets (fitted) — 1.88 1.12 2.20
ATLAS 7 TeV 31 [1.87] 1.59 1.15 [1.62]
ATLAS 8 TeV 171 [5.01] 3.22 [4.58] 3.25
CMS 7 TeV 133 [1.06] 1.09 1.11 [1.14]
CMS 8 TeV 185  [1.59] 1.25 [1.80] 1.23
Dijets (all) 266  [3.07] [2.10] [2.56] [2.22]

Dijets (fitted) — — — —

ATLAS 7 TeV 90 [2.47] [1.95] [1.97] [2.01]
CMS 7 TeV 54 [2.40] [2.08] [2.12] [2.15]
CMS 8 TeV 122 [3.81] [2.21] [3.20] [2.39]
Total 118 128 117  1.27

Table 4.3 The x? per datapoint for all fits of table@ ncluding single-inclusive
jet data, with default settings. Results are shown for all datasets,
aggregated by process type. For jets data, results are shown both for
the sets included in each fit, and also for those not included, enclosed
in square brackets. Combined results are also shown for all single-
inclusive jet and for all dijet data, both for the full set, and for those
included in each fit. The number of datapoints in each dataset is also
shown.

We can asses the impact of different datasets considering fits with 7 TeV or 8
TeV data only, denoted as #j7nw and #j8nw respectively. From table we
see how the unsatisfactory description of the 8 TeV ATLAS data persists even
when no 7 TeV data are included in the analysis, suggesting a possible problem
with the dataset itself rather than the presence of internal tension with the 7 TeV
measurements. A significant difference between 7 and 8 TeV datasets is that for
the former only the central rapidity bin is considered, as mentioned in sec. .1}
while for the latter all the rapidity bins are included. This suggests that the 8
TeV data may also be affected by similar issues in the treatment of correlations
between rapidity bins as those observed in the 7 TeV case in refs. [48]. This
problem is addressed in app. [B] where we will see that this is indeed the case.
Looking at the 2 for top pair processes, we note how its deterioration with

respect to the baseline value comes entirely from the inclusion of 8 TeV data.
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Dataset Ndat bn danw  d7nw  d8nw
DIS NC 2103 1.17 118  1.17 1.8
DIS CC 989 1.10 112 1.09 1.12
Drell-Yan 577 1.33 1.29 1.32 1.28
Z pr 120 1.01 1.07 1.03 1.08
Top pair 24 1.05 1.14 1.04 1.26
Jets (all) 520 [2.60] [2.06] [2.70] [2.14]
Jets (fitted) — — — —
ATLAS 7 TeV 31 [1.87] [1.63] [1.74] [1.61]
ATLAS 8 TeV 171 [5.01] [3.36] [4.65] [3.55]
CMS 7 TeV 133 [1.06] [1.06] [1.14] [1.07]
CMS 8 TeV 185 [1.59] [1.64] [2.17] [L.68]
Dijets (all) 266 [3.07] 1.65  [2.16] [1.71]
Dijets (fitted) — 165 172 1.68
ATLAS 7 TeV 90 [247] 176 1.78  [1.78]
CMS 7 TeV 54 [2.40] 1.60  1.63  [1.66]
CMS 8 TeV 122 [3.81] 1.58 [2.67] 1.68
Total 118 1.22  1.19  1.20
Table 4.4 Same as table @ but now for dijets. The baseline is repeated for

Distance from Fit janw

ease of reference.

Fit bn Q= 100.0 GeV

Figure 4.3
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stgma interval.

In fig. we plot the gluon PDF and the corresponding error for the fits with

7 TeV and 8 TeV data only. In both cases the results show an enhancement of

the central gluon PDF at large-x and a suppression at small-z, and a general

reduction in the PDF uncertainty, which is more marked in the case of the 8
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Figure 4.4 Comparison between the baseline fit with no jet data (#bn), and
the fits with only 7 TeV (#jTnw) or only 8 TeV (#j8nw) jet data
included. The relative uncertainty on the gluon PDF (left) and the
ratio of the gluon PDF to the baseline (right) are shown at @ = 100
GeV. All results are shown as ratios to the baseline.

TeV data. In general, results obtained including 8 TeV data only are very close
to those of the fit #janw, showing how 8 TeV datasets provide the dominant

contribution driving the impact of single-inclusive jet data on the final PDF's.

4.3.2 Dijets

We now turn to PDF's in which dijets data rather than single-inclusive jet data
have been included. As done for the single-inclusive jet data, we start comparing
the baseline #bn, where no jets data are considered, to #danw, in which all
dijets data are included using NNLO QCD computations with EW corrections.
From table |4.4| we see how all the dijets datasets are fairly well described, with y?
values for datapoint around 1.6 for each individual dataset. Also, the inclusion
of dijets data leads to an improvement in the description of single-inclusive jet
data, consistently with what observed in sec. where we noticed how the
inclusion of single-inclusive jet data leads to a better description of dijets data
as well. These features suggest that single-inclusive and dijet data have a similar
impact on PDFs; and show consistency between data for these two observables.
Also, unlike the case of single-inclusive jet data, no tension is observed between

dijets data and the baseline dataset, whose x? is left almost unchanged.

In the left panel of fig. we show the distances between fits #bn and #danw:
again only the gluon PDF is affected by the inclusion of the jets data, with
the regions x ~ 0.01 and 0.06 < z < 0.4 being the ones showing the largest
effects. Looking at the gluon PDF plot in the right panel of fig. we observe a
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Figure 4.6 Same as fig. but now for dijets.

suppression in the former region by about 2%, corresponding to a down shift of the
central value by about one sigma, and an enhancement by about 10% in the latter,
around x ~ 0.3, corresponding to an up shift of the central value by more than
one sigma. These features are qualitatively similar to those observed in sec. [4.3.1

upon inclusion of single-inclusive jet data, but somewhat more pronounced.

We can study the relative impact of different datasets by studying results for the
fits #j7nw and #j8nw, where either the 7 TeV or 8 TeV data only are included.
By inspection of fig. [4.6] where we plot the gluon PDF and the corresponding
error, we see how the impact of the two datasets on the gluon error and central
value is qualitatively the same, and therefore qualitatively equivalent to the one
of the full dijets dataset, with the 8 TeV data having a stronger impact. From
table we observe how the fit quality is equally good for the two fits. However
the fit including 8 TeV data leads to a similar description of all the dijets data,
including those which are not included in either fits, to the one given by #danw,
where all dijets data are included. So once again we conclude that the 8 TeV

data provide the dominant contribution.
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4.3.3 Single-inclusive jets vs. dijets

Having assessed the impact on PDFs of jets and dijets datasets separately, we

now compare results.

The effect on PDFs of the inclusion of jet and dijets in the NNPDF3.1 global
dataset is qualitatively the same: they only affect the gluon, by leading to an
enhancement of its central value in the region 0.1 < x < 0.4, and to a suppression
in the region 0.01 < x < 0.1. The suppression is by about 1%, while the
enhancement at the peak, localized at x ~ 0.3, is by about 2.5% for single-
inclusive jets, but stronger, by about 7.5% for dijets. These features are clearly
visible in fig. (right), where the gluon PDF is plotted for the fits #janw
(single-inclusive jet only), #danw (dijets only) and the baseline #bn (no jets
data).

As for the gluon PDF uncertainty, from the left panel of fig. it is clear how
the inclusion of either single-inclusive jet or dijets leads to a reduction of the
error, with a stronger reduction observed in the case of single-inclusive jets. In
this respect it should be observed that ATLAS dijet measurements are not yet
available at 8 TeV, while single-inclusive jet measurements are available both
from ATLAS and CMS. The constraining power of dijets datasets is therefore

more limited.

As for compatibility with the global NNPDF3.1 datasets, the inclusion of jets
data does not lead to a deterioration of the description of the rest of the data in
comparison to the baseline fit, as we can see looking at the x? values reported in
tables[4.3] 4.4 The only exception is the ATLAS top rapidity distribution, which,
as mentioned before, seems to be in tension with the 8 TeV single-inclusive jet
data.

Concerning the fit quality, the quality of the two fits #janw and #danw to the
corresponding jets data is comparable, though slightly better for the latter (x? =
1.88 vs. x? = 1.65). Also, the quality of the fit to dijets when single-inclusive jets
are fitted and conversely are almost identical (y? = 2.10 for dijets when fitting
single-inclusive jets vs. x? = 2.06 for single-inclusive jets when fitting dijets) and,
as observed before, better than what we get for the baseline. This confirms full

consistency between the two datasets, with a marginal preference for dijets.

Finally we note how the fit including dijets data is somewhat more internally
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Figure 4.7 Same as fig. @ but mow comparing the fits with all single-inclusive
jet data (#janw), and that with all dijet data (#danw). In the gluon
comparison (right) results are displayed as a ratio to the baseline with
no jet data included (also shown for reference).

consistent than the one including single-inclusive jets: the x? per datapoint is
slightly better (1.22 vs. 1.28) and the x? for individual dataset is generally

better, in particular for top production data.

To sum up, in this chapter we have presented a phenomenological investigation
of inclusive jets production measurements at LHC in the context of global
PDFs determination, exploiting recent NNLO QCD theoretical calculations
supplemented by EW corrections, and studying for the first time the impact
of the inclusive dijets observables. We have found full consistency between
the impact on parton distributions of dijets and single-inclusive jet data, thus
establishing the viability of the dijets observable in constraining PDFs. In a
comparative assessment of single-inclusive jets vs. dijets we have found how,
given the currently available data, the latter has a more marked impact on the
central value of the gluon, while the former leads to a more significant reduction
of the PDF error. We have also shown evidence of some tension between some
single-inclusive jet datasets and the rest of the global dataset, which might be
explained by the less stable perturbative behaviour of this observable. Finally
we have shown how, both for single-inclusive jets and dijets, the more recent 8
TeV data have a more significant impact than the previous 7 TeV data. We
therefore expect that the future availability of more precise measurements from
LHC Run-II at 13 TeV data will improve further our knowledge of the gluon
PDF.
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Theoretical error in PDFs determination

In order to get an accurate estimate of the uncertainties affecting the Standard
Model predictions, theoretical errors need to be taken into account. For hadron
collider processes these are dominated by those due to missing higher order
corrections in QCD calculations and to PDF{]. It is clear how MHOU will
also have an affect on the PDFs themselves, being present in the perturbative
predictions of the particular processes used for PDFs determination. Besides
from contributing to the overall size of PDFs uncertainty, MHOU might affect
the relative weights different points have in a fit: points accurately described
by the current perturbative predictions (up to NNLO) should weight more than
those poorly described. As discussed in chapter [, present PDFs uncertainties
only account for statistical and systematic errors affecting the experimental
data entering the analysis, and typically do not include any source of theory
uncertainty. In this chapter, based on refs. [8 O], we describe how to set
up a general formalism for the inclusion of theoretical uncertainties in PDFs

determinations, and we specify it to the case of MHOU.

The chapter is structure as follows. In sec. [5.1] we show how a generic source of
theory error can be described by means of a covariance matrix; in sec. we
discuss how, when considering MHO, such covariance matrix can be constructed
using scale variations and a suitable prescription, which is validated in sec. [5.3}
in sec. we present a first NLO PDF's set accounting for MHO, and finally in
sec. [b.5] we provide instructions on how to use such result in phenomenological

applications.

'From now on we will use the acronyms MHO and MHOU to denote missing higher orders
and missing higher orders uncertainties respectively.
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5.1 Theory error as a covariance matrix

In this section we will show how, by adopting a Bayesian approach and assuming
a Gaussian prior probability distribution for the true value of the theory, any
missing theoretical uncertainty can be accounted for by adding a contribution to

the experimental covariance matrix used in the PDFs fit.

Denoting as D the vector of experimental data entering the analysis and as T
the corresponding vector of “true” unknown values - whose determination is the
goal of the experiment - we assume that the experimental results are Gaussianly
distributed about this hypothetical true values T

P (D|T) o exp (—% (D-T"Cc' (D~ T)) : (5.1)

The true values 7 are unknown, however we can compute the theory predictions
T for each experimental data using a theory framework which is generally
incomplete, for example because it is based on the fixed-order truncation of a
perturbative expansion ﬂ Furthermore T" depend on PDFs, which are evolved up
to the physical scales of the data using again an incomplete theory. The vectors
T and T would coincide if the theory were exact and the PDFs were known with
certainty. Writing the difference between the true and the actual value of the

theory predictions as
A=T-T, (5.2)

we can consider this difference as an additional unknown systematic error,
accounting for the incomplete theory. If we assume, in the same spirit as
when estimating experimental systematic, that the true values 7 are Gaussianly

distributed about the theory predictions T’
1
P (T|T)  exp (—5 (T — T)T ST — T)) , (5.3)
then the prior probability distribution of A will be given by

P (A) x exp (—%ATS*A) : (5.4)

2In addition to MHO other effects which could be neglected in the theoretical predictions T
are higher twist and nuclear effects.
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Eq. can be rewritten as
1
P(D|T)= P(D,A|T) o exp <—§ (D-T-AN"C(D-T - A)) . (5.5)

so that the conditional probability of the data D given the theory predictions T

can be obtained using the Bayes theorem and marginalizing over A
P(D|T) /dAP(A)P(D,A|T)
= /dA exp <—% (D-T-AN"CHD-T-A)- %AT51A>
~ exp (-% (D—TY(C+8) (D - T)) , (5.6)

where in the last line we have performed explicitly the Gaussian integral over
A. Eq. defines the likelihood which is usually minimized in a Gaussian fit
and shows how theoretical uncertainties can be treated simply as another form of
experimental systematic: it is an additional uncertainty to be taken into account
when trying to find the truth from the data using a specific theory setting, and it
can be accounted for by mean of an additional contribution S to the experimental
covariance matrix C. It should be noted that eq. has been obtained under
the assumption of a Gaussian prior for MHOU, as given in eq. (5.3). In general one
could use different models, depending on the nature of the theory error considered,
and minimize the resulting likelihood as given in the first line of eq. . Here

we will work using the Gaussian assumption, which will be validated in sec. [5.3

The problem is then to estimate the theory covariance matrix S. The Gaussian
hypothesis eq. (5.3) implies that

/ AT P(TIT) (T = T),(T = T), = (A Ay) = Sy (5.7)

showing how in general we need to estimate the shifts A; defined in eq. (5.2), in a
way that takes into account the theoretical correlations between different points
within the same dataset, between different datasets measuring the same physical

process and between datasets corresponding to different processes E|

3Unlike experimental correlations, theory correlations will be present even for emtirely
different processes, through the universal parton distributions, which all share the same theory
for DGLAP evolution.
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5.2 MHOQOU from scale variations

The most commonly used method to estimate the theory corrections due to MHO
is scale variations. In the following we briefly revise its key ingredients and fix
the conventions and terminology used in this work. For simplicity we will discuss
the case of electroproduction processes, like DIS, but the same argument can be
used to obtain expressions for a generic hadronic process. We refer to ref. [9] for

a complete and formal discussion of the topic.

Considering the problem of PDF's determination and remembering the factorized
expression for high-energy processes cross-sections, there are two independent
source of MHOU: the perturbative expression of the partonic cross-section and the
perturbative expression of the anomalous dimensions that determine the evolution
of parton distributions. These will be associated with two independent unphysical
scales, which here will be denoted as renormalization scale yu, and factorization
scale 5. Using RG equations for hard cross-sections and for PDF's it is possible
to obtain an estimate of the MHOU by varying independently the two unphysical

scales entering the problem.

Considering a generic structure function, denoting as F' the corresponding scale-

dependent theory predictionﬁ we have
2

2
F@2ad) =C (o () 2 ) a0 ) ) 659)

Following the notations of ref. [9], we introduce the variables ¢t = log Q*/A?
ky = log u7/Q* and ky = log 17/Q* so that eq. (5.8) can be written as

F (kv ky) = C (s (t+ k) k) @ (s (E+Kp)  Kg) - (5.9)

In the following, we will use the notations F, C' and § to denote structure
functions, Wilson coefficients and PDFs evaluated at the generic scale 1, and fif.

When setting such scales equal to the physical one ), namely when k, = ky =0

4The structure function F depend on p? and /L? in the sense of the RG equation: the
dependence on unphysical scales cancels order by order, and the residual dependence can be
used to estimate the MHOU.
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we define

t) = C(as(t),0), (5.10)
q(t) =q(as(t),0) .

In order to estimate the MHOU due to the truncation of the perturbative
expansion of the coefficient function C' we can fix a specific renormalization
scheme and keep p; = @, but varying the renormalization scale u? used in
the computation of the coefficient function itself. The scale-dependent structure
function F will then be given by

2

F(Qu)=C (as (12) “—) @q(Q*) =C(as(t+k) . k)q(t). (511)

Using the RG invariance of the physical cross section
=—F(t,k)=0, (5.12)

it is easy to show that the renormalization scale dependent Wilson coefficients C'

can be written as

2
C s (b4 k) ) = C (¢ 4+ Fy) — k%C (44 o) + 57 %c (t+ k) + . (5.13)

where according to eq. C (t) = C(as(t),0). In other words, thanks to
the RG invariance we can write the renormalization scale dependent Wilson
coefficients at a generic scale pu, in terms of their values at the physical scale
i = Q. The log derivatives appearing in eq. (5.13)) can be easily evaluated using

the perturbative expression of C'
Ct)=cotast)er+a®t)es+a?(t)es+ ..., (5.14)
and of the f function expansion eq. getting
C oy (t+k) k) =co+as(t+k)e +a?(t+k)(co+ kBocr)

+ Ozg (t -+ k‘r) (03 + k’rﬁg (5101 + 202 — k:,ﬁocl)) + ... (515)

In the same way, starting again from eq. (5.9)), in order to get the scaled varied
PDF we can fix p, = ) and vary the scale ps at which the PDFs are evaluated.
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Setting p, = Q) we get

F Q) = o (@) 27 (o () . )

:C(t)@)q(ds (t—l—kf),kf) , (516)

and using the RG invariance eq. (5.12)) with respect to py we get

2

_ d 1., d
q(as (t+ k) k) =q(t+kys) — lcfaq (t+ks) + Ekf‘ (t+kf)+... (5.17)

ar?

where in analogy with what done for the Wilson coefficients we have defined
q(t) =G (as(t),0). Using the evolution equation]
d

d_,u? q (1) = (as (1)) a (1F) . (5.18)

eq. (5.17)) can be rewritten as

Gas (t+kp), ky) =q(t+ky) — kyq (t + ky)

1 d
+ =k (V= g+ k) + e, (5.19)
2 dt

which can be further simplified using the perturbative expansion of the anomalous

dimension and the expression for the functionﬁ.

Egs. (5.15),(5.19) allow to easily perform scale variations for a single process,
varying independently the two unphysical scales p, and py. In particular, they

allow to obtain scaled varied coefficient functions and PDFs in terms of the
corresponding values computed at the physical scale (. Considering a specific
process involved in the PDFs fit, one can, for example, perform scale variation
in the range |k,|, |ks| < log4, obtaining the scale varied cross section F (k,, ky).
When considering hadronic processes, the same arguments presented above can
be used to obtain a formula similar to the one of eq. (5.15)), as shown in ref. [9].

We now consider a situation where we have p different types of processes (like for

Sfor simplicity, in this section all the argument is presented implicitly assuming a Mellin
space formalism, so that convolutions are replaced by ordinary products.

In ref. [9] it is explicitly shown that an alternative way of obtaining eq. consists
in varying the renormalization scale of the anomalous dimension. MHOU due to PDFs
evolution can therefore be estimated varying either the PDFs scale or the scale of the anomalous
dimension.
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example electroproduction processes, hadronic processes, jets ...)

To ={ia}, a=1,..,p,

where i, labels the datapoints belonging to the a-th process. Each of them is
characterized by a factorization scale iy (associated to the universal PDFs) and
a renormalization scale (i, (associated with the hard coefficient functions). Given

the i-th point of the a-th process F;, , we define the corresponding shift A;, as

Aia (kf7 k"'a) = Fia (kf7 kra) - Fia (07 0) ) (520)

where we assume that all scale variations can be performed in the same range
|kro |, |kf| < log4. In practice, for each scale three points can be sampled,
corresponding to k = 0,%log4. Note that since the PDFs are universal but
the coefficient functions are process dependent, when considering two different
processes the scale variations of £, will be totally independent while those of £
will be correlated between different processes. In other words, because of PDF's
universality the relation between the physical scale of each process (whatever that

is) and the factorization scale yif is the same for all the processes.

According to eq. (5.7), the theory covariance matrix is then constructed by

averaging outer products of the shifts over points in the space of scales
Siajb =N Z Aia (kfv kTa) Ajb (kﬁ ka) ) (5'21>
%

where i, € 7w, and j, € 7 indicate two data points possibly corresponding to
different processes m, and 7, V' is the set of scale points to be summed over and
N is a normalization factor. Note that from this definition it follows immediately

that the theory covariance matrix is positive definite: considering a real vector

v;, from eq. ((5.21)) we have

2
’UZ'SZ']"U]' =N ’UiAi Z 0. (522)
ij i

Different prescriptions for the theory covariance matrix definition can be adopted,
characterized by a different set of combination of scales which are summed
over in eq. (5.21)). Here we will discuss results for the so called 9-points

prescriptions. In app. [C] we describe another possible option and we refer to the
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original publication ref. [7] for more details about alternative prescriptions. For
simplicity, let’s first consider the theory covariance matrix entries corresponding
to a couple of points belonging to the same process. In this case there are at most
two independent scales to be varied, corresponding to the renormalization and
factorization scales k, and k;. In the 9-points prescription &, and k; are varied
completely independently, getting the 8 + 1 points in the scales space reported in
fig. (left), where the +1 refers to the trivial point k, = ky = 0 for which the
shift A; vanishes. The normalization factor appearing in eq. is determined
by averaging over the number of points associated with the variation of each scale,
and adding the contributions from variation of independent scales. So in the case
of the 9-points prescriptions we have 8 points and 2 independent scales, giving
a normalization factor N = 1/4. The corresponding theory covariance matrix

entries read

[

1
SGP = THATOAS AN+ AFAY £ A)AY (5.23)
FATTATTHATTATT HATTATT HATTATT

The superscripts 0, £ denote the different variations of k, and k; defining the
shift, corresponding to 0,4+1log4. Such construction can be generalized to the
case of couples of points belonging to two different processes m; and ms. The set
V' now involves possible variations of three scales k¢, k., k,,, represented in the
right plot of fig. 5.1} Again, varying such scales independently and accounting for
the corrects normalization factors, eq. ((5.23)) can be generalized to the off-diagonal
blocks of the theory covariance matrix, giving
SU = LA AL+ AL (AR + AL AL
LA+ AT A (AL A A ) (B2
(AL AT (AL + A5}

5.3 Construction and validation of a theory
covariance matrix

In this section we determine the theory covariance matrix at NLO using

egs. (5.23), (5.24) and we validate it against the known NNLO results. As
input datasets, we use the same NNPDF3.1 baseline given in tab. with

80



ke, e

Figure 5.1 9-points prescription for a single process (left) and for two
different processes w1 and o, indicating the sampled values for the
factorization scale ky and renormalization scale k.. Figure from

ref. [9].

two minor differences: the value of the lower kinematic cut has been increased
from @2, = 2.69 GeV? to 13.96 GeV? in order to ensure the validity of the
perturbative QCD expansion when scales are varied downwards, and the HERA
F? and fixed-target Drell-Yan cross-sections have been removed, for technical
reasons related to difficulties in implementing scale variation. In total we then
have Ny, = 2819 data points. As seen in the previous section, we assume that
renormalization scale variation is fully correlated within a given process, but
uncorrelated between different processes. Having defined the input experimental
data it is then necessary to define what we mean by “process” and divide the input
dataset accordingly. Our categorization, summarized in tab. [5.1] involves five
distinct processes: charged-current (CC) and neutral-current (NC) deep-inelastic
scattering (DIS), Drell-Yan (DY) production of gauge bosons (invariant mass,
transverse momentum and rapidity distributions), single-jet inclusive and top pair
production cross-sections. Note that such categorization requires and educated
guess as to which theory computations share the same higher order corrections,
and different choices might be done. We consider the one presented here to be
sufficient for a first study. In order to evaluate the theory covariance matrix S;;,
it is necessary to be able to evaluate both DIS structure functions and hadronic
cross-sections for a range of values of the factorization and renormalization scales,
i.e. for kf # 0 and k, # 0. In this case, the entries of the NLO theory covariance
matrix have been constructed by means of the ReportEngine software [130] taking
the scale-varied NLO theory cross-sections F;(k 7, k) as input. These are provided
by APFEL [131] for the DIS structure functions and by APFELgrid [59] combined
with APPLgrid [132] for the hadronic cross-sections.

In order to get an idea of the structure of the theory-induced correlations, in
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Process Type Datasets
DIS NC NMC, SLAC, BCDMS, HERA NC
DIS CC NuTeV, CHORUS, HERA CC
DY CDF, DO, ATLAS, CMS, LHCD (y, pr, My)
JET ATLAS, CMS inclusive jets
TOP ATLAS, CMS total+differential cross-sections

Table 5.1  Classification of datasets into process types.

fig. [5.2] we compare the experimental correlation matrix, given by

© _ C..

ij
pz] \/C_” /—ijv

with the corresponding combined experimental and theoretical correlation matrix

(5.25)

O+ _ (C+5),
ij = .
(C+ S)m/ (C+9)y

By inspection of fig. large positive correlations within individual experiments

(5.26)

along the diagonal blocks are apparent, particularly evident for DIS NC and DY
data. Within the same process there are large correlations between experiments
for the DY, jets and top datapoints and large anticorrelations for the DIS NC
points. Correlations and anticorrelations between different processes, despite

being present thanks to PDF's universality, are generally weaker.

Next, we wish to construct a validation test for the NLO theory covariance matrix,
using the known shift between NNLO and NLO results. In order to do this, we
view the set of experimental data as a vector D;, where ¢ = 1,..., Ngu. Such
vector lives in a vector space D of dimension Ng,, and the theory covariance
matrix S;; defines an ellipsoid E belonging to a subspace S of dimension N, of
the full space D. In the context of MHOU we can take the NLO theory predictions
evaluated at the central scales TVE9 (0,0) as our best NLO predictions with the
ellipsoid F estimating a 68% confidence level for the MHO corrections. We want
to check how well the theory covariance matrix 5;; predicts both the size and the
correlation pattern of the MHO terms. This can be done by testing the extend
by which the known shift vector between NNLO and NLO theory predictions
TNNLO _TNLO falls within the ellipsoid E. More in detail, we first normalize the

theory covariance matrix S;; to the NLO predictions, so that all its entries are
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Figure 5.2 Comparison of the experimental Cj; (left) and the combined
experimental and theoretical correlation matrices S;j, All entries are
normalized to the central experimental value. The data are grouped
by process and, within a process, by experiment. Figure from ref. [9].

dimensionless allowing for a meaningful comparison
§. = i/ (jviNLOij]VLO) ’ (5.27)
and likewise we define a normalized shift vector as
5 = (TiNNLO _ TiNLO) JTNLO (5.28)

The NNLO predictions used to define the shift 9; are computed using the NNLO
matrix elements and anomalous dimensions but the same NLO PDF set used to
compute the NLO theory predictions. In this way the shift d; only accounts for
the perturbative effects due to NNLO corrections, without including additional
effects due to refitting. A first test to check whether the overall size of the scale
variation is of the right order of magnitude consists into comparing the diagonal
entries S”u = 07 to the normalized shift d;. This check is performed in fig. : in
all cases d; turns out to be smaller or comparable to ¢;, showing how the overall
size of the estimated uncertainties, obtained by varying the renormalization and
factorization scales by a factor two in either directions, gives a qualitative reliable

(if somewhat conservative) estimate of the true MHOU.

N

The validation of the full covariance matrix S;; requires some more work. In

order to identify the subspace S we diagonalize the matrix Sij, getting a set of
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Figure 5.3 The diagonal wuncertainties o; (red) symmetrized about zero,
compared to the shift 6; (black) for each datapoint. Figure from

ref. [9)].

orthonormal eigenvectors e and the corresponding non-zero eigenvalues A\, with
a=1,..., Ngy. There is also a set of Ny, — Ngyp zero eigenvalues, corresponding
to eigenvectors spanning the space D/S. In general the shift vector § will live in
the space D. For a successful test we expect most of § to lie within S. In other

words, denoting as 6° the projection of the shift over the subspace S
=y 5%, (5.29)

we expect the angle 6 between ¢ and 6°

0 = arccos <|f5|’> (5.30)

to be reasonably small. This geometric relation is represented graphically in
fig.[5.4], where the space D is drawn as a three dimensional space and the subspace

S as a two dimensional space. For individual processes we find
0 = 3°,14°,22°,32°,16°

for top, jets, DY, NC and CC DIS respectively, while for the complete dataset we
find 6 = 26°. It is clear from these numbers how processes with larger numbers of
data points, having a wider kinematic range and thus more structure to predict,
are much harder to describe than those with only few data, which translates into
bigger values of 6 for bigger datasets. However in general the 6 values we get for
each specific process and for the global dataset result reasonably small, validating

our definition and construction of a NLO theory covariance matrix.
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Figure 5.4 Schematic representation of the geometric relation between the shift
vector 6 € D (here drawn as a three dimensional space), and the
component 6° of the shift vector which lies in the subspace S (here
drawn as a two dimensional space, containing the ellipse E defined
by the theory covariance matriz). The angle § between § and 6° is
also shown. Figure from ref. [9].

5.4 NLO PDFs with missing higher order

uncertainties

In this section we present the first determination of the proton PDFs which
systematically accounts for MHOU, using the theory covariance matrix formalism
described in the previous sections. We will present only a NLO fit, leaving a full
NNLO analysis for a future work. Note that a NLO PDFs fit offers a nontrivial
validation of our methodology, by comparing the results with and without MHOU
to a standard NNLO PDF set (obtained starting from the same input datasets).

As discussed in sec. [p.1], the theory uncertainties are included by replacing
the experimental covariance matrix Cj; with the sum Cj; + S;;. The NNPDF
methodology described in chapter (3| is otherwise unchanged. It is then clear how
the inclusion of a theory-induced contribution in the covariance matrix affects
only two steps of the fit: the pseudodata generation and the definition of the y?
to be minimized. In particular, denoting as Dz(k) the k-th replicas for the -th

datapoint entering the analysis, we will now have

Nrep
. 1
oim w72 (00 - 00) (P —(p)) =0+ 55, 63

with (D;) denoting the average over the N,., Monte Carlo pseudodata. Each
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PDF replica is then fitted by minimizing

Ngat
1 _
x> = Ny, Z (Di —T3) (C'+ S)ijl (D; = Tj) (5.32)
ij=1

where the theory predictions T; are computed using the central scales choice. In
the following, in order to asses the fit quality and to study the impact of MHOUs
on the final PDF uncertainties, we will provide values for the total and partial
x? and for the estimator ¢, defined in ref. [55] as

6 = /(X2 [TO]) = X2, [(TO)], (5.33)

where by ngp [T(k)] we denote the value of the y? computed using the k-th
PDF replica and only including the experimental covariance matrix. The average
x? values entering eq. are the x? averaged over the replicas and the y?
computed using the central PDF, which is obtained as an average of all replicas.
As shown in app. [A.2] eq. (5.33]) can be written as

1 Nat 1/2
6= ( o 2 (O Tij> : (5:34)

where T;; = (Ti(k)Tj(k)> — (Ti(k)><Tj(k)>. In words, ¢ gives the average over all the
datapoints of the ratio of the uncertainties of the predictions to the uncertainties
of the original experimental data, taking correlations into account. For a purely
diagonal covariance matrix, this would be the ratio of the uncertainty of the
predictions using the output PDFs to that of the original data. Note that ¢ is
defined in such a way that the uncertainty in the prediction is always normalized
to the experimental uncertainty, rather than to the combined experimental and
theoretical uncertainty. By comparing ¢ values for fits with and without MHOU
we can then get a quantitative idea of the effect of theory uncertainty on the final

PDF error.

In order to asses the effect of MHOU, in addition to fits with the theory covariance
matrix, two baseline NLO and NNLO fits based on the experimental covariance
matrix C' only have been produced, using the same input datasets described in
sec. As mentioned previously, including a new contribution to the covariance
matrix of the fit will affect both the PDFs central value and uncertainty. In order
to disentangle these two different effects, we also study PDFs determined by only

partially including the theory covariance matrix S in the analysis, either only in
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Label Order Cov. Mat. Comments

NNPDF31 nlo_as 0118 kF_1 kR_1 NLO C baseline NLO
NNPDF31 nlo_as_0118_scalecov_9pt NLO c+S8

NNPDF31 nlo_as_0118_scalecov_9pt_fit NLO c+S S only in x2 definition
NNPDF31 nlo_as_0118_scalecov_9pt_sampl NLO C+S S only in sampling
NNPDF31 nnlo_as 0118 kF 1 kR 1 NNLO C baseline NNLO

Table 5.2 Summary of the PDF sets discussed in this section. The perturbative
order and nature of the treatment of uncertainties for each fit are
indicated.

the data generation or in the fitting. The PDF sets which will be discussed in
the following are reported in table [5.2] For each fit we indicate its label, the

perturbative order and the covariance matrix used.

The x? and ¢ values are shown in tables and respectively, for both
the total dataset and the individual processes of table 5.1l Considering the fit
where the theory covariance matrix is included in both the x? definition and
in the Monte Carlo replicas generation, for all the processes the x? decreases,
improving by about 3% when considering the total dataset. Additionally the
total x? almost coincides with the NNLO x?, suggesting that indeed the theory
uncertainty is correctly accounting for the missing NNLO corrections. Looking
at the value of ¢, we notice how, interestingly, this only increases by around 30%,
much less than what one might expect looking at the relative size of the NLO
MHOU and experimental uncertainties. These numbers suggest that the main
effect of the inclusion of the theory covariance matrix is that, in the data region,
tensions which are otherwise present in the global dataset due to the MHO are
partially resolved, leading to a better fit quality without any major effect on the
final PDFs error. Looking at the fits where the theory error is included in the
x? but not in the replicas generation, it is clear how the inclusion of the theory
covariance matrix in the y? definition only leads to a final x? value very close to
that of the fit where the MHOU are fully included. This means that, as we would
expect, the MHOU affect mostly the central value of the fit, since the relative
weight carried by each point is altered during the fit according to their relative
size of their MHOU. On the other hand, considering the case where the theory
covariance matrix is included only in the replica generation, the x? goes up and

¢ increases dramatically, pointing out a much more prominent effect in PDF's
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X?/ndat in the NNPDF3.1 global fits
Process | ngat NLO NNLO
C | C+SO | s o8 | o
DIS NC | 1593 | 1.088 1.079 1.081 1.227 1.084
DIS CC | 552 | 1.012 0.928 0.929 1.036 1.079
DY 484 1.486 1.447 1.461 1.434 1.231
JETS 164 | 0.907 0.839 0.848 0.911 0.950
TOP 26 1.260 1.012 1.001 1.264 1.068
Total 2819 | 1.139 1.109 1.113 1.217 1.105

Table 5.3 The values of the x%/Ngat in the NNPDF3.1 global fits with the theory
covariance matrix S, compared to the results based on including only
the experimental covariance matriz C. We also show results obtained
including the theory covariance matriz only in the x? definition but
not in the data generation and conversely. Values corresponding to
the NNLO fit with experimental covariance matriz C only are also
shown.

uncertainty. This behaviour is expected: due to the inclusions of MHOU in the
pseudodata generation, the replica fluctuations are wider, leading to an increase
in the PDFs error. Since the theory error is not included in the 2, such increase

in the PDF's error is now uncompensated by a rebalancing of the datasets in the

fits.

In fig. we show plots for the NLO PDF's of the gluon, the total quark singlet,
the anti-down quark and the strange, comparing results for fits based on C' and
C'+S. All the PDF's are plotted at () = 10 GeV and normalized to the fit results
without MHOU. The central value of the NNLO fit based on the experimental
covariance matrix only is shown as well. We find that in the data region the
increase in PDF uncertainties is very moderate, while the central values can
be shifted by up to one sigma. On the other hand, in the regions where the
PDFs are loosely constrained by the experimental data, the PDF uncertainties
increases significantly. These features are in agreement with the observation
that the estimator ¢, whose values are reported in table [5.4] increases only by a
moderate amount when including the theory error, and provide further evidence

that in the data region the inclusion of the theory covariance matrix has resolved
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¢ in the NNPDF3.1 global fits
Process NLO NNLO
¢ [ersom s costm |
DIS NC | 0.266 0.412 0.414 1.137 0.305
DIS CC | 0.389 0.408 0.388 0.502 0.471
DY 0.361 0.377 0.378 0.603 0.380
JETS 0.295 0.359 0.336 0.461 0.392
TOP 0.375 0.443 0.382 0.612 0.363
Total 0.314 0.405 0.400 0.932 0.362

Table 5.4 Same as Table but for the values of the ¢ estimator.

tensions due to MHO. This point can be further supported by observing the
improvement in the agreement between the best-NLO fit and the NNLO PDFs
(the latter with experimental covariance matrix only): looking at the central value
of the NNLO fit, first it is fully compatible with the uncertainty band of the NLO
fit, second it is evident how upon inclusion of the NLO MHOU the central best
fit moves towards the correct NNLO result. This is particularly evident in the
case of the gluon and of the strangeness, where inclusion of MHOU leads to a
suppression at large = of the first and to an enhancement in the whole = region

of the second.

Finally in fig. we look at PDF's where the theory covariance matrix has been
included in the x? definition but not in the Monte Carlo replicas generation and
conversely. It is clear from the plots how, when §' is included in the data replica
generation only, uncertainties increased significantly. This is in agreement with
the numbers observed in tables [B.3] and .4t the wider fluctuations in the data
generation are not matched by the x? definition, resulting in an overall bigger
error and a worse fit quality. On the other hand, when S is included only in the
x? definition, the effect of theory error on the central value of the fit is singled
out: the central value of the fit is very close to that obtained when including
the MHOU in both data generation and fit, and, consistently with table [5.4] the
change of the PDFs error in the data region is very small. This confirms our
previous statement according to which, while the addition of a theory covariance

matrix in replicas generation increases the fluctuations of the data replicas, this
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Figure 5.5 Results of the NLO fits based on C and C' + S normalized to the
former, as well as the central value of the NNLO fit based on C

for the gluon, the total quark singlet, the anti-down quark, and the
strange PDFs, all at Q = 10 GeV.

is compensated by the inclusion of MHOU in the fit, which releases tensions
between dataset, with the net results that, while the central values are shifted,

the uncertainties in the data region do not increase much.

5.5 Usage and delivery

The PDFs with theory error can be used in the same way as a standard Monte
Carlo PDF sets. In this section we briefly discuss how to combine the PDF theory
error with that in the hard matrix elements, providing detailed instructions to

use the results presented in sec. [5.4]

The MHOU discussed here arise from the fact that the PDFs are determined
using finite order perturbative computations: parton distributions obtained by
using different perturbative orders in the computations for the input processes will
be different (so that for example NLO PDFs differ from NNLO PDFs), and the

formalism developed here provides a way to take this into account when working
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Figure 5.6 Same as fig. now comparing the results of the baseline C + S fit
with those in which the theory covariance matrix S is included either
in the x? definition or in the generation of Monte Carlo replicas, but
not in both

at some finite order in perturbation theory. We have further seen how there exist
two distinct sources of MHOU in PDFs, the first due to the computation of the
hard cross-sections for partonic processes, the second due to the computation
of the anomalous dimension. Considering a factorized prediction for some other
process not used during the PDF's determination, an additional source of MHOU
is the computation of the hard process itself, which in turn will carry MHOU
related to the computation of the hard cross-section and MHOU related to the
evolution of the PDF from the initial scale (at which the PDFs are delivered)
to the scale of the process. In summary, each theory prediction for a factorized
cross section carry two different MHOU, a PDFs uncertainty, discussed in this
work, and an uncertainty arising in the calculation of the prediction itself. We
will ignore any possible correlation between these two different source of MHOU,

considering the two theory error as completely independent.

In the following we summarize our procedure to compute the total uncertainty for
a given factorized cross-section F. The PDF uncertainty o£PF can be evaluated

in the same way as usually done for a standard Monte Carlo PDFs set, as the
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standard deviation over the replicas set

oBPF = (—Nrepl_ S (F ) - (F [{q}nf) SENCE D

k=1

Considering the PDF's presented in this work, o2°F will account for uncertainties

related to both experimental data and MHO in the PDFs determination. On the
other hand, when eq. is used with a standard PDFs set (like NNPDF3.1),
the resulting uncertainty only includes statistical and systematic errors from the
data. Turning to MHOU on the hard matrix element ¢, this can be estimated
using any prescription preferred by the user. A commonly used procedure is given
by the 7-points scale variation presented in ref. [I33]. Alternatively, one can use
the theory covariance matrix used for the PDFs determination: the uncertainty
on the cross-section F will be the corresponding diagonal entry of the covariance

matrix

[NIES

o = [SFF? (5.36)

with the shift A;; computed for i = j = F. The PDF uncertainty eq. ((5.35)) and
the uncertainty on the hard matrix element eq. (5.36)) can now be combined in

quadrature, giving the total uncertainty o'2* for the cross section F

oot = ((o27) + (o)) (5.37)
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Fitting the b-quark PDF as a massive-b scheme

It has been recently shown [48] that for accurate phenomenology at the LHC it is
advantageous to treat the charm parton distribution (PDF) on the same footing as
light-quark PDF's, namely, to parametrize it and extract it from data, rather than
to take it as radiatively generated from the gluon using perturbative matching
conditions. This is likely to be due to the fact that the matching conditions
eq. (2.69) are only known to the lowest nontrivial order, which may well be subject
to large higher order corrections, as revealed by the strong dependence of results
on the choice of matching scale. On top of this, of course, the starting low-scale
heavy quark PDFs could in principle also have a non-perturbative “intrinsic”
component [I34, 135]. It is important to note that whether or not the heavy
quark PDF has a nonperturbative component, and whether it is advantageous to
parametrize the heavy quark PDF are separate issues: in fact in ref. [48] it was
shown that the main phenomenological advantage in parametrizing and fitting
the charm PDF comes from a region in which any nonperturbative contribution

to charm is likely to be extremely small.

The case of the bottom quark PDF is, in this respect, particularly interesting. On
the one hand, one may think that the problem of large higher order corrections to
the matching conditions is alleviated in this case by the larger value of the mass.
However, on the other hand, there is a more subtle consideration. Namely, there
are b-initiated hadron collider processes — some of which are especially relevant
for new physics searches — such as Higgs production in bottom fusion, for which
b quark mass effects might be non-negligible [I36HI38]. This suggests the use of
a scheme in which the b quark is treated as a massive final-state parton — hence
not endowed with a PDF. In such a scheme the b-induced process necessarily

starts at a higher perturbative order than in a scheme in which there exists a b
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PDF, because the b production process is included in the hard matrix element.
As a consequence, the computation of the b-induced process itself is more difficult
and it can typically only be performed with a lower perturbative accuracy than

in a scheme in which the b quark is a massless parton.

The problem is somewhat alleviated if the massive-scheme and massless-scheme
computations are combined, with the b-PDF in the massless scheme assumed
to be produced by perturbative matching conditions. We henceforth refer to
such a computational framework as “matched-b”. However, in a matched-b
framework the massive computation is still beset by the need to start at high
perturbative order. As a possible way out, the use of a “massive five flavor
scheme” has been suggested recently [139, 140], in which there is a b PDF
(hence five flavors), yet b quark mass effects are included (possibly, at least in
part, also in parton showering). The use of an independently parametrized b
quark PDF within a framework in which massive and massless computations are
combined offers a simpler way of dealing with the same problem. We refer to
this as a “parametrized b” computational framework. Such an approach has been
developed for electroproduction in refs. [141] [142], and it has been used in order
to produce PDF sets with parametrized charm [48] 143], including the recent
NNPDF3.1 set. Because the only data currently used for PDF determination
in which heavy quark mass effects have a significant impact are deep-inelastic
scattering data close to the charm production threshold, in these references only
electroproduction was considered and only the parametrization of the charm was
studied.

In these previous studies, an independently parametrized heavy quark PDF' is
included in the FONLL method [43], which, as discussed in sec. allows for
the matching of a scheme in which the heavy quark mass is included but the
heavy quark decouples from QCD evolution equations, and a massless scheme in
which the heavy quark mass is neglected, but the heavy quark PDF couples to
perturbative evolution. In this parametrized heavy quark version of the FONLL
scheme, the heavy quark PDF is present both in the massive and massless scheme,
though decoupled from evolution in the massive scheme; unlike in conventional
matched heavy quark computations in which the number of PDF's is different,
with one more PDF in the massless scheme. The rationale for FONLL with a
parametrized heavy quark is to simultaneously include heavy quark mass effects
at lower scales and the resummation of collinear mass logarithms in the heavy

quark PDF's at higher scales. This has the important byproduct that one ends

94



up with a computational framework in which there are heavy quarks in the initial

state even in the scheme in which mass effects are retained.

Therefore, in a parametrized-b FONLL framework, problems related to the fact
that the relevant processes in a massive scheme start at higher order is thus
completely evaded, since the heavy quark PDF is always present. Mass effects
are then included to finite perturbative order, along with the resummation of mass
logarithms, though (unlike in some “massive five-flavor scheme” ) mass corrections
to resummed perturbative evolution are not included. On the other hand, any
possible nonperturbative corrections to the b PDF, including, say, the effective
value of the b mass at which the matching should happen, are then included in
the PDF itself and thus extracted from the data.

In this chapter, following ref. [10], we explicitly construct the parametrized-
b FONLL method, by generalizing to hadronic processes the construction of
refs. [141], 142] of FONLL with parametrized heavy quark PDF. We specifically
consider the application to Higgs production in bottom fusion. This process has
been computed at the matched level both using the FONLL method [45] 144]
and EFT-based methods [145] [146], with the respective results benchmarked
in ref. [I33] and found to be in good agreement with each other. All these
computations were performed in a matched-b approach, in which the b PDF is
absent in the massive (four-flavor) scheme, and determined by matching condition
in the massless (five-flavor) scheme. Here we take this process as a prototype for

the use of a parametrized-b scheme for hadron-collider processes.

First, we discuss how the counting of perturbative orders changes in the presence
of a parametrized-b PDF, and redefine suitable matched schemes based on this
new counting. We then work out the generalization to hadronic processes of
FONLL with parametrized heavy quark PDF of refs. [141], 142], we discuss in
which sense it effectively provides an alternative to the massive five-flavor scheme,
and then we work out explicit expressions for Higgs production in bottom fusion
to the matched next-to-leading order - next-to leading log (NLO-NLL) level and
NLO-NNLL level. We finally compare predictions obtained within this approach
with some plausible choices of the b-quark PDF to those obtained in the approach
of refs. [45] [144], and argue that results with similar or better phenomenological

accuracy can be obtained in a much simpler way within this new approach.
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6.1 The FONLL scheme with parametrized heavy

quark PDF in hadronic collisions

Even though we have the general goal of constructing a parametrized-b FONLL
scheme for hadronic processes, we always specifically refer to Higgs production
in gluon fusion, in order to have a concrete reference case, and test scenario. We
recall that, as discussed in sec. [2.4] the FONLL method matches two calculations
of the same process performed in two different renormalization schemes: a massive
scheme in which the heavy quark mass is retained, but the heavy quark decouples
from the running of o, and from QCD evolution equations, and a massless scheme
in which the heavy quark contributes to the running of a, and QCD evolution

equations, but the heavy quark mass is neglected. In the computation of a hard

2
process at scale @2, in the former scheme mass effects O (m—§> are retained, but
mass logarithms an—z are only kept to finite order in «, (where m, denotes
my

generically the mass of the heavy quark). In the latter scheme, mass effects
are neglected but mass logarithms are resummed to all orders in a,. Hence by
matching the two calculations one retains accuracy both at low scales where quark

mass effects are important, and at high scales where mass logarithms are large.

The general idea of the FONLL method is to realize that these are just two
different renormalization schemes: the massive scheme is a decoupling scheme,
and the massless scheme is a minimal subtraction scheme. So the two calculations
can be simply matched by re-expressing both in the same renormalization scheme
using egs. ([2.68)), and then subtracting common contributions. In practice,
this is done by expressing the massive scheme computation in terms of the PDFs
and o, of the massless scheme, and then adding to it the difference o4 between

the massless calculation and the massless limit of the massive one. Schematically

O,FONLL — gmassive + O'd 6.1

O'd — O_massless _ O_masswe,(). (62)

This corresponds to replacing all the terms in the massless computation which
are included to finite order in oy in the massive computation with their massive

counterpart.

In the simplest (original) version of FONLL, as discussed in ref. [43] for b

production in hadronic collisions, and in ref. [44] for deep-inelastic scattering,
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Figure 6.1 Feynman diagrams for the leading (left) and next-to-leading order
real emission contributions to Higgs production in bottom fusion
which are present in the massive scheme when the b quark PDF
1s independently parametrized, but absent otherwise.

in the massive scheme there is no heavy quark PDF, and the heavy quark can
only appear as a final-state particle. In the massless scheme the heavy quark
PDF is determined by matching conditions in terms of the light quarks and the
gluon. These conditions match the massless scheme at a scale p such that the
heavy quark PDF only appears for scales above u. Specifically, at order O(ay),
the heavy quark PDF just vanishes at the scale u = m; and it is generated by
perturbative evolution at higher scales, while at O(a?) it has a nontrivial gluon-

induced matching condition at all scales.

When introducing a parametrized PDF both the massive and massless scheme
computations change. The massless scheme changes, somewhat trivially, in that
the heavy quark PDF, at the matching scale, instead of being given by a matching
condition, is freely parametrized. The massive scheme changes nontrivially in that
there is now a heavy quark PDF also in this scheme, only it does not evolve with
the scale. The consequences of this were worked out in refs. [I41] [142] in the case
of electroproduction, and we study them here for hadroproduction for the first

time.

6.1.1 Perturbative ordering

Because there is now a b PDF also in the massive scheme, the counting
of perturbative orders in this scheme changes substantially. Specifically, for
Higgs production in bottom fusion the diagrams of fig. are present only
when the b PDF is independently parametrized. This means that while in
the massive scheme the process in the matched-b approach of refs. [45] [144]
starts at O(a?), in a parametrized-b approach it starts at O(al). As discussed
in detail in refs. [44] 45, [144], the FONLL method allows the consistent

combination of computations performed at different perturbative orders either in

97



the massive or massless scheme: various combinations were defined and discussed

in refs. [45, 144] for Higgs production in bottom fusion.

With the new counting of perturbative orders which is relevant for a parametrized-
b framework it is convenient to define some new combinations. We consider in
particular the combination of the massive scheme O(as) computation with the
standard five-flavor scheme next-to-leading log (NLL) and next-to-next-to-leading
log computations. We call these combinations respectively FONLL-AP (hence
corresponding to NLO-NLL) and FONLL-BP (corresponding to NLO-NNLL).

6.1.2 Parametrized-b FONLL

The construction of the parametrized-b FONLL for hadronic processes closely fol-
lows the corresponding construction for electroproduction, presented in refs. [141]
142], to which we refer for more details. In comparison to the matched-b FONLL
of refs. [45], 144] the massive scheme contribution to eq. includes an extra

contribution:

OFONLLp = OFONLL, + 00p

____massive massive,0
dop =0p —op : (6.3)
where oBave jg the massive-scheme contribution to the given process with
... ive,0 - .. . .
initial-state heavy quarks and op*™"*" its massless limit (which subtract its

double counting with the massless-scheme contribution). This massive scheme
contribution has to be re-expressed in terms of massless-scheme PDFs, as
explained in detail in refs. [43-45] 14T, 142} [144].

For Higgs production in bottom fusion, up to NLO, this extra contribution is
given by the real diagrams of fig. supplemented by the corresponding virtual

correction and thus it has the form

) 2 1 d 1 d
50_?31a551ve (m_g{) —9 _LC/ _:Qy
m3 n T Joy
2 2
Wy @ ([ wo (, mk @, [ M
R () [0 (n ) v ()] 00
2
4 To 4),(1 m
+ 40, fO(z) £O (—) aég)”(y, —Z)

Ty mj

where the subscript P denotes the fact that this contribution is only present
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when the b PDF is independently parametrized, and the superscript (4) is
used to denote the massive factorization scheme, as in refs. [45, 144]. Note
that even though, with a parametrized b there are five flavors also in the

massive scheme, only the four lightest ones contribute to the running of a, and
(4),(k)
j

ref. [139] based on corresponding QED results from ref. [147] and are collected in

perturbative evolution. The massive cross-sections o were computed e.g. in

appendix after scheme change as we discuss below.

Note that in the matched-b computation of ref. [45, [144] this process in the

massive scheme starts at O(a?), hence up to NLO (with our new counting) the
contribution given in eq. (6.4) is the only one to o™ eq. (6.1)): so in actual

fact in this case

Jmassive,NLO _ OgaSSiV& NLO' (65)

The expression of g™asve:NLO gyitable for use in the FONLL formula eq. (6.1))
is obtained, as mentioned, by re-expressing the massive scheme PDFs and ay in
terms of massless-scheme ones. For simplicity we assume that this is done at a

matching scale p, = m;,. The matching condition for ay is, as well known,
T
a(Q?) = P (Q?) [1 — 2—R log — + O(ai)} (6.6)
i

while to O(as) the only nontrivial matching condition is that for the b PDF":

1
2 (@) = f,7(2,Q%) — ay / %[K&? (%) 17 (2.@°)

(6.7)
+ R 1 (1.07)] + o,

where again the superscripts (4) and (5) denote respectively the massive- and

massless-scheme expressions, and Kj;; are the matching coefficients
@) =3 Ky(@)® £7(Q), (6.8)
J
where the sum runs over all partons (including the heavy quark), and
Kij(Q%) = 6;8(1 —2) + ) al(@Q*) K (Q). (6.9)
n=1

Note that, of course, since there is a heavy quark PDF also in the massive scheme,
K; is a square matrix, so that, to O(«), K;'(Q?) = 05 — as(Q2)KZ-(]1)(Q2). The
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)

matching function K 1511 was calculated in ref. [I48]. Tts explicit expression is given

for ease of reference in appendix together with that of the splitting functions
P;.

Substituting eqgs. (6.6H6.7) in eq. (6.4) we get the desired expression for the

massive-scheme cross section:

2 1 1
massive mH _ dl’ dy
op T2 = e 2

my TSy

T o (6.10)
> @ Q) 1Y (—H,QQ) B <y,a§5><c22>, —2> ,
£~ Ty m?
ij=b,g
where to O(as) the non-vanishing coefficients are
BO (i Z ;w0 (, M (6.11)
v\ Y 2 bb " m2
2 2
W (I — ;o.M
1 ) m2
—200/ dzz0(z —y) K,Eb) (z71n —g) (6.12)
y my,
2 2
5O [, M\ _ @ (, M
bg Y, mg Ubg Y, mg
1 . m2
—00/ dzzd(z —y) Klgg) (z,ln —12{) : (6.13)
y my,

whose explicit expressions are collected, as mentioned, in appendix [D.2]

In order to construct the FONLL expression eq. , the massive scheme
contribution must be combined with the difference term o9 eq. . However, it
is easy to check that, just like in the case of electroproduction[T41] [142], this term,
which is subleading when using matched b, vanishes identically with parametrized
b. This is due to the fact that the massless limit of the massive-scheme calculation
only differs from the massless-scheme calculation because of the resummation of
mass logarithms In g—z beyond the accuracy of the massive-scheme result (so at
O(a?) and beyond, inbour case). However, when re-expressing the massive-scheme
calculation in terms of massless-scheme PDF's the evolution of the b-PDF is only
removed up to the same accuracy as that of the massive scheme calculation. This
is seen explicitly in eq. 1' in which mass logarithms In ST% are only removed
up to O(as). Therefore, the higher order logarithms remain unsubtracted in the

massless massive, 0

expression of fb(‘r))(x7 Q?) and thus cancel exactly between o and o
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The FONLL result thus reduces to the expression eq. (6.10):

2

2

o (m

gFONLL-AP _ massive (T ) (6.14)
my,

We can thus write the FONLL result in the form

o FONLL-AP Zzamasswe ( ) ® Kd ® fl (Q ) g_n}b ® fr(f) (Q2) , (6.15)

,j Im

where K, ! is the inverse of the matching matrix defined in eq. , pertur-
batively defined order by order according to eq. . This is of course well
defined with a parametrized b because Kj;; is a square matrix. As discussed in
detail in refs. [141], [142] the effect of the inverse matching matrices in eq.
is to remove collinear logarithms related to the evolution of the b PDF from
the massless scheme PDFs f-(5) since these are already included in the massive-

massive

scheme matrix cross-section o} , where they would appear as mass logarithms
ln 2> in the large @* limit (in actual facts here Q% = m?). As a consequence, the
result eq. - is completely independent of the matching scale m;, (i.e. the scale
at which the b PDF is parametrized), as it must be, given that once the b PDF
is parametrized there is no matching scale left. We will check this cancellation

explicitly (see fig. below).

Eq. (6.15) shows that FONLL effectively acts as a massive five-flavor scheme, in
which standard five-flavor PDFs are combined with the massive-scheme cross-
section, with massive quarks included in the initial state: it is in fact akin to five-
flavor scheme of ref. [139], though in this reference mass effects are also included
in parton showering, which we do not consider here. In FONLL corrections are
consistently included to the order at which the massive-scheme cross-section is
computed, with collinear and mass logarithms resummed to the logarithmic order
to which PDF's are used. The structure of the result eq. is universal, and
so are the PDFs which appear in it. Therefore, to the extent that the PDF is
correctly fitted, mass corrections (i.e. all terms suppressed by powers of m,,/Q)) are
then fully included up to the order of the massive-scheme calculation: O(ay) for
FONLL-AP and FONLL-BP. Of course these latter corrections are not universal

and will have to be computed separately for each process.

As mentioned, the FONLL framework allows for the combination of massive-
and massless-scheme computations performed at arbitrary, independent accuracy.
We discuss specifically the two cases defined in sect. FONLL-AP and
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FONLL-BP. In FONLL-AP, the massive-scheme partonic cross sections agasswe
are computed up to NLO (i.e. O(ay)), while the PDFs are evolved using NLO
(more properly, NLL) evolution equations. Hence, in this case eq. (6.15]), with
a{?asswe computed up to O(ay) (i.e. including the diagrams of fig. , and NLO
PDFs.

In FONLL-BP, the massive-scheme computation is still performed up to NLO, but
now the massless-scheme computation is performed up to NNLO. This has two
consequences. The first is that NNLO PDF's are now used. The other is that hard
cross-sections are now computed up to NNLO i.e. up to O(a?). Because massive
terms are included only up to O(ay), eq. must now be supplemented by a

purely massless O(a?) contribution:

oFONLL-BP _ [ FONLL-AP 20527(2) Q fl(5) (Q2) fr(’f) (Q2) 7 (6.16)

lym

where oFONM-AP g oiven by eq. (6.15]). Note that because the matching functions
K 231 are used to re-express the massive-flavor scheme cross-section in the massless
scheme, they are accordingly computed to the same accuracy as the massive-
scheme partonic cross-section itself: so here to O(as). The difference term
o eq. always vanishes identically. It is clear that the computation is
considerably streamlined in comparison to the standard FONLL framework of
refs. [45], [144].

6.2 Higgs production in b fusion

We now present explicit results for Higgs production in b-quark fusion within the
FONLL-AP and FONLL-BP scheme, and compare them to previous results of
refs. [45] [144]. Results presented in this section are obtained using the following
set-up. For the calculation of the 5F scheme coefficient functions, we use the
interface to the bbh@nnlo code [149] as implemented in the public bbhfonll
code [I50]. The subtraction terms needed for the FONLL-B calculation of
refs. [45] (144] is obtained using bbhfonll. The standard contributions to the
4F scheme are computed using the MG5_aMCQ@QNLO package [I51], [152], while
we have implemented the new terms do%2%Ve eq. (6.4)) and their massless limit in
a new version of bbhfonll, following the expressions reported in appendix [D.2]
Both codes use the LHAPDF [I53] package.

102



We use the NNPDF3.1 NNLO set of parton distributions with a,(M,) =
0.118 [48]. For a first default comparison we just use the default NNPDF3.1
set, including the b PDF. From the point of view of a computational framework
in which the b PDF is fitted, this can be thought of as the b PDF that one would
get if initial PDF's were parametrized at Qg = my, and the fitted b PDF were to
turn out to be exactly equal to that given by the matching condition at this scale.
Furthermore, in order to get a feeling for effects related to the size of the b-PDF
we then consider, for the sake of argument, a b PDF equal to that which would
be obtained by using the matching condition at yu;, = 2/3my, or p, = 1/2my, and

then evolving up to Q = m, where the initial PDF is given.

L L L B B B L B
0.7— -
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Figure 6.2 Cancellation of the dependence on the matching scale in the FONLL-
AP and FONLL-BP schemes.

First, as a consistency check, in fig. [6.2] we verify that indeed the dependence on
iy cancels when constructing the FONLL result with parametrized b according
to eq. . In this figure the massive-scheme result has been constructed using
a fixed b PDF (that which corresponds to the standard matching condition at
iy, = my,) and then re-expressing results in terms of the massive scheme PDFs and
a; in terms of massless-scheme ones. This is done using eq. , which contains
the matching coefficients K;; which depend on the matching scale j1, and thus the
massive-scheme result becomes p,-dependent. However, this dependence cancels
exactly in the final FONLL result.

In fig. 6.3 we show the factorization and renormalization scale dependence of the
cross-section computed in various schemes, with the other scale kept fixed at the
preferred [45], [144] value p = %me. Specifically, we compare results obtained
using the FONLL-AP and FONLL-BP schemes discussed above, the pure five-
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Figure 6.3 Renormalization (left) and factorization (right) scale variation of
the cross-section for Higgs production in bottom fusion. The pure
five-flavor scheme computation is compared to the FONLL-AP and
FONLL-BP results presented here and to the FONLL-B result of
ref. [45)]. For the pure five flavor NNLO and the FONLL-BP three
curves are shown, corresponding to three choices of initial b PDF
(see text).

flavor scheme , and the FONLL-B result of ref. [144], all using the same PDFs
(including the b PDF) as discussed above. For the pure five-flavor scheme and for
FONLL-BP we also show the three curves corresponding to the three different
choices for the b PDF discussed above, with a corresponding band: the central,
thick, solid line represents the default p, = m,, choice, while the edges of the band
are drawn with dot-dash curves with decreasing thickness, with the thicker of the

two corresponding to i = 2%, and the other two py, = 3.

Note that the FONLL-BP computation eq. and the FONLL-B result [144]
are directly comparable: indeed, they both include the five-flavor scheme
computation up to NNLO, and combine it with the first two orders of the massive-
scheme computation. The difference is that in FONLL-B in the massive-scheme
computation refers to the process gg — bbH, while in FONLL-BP it refers to
bb — H. If the b PDF is the same as given by perturbative matching, the
difference is then only that, in the latter case, only mass effects related to the bb
which fuses into the Higgs are included, while in the former, also those related
to the further unobserved bb pair are present. In a realistic situation, in which
FONLL-BP is used while parametrizing and fitting the b PDF these mass effects
should be reabsorbed in the fitted b PDF. In our comparisons, they appear as
a certain enhancement of FONLL-BP in comparison to FONLL-B due to the

opening of phase space.
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Otherwise, the qualitative features of the comparison between FONLL and the
pure five-flavor scheme remain essentially the same as discussed in ref. [144]:
FONLL is quite close to the five-flavor scheme, with mass effects a non-negligible,
but small, positive correction. Indeed, the difference between FONLL-AP and
FONLL-BP, i.e., the impact of NNLO corrections in the five-flavor scheme, is
much more significant than that of mass corrections. The impact of varying the b
PDF by an amount which is comparable to a reasonable variation of the matching
scale is clearly comparable to that of the mass corrections. This provides evidence
for the fact that fitting the b PDF is likely to have a significant impact on precision

phenomenology.

Note that results for the FONLL-B scheme differ at the percent level from those
of ref. [I44] because there a different PDF set and m; value were used, for the
sake of benchmarking with ref. [T45] [146]. This further highlights the fact that

the size of effects due to the b PDF is comparable to that of mass corrections.

In summary, we have shown how the FONLL matching of massive- and massless-
scheme treatment of computations involving heavy quarks can be generalized
to the case in which the heavy quark PDF is freely parametrized for hadronic
processes. We have show that this effectively provides us with a massive heavy
quark scheme, in which the heavy quark is endowed with a standard PDF
satisfying QCD evolution equations, yet it is treated as massive in hard matrix
elements. A first application to Higgs production in bottom fusion shows that
effects related to the b PDF (whose size is estimated by the pink band of fig. [6.3])
are quite likely to be comparable to mass corrections (whose size is given by the
difference between the FONLL-B and 5FS results plotted in fig. : both are
small, but non-negligible corrections to a purely massless NNLO calculation in
which the b PDF is obtained from perturbative matching conditions. Determining
the b PDF from data is thus likely to be necessary for a description of b-induced

hadron collider processes at percent or sub-percent accuracy.

As a direction for further study, it should be noticed that extending our results
to NNLO — thereby allowing the construction of a FONLL-CP result, in
the terminology of sec. (NNLO+NNLL) — is beyond current knowledge.
Indeed, starting at NNLO the cancellation between real and virtual corrections is
no longer trivial, and is spoiled by massive quarks in the initial state [154) [155].
This problem has been recently revised in ref. [I56]. Hence, such an extension
to NNLO would require conceptual advances in the understanding of QCD

factorization in the presence of massive quarks, which are left for future studies.
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PDFs from lattice data: theoretical framework

Given the central role parton distributions have in the analysis of experimental
data at hadronic colliders, it would be highly beneficial to be able to use
lattice QCD to determine these crucial ingredients in our current understanding
of nucleon structure. The non-perturbative nature of PDFs makes them a
natural candidate for a lattice investigation, however it has been known for a
long time that it is not possible to obtain them directly from first principle
computations, due to the Euclidean metric of the lattice, which does not allow
to access the light-cone matrix element of eq. (2.26). To overcome this issue,
several methods have been recently formulated, and in recent years, there has
been a significant effort within the lattice community to study and compute
specific Euclidean quantities that, in turn, can be related to PDFs through a
factorization theorem. Two examples of these are quasi—PDFsF_-] and pseudo-
PDFs. They were introduced in refs. [I59, [160], and since then numerous
publications have appeared, addressing the main theoretical issues for these
approaches: the definition and renormalization of the non-local operators involved
in the lattice simulation [I6IHITI], the proof of the factorization theorem between
PDFs and Euclidean matrix elements [157, [172H176], the computation of the
matching coefficients relating lattice-computable quantities to PDFs in different
renormalization schemes [172, 173 I75HI84]. For recent reviews, we refer the
reader to refs. [I58, [185-190].

This program has often been referred to as the “first principles computation of
PDFs”, generating different reactions among the lattice and high-energy physics

communities: on the one hand it has been welcomed with enthusiasm, triggering

!Quasi-PDFs are one example of the more general LaMET formalism [157, [I58], but here
we focus on the collinear z-dependent distributions.
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several dedicated studies; on the other hand it has been criticized in refs. [191]
192] on the basis that equal-time correlators do not give access to the full non-
perturbative PDF. Both reactions are healthy and show the importance of the
original proposal in [I59]. This criticism mentioned above has, in turn, been
addressed in refs. [169, 193]. Given the increasing number of lattice calculations,
there is a need to revise and clarify the main conceptual questions: that is, how
do we extract information on PDFs from quasi- and pseudo-PDFs, and what is

the interplay between quasi- and pseudo-PDF's with experimental data?

In this chapter, following ref. [11], we introduce and study these topics in the
context of a renormalizable scalar theory, setting the stage for the phenomeno-
logical studies presented in the next two chapters. Scalar field theory is a valuable
model for understanding the essential theoretical issues in a simple framework,
as shown in the pioneering study of PDFs by Collins in ref. [4]. We follow the
ideas presented there, which we extend to account for quasi- and pseudo-PDFs.
Our aim is to investigate, clarify and highlight some subtle points using scalar
field theory as a simple playground, and to assess how the lattice QCD results

that are currently available can be used to extract PDFs.

We will consider a massive scalar field theory, with a ¢* interaction term in d = 6
dimensions, in order to have a marginal interaction. The bare Lagrangian L is
given by

1 5 m? g
L=-(0¢) — —¢* — L. 7.1
5 (09 = gt S (71)
Working within this model allows us to analyze the conceptual framework
for quasi- and pseudo-PDFs in a clean and straightforward way, avoiding
complications associated with QCD that are unnecessary for understanding the
basics of these approaches. We focus in particular on the matrix element of a

field bilinear between “nucleon” states:
M= (Plp(z) ¢ (0)|P), (7.2)

when the separation z between the fields is either light-cone like, 22 = 0, or purely
spatial, 22 = —z2. In the first case, we obtain the matrix element that underlies

the formal definition of collinear PDFs [4] [5], which are obtained as the Fourier
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transform along a light-cone direction of the matrix element in eq.(7.2)) ﬂ

dz~

fla) =Pt [ G e (Pl ()0 0[P, (1.3

where PT and 2~ are the usual light-cone coordinates of the four-vectors P and
z respectively. Eq. is the scalar analogous of eq. , giving the PDF
definition in QCD. In the second case we obtain an equal-time correlator that can
be computed on the lattice. We address the problem of the renormalization of
these quantities and study the relation between them at one loop in perturbation
theory, both in position and momentum space. As we shall see, the main features
of the computation are the same as in QCD. This allows us to understand
easily the main concepts, relations and limitations of the quasi- and pseudo-
PDF approaches. With a clear picture of the theoretical background and of what
is currently available in the literature, we then propose a general framework to
extract collinear PDFs from the available lattice data, based on the optimization
of a parametric form of the PDF's within the NNPDF framework. Such program is
carried on in chapters 8] [0

We address, in turn, a number of questions that have been raised in the context of
QCD, and analyze the lessons that we can draw from the scalar model. First we
discuss issues that are related to the analysis of ultraviolet (UV) divergences of
the bilinear operator and their subtraction through the renormalization process.
In particular in sec. [7.1] we perform the computation of M in the case of a
light-cone separation, recovering the results of ref. [4] through a position space
calculation. In sec. we perform the same exercise outside the light-cone,
choosing a purely spatial separation between fields, and we discuss the main
differences with respect to the light-cone case. In both cases, we define quantities
that are free of divergences when the regulator is removed, and then focus on the
relation between light-cone and equal-time correlators. In sec. we work out
this relation explicitly at one loop in perturbation theory, and analyze the limits
leading to a factorization theorem, in both position and momentum space, and
in sec. [7.4 we extend the discussion to include smeared equal-time correlators. In
sec. |7.5| we summarize, discuss how these ideas can be used in a fitting framework
to extract PDFs, and draw our conclusions. In app. [E] we report the technical

details of the computations and we address the objections raised in refs. [1911 [192].

2The field bilinear needs to undergo a proper renormalization, which we explore in detail in
this Chapter.
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7.1 Light-cone separation

As stressed in ref. [160], the matrix element defined in eq. is a function of
the Lorentz invariants z? and v = P - z, the “Joffe time”, so that we can write
M = M (v, z?). In this section we focus on the perturbative renormalization of
M (v, 2?) at the one-loop level, in the light-cone separation case, 22 = 0. We
work in perturbation theory, denoting the bare field of our theory as ¢, and we

consider partonic matrix elements

M (v,2%) = (plé (2) 6 (0) [p) (7.4)

2

between on-shell quark states with four-momentum p, with p? = My ole-

Throughout this calculation, we denote partonic quantities with a “hat”, while
the lower-case p refers to the momentum of the parton. In what follows the
Lorentz invariant v is defined as v = p - z. Restricting ourselves to the case for

which zy > 0, we have

M (v,2%) = (p|T [6(2) 6 (0)] |p)
= lim (p2—ml2)ole+i€)2 / dzy dzy e P# e (0|T [¢ (2) ¢ (0) ¢ (21) ¢ (22)] |0) ,

2 2
p _>mp01e

(7.5)

2

Sole 18 defined by the location of the pole in the scalar propagator, and

where m

can be computed at each order in perturbation theory. At tree level we have

2

2 e = m?, while in general m2 . —m? = O (g?).

m pole

When computing the 4-point function entering eq. , we will not consider
diagrams like those in fig. [7.1. Following ref. [4], we are only interested in the
contribution proportional to exp(—ip - z), and therefore discard topologies like
the one in diagram (a). Diagram (b) is removed by considering the connected

contribution only.

Therefore the only Feynman diagrams contributing to eq. (7.5) up to one-loop
order are those shown in fig. [7.2] Denoting the propagator in position space as

[

OIT [¢ () ¢ ()] 10) = G0y, (7.6)

the Wick contraction that contributes to the tree level diagram (a) of fig. is
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Figure 7.1 Contractions that are not considered in the present discussion.
Diagram (a) is excluded when considering contributions proportional
to exp(—ip - z), while diagram (b) cancels when looking at the
connected correlator.
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Figure 7.2 Feynman diagrams up to one loop for the matriz element

OIT ¢ (2) ¢ (0) ¢ (21) ¢ (22)] |0)

given by

— — iefill-(zfzﬂ Z'efilg-ZQ
6-040,00 = | I &
I 2

5, 13— m? + e —m?+ e’

/k:/%. (7.8)

Plugging eq. ([7.7) in eq. (7.5)) we obtain the tree level expression for M (v, 2?)

where we use the notation

—

MO (1,2°) =—e " = M© (v,0). (7.9)

Note that the tree level result does not depend on the invariant separation 2% and

therefore we can set 22 = 0 in the second equality above.

At one-loop order the self-energy diagram (b) yields the mass and wave function
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renormalization. Its contribution to eq. ((7.5)) is

—

Mt (v, 22) = RM© (1,0) (7.10)

where R is the O (¢g?) contribution to the residue of the propagator at the pole

mass. In d = 6 — 2¢ dimensions, we have

dIl (1) 1. m2 11 b
=a|logr + ==+ 2 11
a2 e Y122 e e (7.11)

pole

R:

where 0/2 is a finite contribution and o = g¢?/(647%). The same O («)
contribution is obtained from the diagram with the self energy corrections on
the second leg, so that the total contribution coming from the tree level plus

self-energy corrections is

— 1 2 11 —~
Mat (v, 2°) = {1 +a (6 log % Tt b)] MO (,0)+ 0 (a?) . (7.12)
€

Note the absence of any z? dependence: as far as the first two diagrams of fig.
are concerned, there are no differences between the light-cone and the pure spatial
case. This is to be expected, since the one-loop diagrams (b) simply implement

the mass and wave function renormalization.

We can now move to the computation of the remaining O («) term, i.e. diagram

(¢). This contraction is given by

[ 10003660, 006,
s —il1-(z—w1) o —ila-(w1—21) . —il3-(w2—w1)
2 ie ie e
= (—1 dw; dw / , / : / — X
(=i9) / P o i —m?+ie J, B —m?+ie J,, I3 —m?+ie

,&'e—il4~’w2 Z‘e—il5~(zz—w2)
></2 2,/2 . (7.13)
i —m2 +e Ji l5 —m? + e

Plugging this into eq. ((7.5)), we have

P —ik-z 1
MO (1, 22) = —i 2/ €
(2%) = —ig e (R —m2 + i) (p— k)2 —m2 + i
1
292/ d¢ (1—¢) K (2%, M?) M9 (&v,0) , (7.14)
0
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where we have introduced a Feynman parameter £ and defined

—1q-z

2 212\ _ o €
K (2*,M?) = QZ/q(qQ T i) (7.15)
with
q=Fk—¢&p, (7.16)
M>=m?(1-¢£+&7) . (7.17)

The integral K (22, M?) can be computed by performing a Wick rotation 24 =

0

(12, Z) and using

1
(q% + m?

L [Tarreie (@) .
) /0 dT'T (7.18)

We obtain

d qEZz 00 d
() [ o [ e
0

@2m)? (¢ + M?)° (2m)
_ 1d/ AT ra-g -Tor -3k (7.19)
(mih T

where in the last line we have performed the Gaussian integral over d%qpg.

Since we are considering the case of a light-cone separation 22, = —z? = 0,

K (0, M?) in d = 6 dimensions is logarithmically divergent. The divergence arises
from the lower end of the integral over T', as the exponential suppression factor
in the integrand vanishes on the light-cone. We apply dimensional regularization,
taking d = 6 — 2¢ and introducing the MS scale p through the rescaling of the
coupling ¢g* — g*e?2pu?/(4r). We find

*dT e _ag? pleE\ 1 %
2, ,,2) _ 2 TM= __ —
K(O,M,u)_/o T (Tp*e™) e _r(e)< Ve ) = - +log 15
(7.20)

where the pole in 1/¢ reflects the original logarithmic divergence in dimensional

regularization. Putting everything together, we obtain the full one-loop expres-
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sion of the bare position space matrix element in dimensional regularization

—~ 1. m? 11 —~0
M (v,0) = [1+a(glogﬁ+gg+b)] MO (v,0)
2

1 —
+a/0 de (1—¢) <%+10g 2T f€+£2)) MO (v, 0) . (7.21)

The structure of the divergences in eq. ([7.21]) shows that this quantity can be
renormalized by convolution with a renormalization kernel . Denoting the

renormalized matrix element as My (v,0, u?), we have

R (0.0) = [y (0) M(uw.o) (7.22)

The specific choice of the finite terms that appear in the kernel K (y), together
with subtraction of the 1/e poles, defines the renormalization scheme. For

example, in the MS scheme, the renormalization kernel is

K =00-p)-a [§00-9)+

€

(1—-y)| , (7.23)

and the corresponding renormalized quantity is

—~

- 2 1 m2 (0)
Mg (1,0,1%) = |1+« élogﬁ%—b MY (v,0)
2

1 —
+a /0 d¢ (1 —¢&)log RG] ﬁ€+§2) MO (v, 0) . (7.24)

We conclude this derivation with a comment on the form of the renormalization
kernel IC given in eq. : the contribution proportional to a delta function
is a multiplicative renormalization term, implementing the subtraction of the
singularities generated by diagram (b) of fig. [7.2] which is basically the wave
function renormalization. The second contribution, —< (1 —y), implements
the renormalization of the one-loop diagram (c) of fig. and because this
contribution is not proportional to a delta function, the renormalization of this

term is not multiplicative, but requires a convolution.

Taking the log derivative of eq. (7.24]) we obtain

—_~ 1 —_~
ff%MR (v 0, %) = / de P (€) Mg (6,0,1%) + O (a?),  (7.25)
H 0
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where the O () Altarelli-Parisi splitting kernel is given by

PO=(1-0-g6(1-O=(1-8,+350-.  (12)

The renormalized collinear PDF is defined from the renormalized matrix element,
Mg (V,O,,u2) = / dx ™ f (Z‘,MZ) , (7.27)
0
and therefore, from eq. (7.25)),

d - Ld¢ ~(z
2 2 2
,LL—f v :CY/ —Pf f(_mu)a (728
which yields the standard DGLAP evolution equations, which were already
obtained in ref. [4] for the scalar theory. As detailed in sec. the solution
of eq. ((7.28)) in perturbation theory is given by an evolution kernel I" (z, p, o, @),
which resums the large collinear logarithms and allows the PDF at a generic scale

it to be computed in terms of the PDF at the scale i as

—~ Lq —~
[ (@, 1% 0) =/ ?51“ (?mm%) F (& 15:0) . (7.29)

7.2 Spatial separation

We now consider the case in which the separation between the fields is purely
spatial z2 = 22. As seen in the previous section, the z? dependence enters
only through diagram (c) of fig. . Considering this contribution, the kernel
K (2%, M?) defined in eq. is no longer divergent for z3 # 0, as the term
exp [—2%/(4T)] regulates the small-T" behaviour. The integral can evaluated

directly in d = 6 dimensions, yielding

1 CdT . (Mzy)? 1
K (=2, M?) = = /0 e Temmar = 13 2Ky (Mz3), (7.30)

where K is the modified Bessel function. Plugging eq. (7.30)) into eq. (7.14]) we

obtain the contribution from diagram (c) in the case of purely spatial separation:

1
MO (v,=23) = a / de (1 —€) 2Ky (Mz3) MO (€,0). (7.31)
0
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Note that, as long as z3 # 0, this contribution does not contain any UV
divergences. For Mz3 — 0 the Bessel function diverges logarithmically, and

we recover the UV divergence of the light-cone case.

The full one-loop bare matrix element is then given by

—~ 1 2 11 —~
M (v, —23) = {1 + o <610g% T +b)] MO (1,0)

+a /l d¢ (1= &) 2Ky (Mz3) M© (¢0,0). (7.32)

As before, this quantity can be renormalized by convolution,

1
Mg (v, —=3; %) =/ dy K (y) M (yv,—23) . (7.33)
0

However, since the only UV pole comes from the self-energy contributions, the
kernel K (y) is proportional to a delta function. For example, in the MS scheme

we can take

K (y)=6(1—y) {1 —ai] (7.34)

6e
In other words, in the case of purely spatial separation the renormalization of the
matrix element is purely multiplicative [167]. The additional UV divergence we
had to remove in the light-cone case is substituted here by a finite contribution

Ko (Mz3). The corresponding renormalized quantity is

—~

o 2. 2 1 m’ 0
Mg (v, =255 1) = [Ha (glog?‘i‘b)} MO (v,0)
1
+a / d¢ (1 — &) 2Ky (Mz3) M© (£,0) . (7.35)
0

Note also that both eqs. (7.24) and (7.35) contain an infrared (IR) divergence
regularized by the mass m: in the former the mass is manifest in the log, while in
the latter the mass appears in the Bessel function, which diverges logarithmically

for m — 0.
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7.3 Factorization theorem

Having defined the renormalized correlators in the previous sections, let us

investigate the one-loop relation between the light-cone and the equal-time

correlators. Combining eqgs. ((7.24)) and ((7.35)) we write

M\R (Va _Z?%a IuQ) :M\R <V7 07 ILLZ)
2

1 —_~
+a/ d¢ (1-¢) (QKO (Mz3) —log H > Mg (fl/,O,uz) ,
0

M2
(7.36)
and using eq. ([7.27) we find
—~ 1 ~ MQ ~
Mg (u, —zg;,uz) :/ dx C (ZL‘I/, mzs, W) f (:B,p?) , (7.37)
0

with

12 ‘ 1 AN
C <:m/, mzs, W) =" — oz/O d¢ (1-¢) (2K0 (Mz3) — log W) e
(7.38)

This expression shows the connection between the collinear PDFs and an equal-
time correlator, through a convolution with a perturbative kernel. In general,
the latter contains a logarithmic dependence on m?, namely the kernel contains
IR singularities. However, as we will see, these singularities cancel exactly when
taking a specific limit, leaving an expression free from IR poles, which therefore
has the form of a proper factorization theorem. Before discussing this in detail,
we recall that, although eq. has been worked out in perturbation theory,
considering matrix elements between on-shell quark states, the renormalization
of the bilocal operators discussed so far does not depend on our choice of specific
external states. It follows that eq. holds also for external proton states.
From now on we will refer to full proton matrix elements rather than partonic

ones, removing the symbol ‘7 used so far to denote partonic quantities.

116



7.3.1 Factorization theorem in position space: small-2? limit

The behavior of the coefficient C' in the small-z2 limit is obtained by expanding

the Bessel function as
2K (Mz3) = —log (M?25) + 2log (2¢77%) + O (M?23) (7.39)
so that eq. becomes
M (=55 ) = | 40 G (av, 122) £ (w0, 142) (7.40)
with

C (zv, p?23) = ™ — a/ol d¢ (1 —¢)log (u?z%%%) e + O (m?z5) . (7.41)
We note that in this limit the logarithmic behaviour of the Bessel function
matches that of the light-cone quantity, so that the two matrix elements display
the same IR behaviour: as a result the coefficient C' is IR safe, and eq.
represents a proper factorization theorem connecting a lattice computable
quantity on the left hand side with a collinear PDF on the right hand side.

We note that this factorization also applies to the so-called reduced distributions
[194], 195], the quantities usually determined in lattice calculations in the pseudo-

PDF approach, first introduced in ref. [I60]. They were originally defined as

Mg (v, —23; 1?)

) = M0 )

(7.42)

although a double ratio was proposed in [196]. Here we restrict our attention to
the ratio defined in eq. (7.42)). In the context of our model, using the small-z2

limit of eq. we have
m (u, —zg) = Mg (V, 0, MQ)

—alo 2,267 /ld 1-¢) (M 0, %) — M 0, u?
g U 23 1 ; 5( 5)[ R(gl/a 7#’) R(”’ "U“)]

2vE 1
= Mg (1,0, %) — alog (uzzg?: )/ d¢ (1—&) Mg (&v,0,4%) , (7.43)
0
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and therefore

1
M (v, —23) :/ dz C,y (zv, 1i?23) [ (2, 1%) | (7.44)
0
with
~ . 627E 1
Cy (av, 1°23) = €™ — a log (/fzg 1 ) / d¢ (1-¢), e+ O (m?z3) .
0

(7.45)

Note the absence of any u? dependence on the left hand side of egs. ((7.42))
and : the perturbative dependence on the renormalization scale p? cancels
exactly in the ratio, leaving a quantity that depends only on the scale z2. More
precisely, egs. , show how, in the small-22 limit, the renormalization
scale dependence of My (v,0, u?) generated by diagram (c) is replaced by an equal

22 dependence that can be obtained from the former through the substitution

—27E
, e

23

In other words, the factorization formula worked out in this section predicts a
logarithmic dependence on z3 for the equal-time correlator, which replaces the
analogous logarithmic behaviour of the PDFs on the renormalization scale u?,
predicted by the one-loop DGLAP. Such dependence on 22 should be visible in
real lattice QCD data when working in the factorization regime, and indeed it
was observed in refs. [195] [196].

7.3.2 Factorization theorem in momentum space: large P;
limit
A factorization theorem can also be established working in momentum rather

than in position space. Taking the Fourier transform of eq. (7.40) with respect

to z3 and defining

2

—197] mo 2
(I YT o (0 Y

q (y,uQ,P??) = &/ dzs e~ WPz A [ (P3z3, —z§) , (7.46)
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we obtain

Udx y m? P
2 p2 :/ 2 Z — 4
Q(y7ﬂ’7 3) 0 T f<x"u)c(a:’x2P32’m2> ’ (7 8)
with
m2 ,U/Q 1 1 ,u2
22 Py’ m? 0 ( ) \/(77 I :624;32 ( ) M?
(7.49)

Note that taking the Fourier transform, as in eq. , involves an integration of
the Bessel function K (23M) through its singularity at z3 = 0, which is discussed
in detail in app. . Looking at eq. , we note that, again, the coefficient C'
contains explicit logarithms of the mass, rendering it infrared divergent. However,

these divergences cancel when considering the large P; regime, by expanding the
M2

Fourier transform of the Bessel function in the limit 25
3

then looking at eq. ([7.49)) we have

— 0. Ifp>1orn<0,

n
1
_1+ ’

. m? I
Jin € (3 i) =Cm == [Cae =5~ [ - o

(7.50)

where the solution with the plus refers to n > 1, and the one with the minus to
n < 0. On the other hand, if € (0, 1), the factor 1/|n— x| generated in this limit
produces a non-integrable singularity at n = z [197]. To overcome this issue, as
detailed in app. we can write

1 22 P2 1 M?
=logdn (1 —n 3.5 n—=&)+ +(9<—),
V=87 + 25 RO i

(7.51)

so that in the region n € (0,1) we find

M2 'u2 Passoo u2
C(n = ) "2 O (n -
(777 1’2P32’ A [2> & £E2P32

- [ -8 [+ st-9ogan—n 2] + o (1)

2 p2 2
=2n—1+(1—n)logdn (1 —n) x”23 + 0O (%) . (7.52)
3
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Note the cancellation of the logarithmic dependence on the mass, which leads
again to a proper factorization formula, this time in momentum space. We
conclude that, in momentum space, the factorization theorem is realized in the

limit P; — oo and in our model this factorization theorem takes the form

ldl' Y [1'2 m2
2 p2 :/ at 2 Yy m- '
Q(y7,u7 3) 0 T f(xalu)c 177I2P:;)2 +O P32 ) (753)
with
) (1—mn)log 15 +1 n>1
C(n7xfpz>=5(1—n)+oz (1-n)logdn(1—m 5 +27-1 0<p<1
3
—(1—=n)log ;5 -1 n<0
(7.54)

Factorization in position space, given in eqs. and , is equivalent to
factorization in momentum space, given in eqs. and . In other words,
taking the small-22 limit in position space is entirely equivalent to taking the
large- P; limit in momentum space. This can be easily verified by computing the
Fourier transfom of the small-23 coefficient C of eq. , and checking that it
is equal to the high-P; coefficient C' of eq.

1 2 Py [ , ~
-C (77, M—) —3 / dzg e WP (a:u, ,uzzg)

x 2P2) o)
L [df i, ~ p26° : Y
ZE/_OO27T€ C’<,I2P32 with 7=~ (7.55)

This check, despite being conceptually straightforward, does require some
care [I76]. We provide the details of the computation in app. [E.1l The
implementation of the factorization theorem in position space, together with
the definition of reduced distributions, are the typical approach followed in
nonperturbative calculations of pseudo-PDFs [160, 196, 198-201], while the
realization of the factorization in momentum space characterizes the quasi-
PDF approach [159, [181, 202H204]. The latter will be addressed from a

phenomenological point of view in chapter [§, the former in chapter [0

As we have shown in this section in the simplified context of our model, these two
approaches are conceptually equivalent, and related by a Fourier transform: in

one case the lattice calculation needs to provide the correlators for small values of
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23, while in the other large values of P5 are required. In both scenarios, however,
the object that is actually computed is the matrix element of spatially-separated
fields. This is the only quantity of interest, without the need to define either
pseudo- or quasi-PDF's.

7.4 Smeared distributions

In ref. [205, 206], the gradient flow was proposed as an approach to control the
power divergence associated with the Wilson-line operator that defines the loffe
time distribution in QCD. The gradient flow [207H209] is a classical, gauge-
invariant, one-parameter mapping of the theory that exponentially damps the
UV fluctuations. This corresponds to smearing in real space, with a smearing
scale that is parametrised by the flow time. In the limit of small flow time, the
matrix elements of smeared fields can be related to those at vanishing flow time

by a short flow-time expansion [210].

In Yang-Mills theories, gauge invariance ensures that no new divergences are
introduced at finite flow time. Thus, provided the boundary theory is properly
renormalized, the matrix elements of composite operators composed of fields at
finite flow time are guaranteed to be finite. In the absence of gauge symmetries,
the simplest method for maintaining this property is to exclude interactions from
the flow time evolution of the fields, in which case this evolution corresponds to

simple Gaussian smearing [211-H213].

The flow time can be viewed as a non-perturbative regulator that does not affect
the infrared properties of correlation functions. The smeared Ioffe-time matrix
elements, constructed from fields at finite flow time, therefore satisfy the same
factorization theorems as the original loffe-time matrix elements [205]. In the

scalar case, the boundary fields ¢(x) in eq. (7.4) are replaced by fields at finite

flow time p(¢; x), so that the partonic matrix element becomes

M, (1,2) = (lp (t:2) p (50) |p) (7.56)

Here the subscript indicates that the fields are evaluated at flow time ¢, and

2 =22/t

The gradient flow is only well-defined in Euclidean space, but for 22 < 0, the

matrix elements are signature independent [I74]. The tree-level and one-loop

121



diagrams that contribute to this matrix element are exactly those given in fig. [7.2]
with ¢(z) replaced by p(t;x). Working in the small flow-time regime, where
contributions of O(t) can be neglected, the only diagram that must be calculated
is diagram (c) of fig. . Therefore, we can deduce the factorization properties of
the smeared matrix element directly from the analogue of eq. at nonzero

flow time

—ikgz3
1 _ o012 e 1
M (v, —7) = g2/ e 2t 5

ks (

k% + m2) (pE — /{?E)2 +m?

. /01 ¢ (1—¢) Kt< z3,M2> MO (£1,0) , (7.57)

where the exponential damping is the result of the smearing of the fields and we
have introduced M- = M?t. Here the kernel K, (—E%,M2> is given by

— 00 2
=2 772\ _ H —2m2te T —~TM? (4¢tpp—izg)?/(4(T+2t))
Kt( 23’M)_—(47T)d/2€ /0 dT—(T+2t)d/2e e ;
(7.58)

which reduces to the kernel in eq. ((7.19) when ¢ = 0.

By introducing the further dimensionless variables 112 = p?t, m? = m?t, and

- 22
=t (et - F) —emrie s 3. (759

and changing variables to u = T/t + 2, the integral becomes

—6—d oo 2
v AN —2(¢—1)%m2 (v—2)° 3P p/u
Kt < Zg, M ) = (47T)d/2€ ( ) /2 du W@ / . (760)

This integral can be solved in terms of incomplete Bessel functions [214H216],

which can be studied in various asymptotic regimes. In particular,

2\ _ 2T s e
Kt( Zg,M)—(éLﬂ_)d/Q@ —&+¢
— M _ e _
(7.61)
where
Kn(y7 CL) = Kn<y) - J<y7 n, CL) ) (762)
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with J(y, n,a) the finite integral

J(y,n,a) = / dv e Y1) cosh(nw) . (7.63)
0

This result is finite in six dimensions, because the incomplete Bessel functions are
finite at finite flow time and quark mass. Indeed, one can evaluate these integrals
numerically by imposing a cutoff. For sufficiently large cutoff, the results are
independent of the cutoff value. Using eq. , eq. (7.61]) can be written as

——2

— RN Vil v e M — —
K, (-22,30°) = e K2 (M —Ky(2|MB)) + 4— Ky (2 [M
(-2.30%) = o1 a2 W81 4 K251 + 45 al2 )
— —2
— M — M —
(7.64)
In the limit where
tQ 2
T o«1, (7.65)
“E
the argument of the Bessel functions, [Mf3|, can be expressed as
o t? t2 2
oM 5| = M|z +O( ) - Mz3+(9< o ) , (7.66)
&5 “E
so that, in the limit of small z3 we can expand them as
— t2m?
2Ko(2|Mp|) = —log (M?23) + 2log (2¢77%) + O <m2z§, - ) ., (7.67)
~E
M o t2 2
2— K (2[MB)) =0+ 0 (mQZg, Tf : 1/32) : (7.68)
I ZE
Wi
2WK2(2 |MB|) =0+ 0O (m z2 zz) : (7.69)

Care must be taken when matching these expressions to the light cone case. The

in the process. One must first consider the small flow time reglme at fixed z3, in
which Z > 1, and then consider the limit in which m?22 goes to zero. Taking the
limit of small m?23 at fixed ¢ would violate the condition above and invalidate the

factorization theorem, wviz. data for values of ¢ and z3 that correspond to large
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values of t*m? /2% are not described by the factorization theorems discussed here.
With this in mind, the only logarithmic infrared divergence occurs in the first
Bessel function, which has been expanded using eq. (7.39)). Thus, in the small

flow-time regime eq. ([7.64)) becomes

2 =2 1 _
K, <—z§, M ) = (i)’ [—log (M?z5) + 2log (2¢77%) + R(Mz3)]
2,2
+0 (m22§, oy /22) , (7.70)
“E

where the rational function R(M z3) contains the IR finite contributions generated
by the J functions of eq. (7.63). The logarithmic IR divergence in eq. (7.70)),
regularized by the mass m, matches those in eqs. ((7.24) and (7.35]).

In the short flow-time regime, the one-loop contributions to eq. (7.56)) from
diagrams (a) and (b) are just those given in eq. (7.12). The corresponding

renormalized quantity at one loop is therefore

— 1 2 —
M, (v, —23; 1) = [1 +a (élogﬂ2 + b)} MO (v,0)
L

1
+ a/ d¢ (1 —¢€) [~ log (M?23) + 2log (2¢777) + R(Mz3)] M (21,0).
0
(7.71)

We can now directly relate this quantity, via a factorization relation, to the light-
cone quantity f(z, u?) using eq. (7.27). We obtain

—_ 1 J— ~

M, (1/, —z%;p?) = / dx C (;w, ,u2,z§) f (x,,uz) , (7.72)

0

with

27E

C (zv, 123) = €™ — oz/1 d¢ (1-¢) {log <u22§€4 ) — 'R(Mz;;)] i
0

+ O (m2z§, @ 1/22> : (7.73)

“E
This factorization relation provides the explicit connection between the collinear
PDFs and an equal-time correlator at nonzero flow time, through a convolution
with a perturbative kernel. Equal-time correlators at nonzero flow time therefore
represent an additional class of lattice observables related to PDFs through a

factorization theorem.
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7.5 Towards PDFs from lattice data

We have addressed the definition and renormalization of equal-time correlators
whose computation can be performed on the lattice, studying their relation with
the corresponding light-cone matrix elements underlying the definition of collinear
PDFs via factorization theorems. To highlight and clarify the most important
aspects of the factorization theorems, we have studied them in the context of
a nongauge theory. This allows us to avoid the formal complications that arise
in QCD, which can obscure the key concepts. We derive the relation between
the light-cone and Euclidean matrix elements at the one-loop level, and then
study the limits that lead to well-defined factorization theorems. These relations
express suitable correlators that are evaluated by Monte Carlo calculations in
terms of a convolution between a collinear PDF and an infrared safe coefficient
function, which can be evaluated in perturbation theory. We obtain factorization
theorems in both position and momentum space, by considering the regimes of
small-22 and large-P3 respectively, and show that these limits are equivalent at
one loop, which highlights the formal equivalence of the pseudo- and quasi-PDFs
approach. In addition, we demonstrate that the gradient flow can be used to

define a new class of lattice observables that satisfy factorization.

These ideas naturally suggest that the lattice data should be used in a fitting
framework to extract PDFs, in the same way experimental data are usually
included in global QCD analyses: the unknown z-dependence of the PDF at
a specific fitting scale is parametrized by introducing a suitable functional form.
The PDF at a generic scale can be computed in terms of its parametric form at the
fitting scale, which then leads to a theoretical prediction for the lattice observable
when working in either the small-23 or large-P; limit. Assuming that we have
a set of lattice results for the real and imaginary part of the loffe-time matrix
elements, a standard minimum-x? fit yields the values of the free parameters that
best describe such data. As in any other PDF determination, we highlight the
importance of having a robust estimate of the full covariance matrix that enters
the x? definition, and this should be provided by the lattice group performing
the calculation. It is important to stress that this procedure is exactly the one
described in chapter [3 with the lattice matrix elements playing the same role
as the cross-sections for high-energy processes. Given a discrete set of points for
quantities that are connected to collinear PDFs through a factorization theorem,

we can use them to perform a fit, thereby obtaining an estimate of the PDF's and
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their corresponding error.

We conclude this chapter with an important remark. We have discussed the
conceptual equivalence of the pseudo and quasi distribution methods, however
we emphasize that conceptual equivalence may not translate to equivalence in
practice. On the one hand, the LaMET approach relies on large hadronic
momenta to suppress higher twist contamination. On the other hand, the pseudo
distribution approach uses small spatial separations to suppress higher twist
effects, but requires large momenta to cover a range of Ioffe times. In both
cases, large values of the hadron momentum can lead to significant signal-to-noise
challenges and discretization effects of the form (aP)". The interplay of higher
twist contamination and discretization effects is nontrivial and will depend both
on the details of the distribution itself and on the specific choice of discretization.
These effects must be studied systematically, across a wide range of observables,
to pin down systematic uncertainties and strengthen the role that lattice QCD

can play in the determination of hadron structure.

In the next chapters we will address these issues from a phenomenological point of
view, considering lattice QCD data for quasi- and pseudo-PDFs matrix elements

and performing a first study of them within the NNPDF framework.
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PDFs from quasi-PDFs matrix elements

Data for equal-time correlators coming from first lattice QCD simulations have
started appearing and have gotten into already a relatively advanced stage over
the last few years [164, T8THI84, 202], 217-228]. Results from these studies give
an idea of what PDFs from the lattice might look like, not only for nonsinglet
quark PDFs of the nucleon, but also for the pion PDF and distribution amplitude,
as well as for the gluon PDF of the nucleon. Given the general interest shown
by the community, a quick improvement in the technologies involved in such
lattice simulations is to be expected in the next few years. A great quantity of
increasingly precise lattice data is then likely to be available in the near future,
requiring detailed studies about the possible impact they might have on the overall

precision of PDF's determination.

Despite the increasing number of numerical results becoming available, an
optimal strategy for reconstructing the PDFs from these data has not been
entirely addressed yet. The approach which has been initially used within the
lattice community (and that is still employed in many analyses) consists in
approximating the quasi-PDFs by mean of a discrete Fourier transform, starting
from the limited number of points for the corresponding equal-time correlator
available from numerical simulations. The continuous function resulting from this
procedure is subsequently convoluted with the perturbative matching coefficients
relating euclidean and light-cone distributions, (see eq. ) in order to obtain
the final PDF. The numerical error introduced by this procedure is rather large
and difficult to control, so that it generally provides unstable and inaccurate
results. This problem was first addressed within the lattice community in ref. [229]
where a series of possible approaches to tackle the problem of incomplete and

discretized Fourier transform has been presented.
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In this chapter, based on ref. [12], following the ideas of sec. and the formalism
described in sec. [7.3.2] we exploit the momentum space factorization of quasi-
PDFs in PDFs and perturbatively computable coefficients to extract nonsinglet
distributions from the data of refs. [I81, 202], using the NNPDF framework
described in chapter |3 and treating the lattice data on the same footing as

experimental ones.

8.1 quasi-PDFs in QCD

In this section we extend the formalism introduced in chapter [7] to the full
QCD case, giving formulas and expressions which have to be used when working
with data coming from lattice QCD simulations, and referring to the original
publications where they were first presented to further details. Denoting by I' a
generic Dirac structure and by the suffix A the specific nonsinglet distribution
we want to consider, we consider the matrix element between nucleon states with

momentum P given by
M%) (2, P) = (PIM{, (2) |P) (8.1)
with
M, (2) = 9O (2) ML U (2,0) 6 (0). (8.2)

with A4 denoting the flavour structure and the gauge-link U (z,0) given by

eq. (2.27)). egs. (8.1)), (8.2) represent the QCD generalization of the scalar quantity
defined in eq. (7.2)).

The vector bilocal operator obtained for I' = v* can be decomposed in terms of
two form factors which only depend on the Lorentz invariants z? and v = —z - P

as

Miﬂ%A (2, P) = M(OA (z,P) =2P, ./\/lff) (v,2%) + z“/\/:go) (v,2%) . (8.3)

Iz

By choosing a light-cone separation z = (0,27,0,) together with v* = v and
P = (P*,0,0,) we get

1
MO (z,P)=2P, MY (v,0) = 2P, / da e fO (2) (8.4)

+?
-1
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with fﬁlo) (z) being the bare collinear nonsinglet parton distribution given in
eq. . Because of the light-cone separation z involved in its definition, MJ(FO) is
not directly computable on a Euclidean lattice. We can define a different quantity
that is amenable to lattice simulations by choosing a purely spatial separation,
z = (0,0,0, 23), together with v* = 7% and P = (F,0,0, P5). Then taking the
time component of eq. we get

M) (2, P) = 2BEMY (v, —23) . (8.5)

The correlators defined in eqs. (8.4) and (8.5) are known in the literature
as (bare) Ioffe-time distribution (ITD) and pseudodistribution (pseudo-ITD)
respectively [160] 230].

Taking the Fourier transform with respect to z, we obtain the definition of the
quasi-PDF

[e.9]

3 dz .
fjgo) (x,P,) =2F / az gloP=z MS)) (zPZ, —232,) ) (8.6)

oo 4m

As in the case of standard PDFs, the matrix elements defining the quasi-PDFs
contain UV divergences, and need to be renormalized. The main features of
the perturbative renormalization of a bilocal operator, as the one appearing in
eq. , have been described in chapter |7] in the context of the scalar theory.
When considering the QCD case, for z2 # 0 in addition to usual ultraviolet (UV)
divergences described in the scalar QFT case, specific link-related UV divergences
arise, which are regularized by a finite lattice spacing a. Thus, Mff) (v, —22) is in
fact /\/l(f) (v, —23;a%). As we found out looking at the scalar QFT, the position
space operator appearing in eq. can be multiplicatively renormalized [167],

according to
My (2P, =23, 1) = Za(23) 657”'2‘/“./\/152) (2P., —235;a%) . (8.7)

The only difference with respect to the scalar model is given by the exponential

factor edmlzl/a

, which reabsorbs the power divergence from the Wilson line which
appears in the QCD case. The position-dependent factor Z(23) takes care of
the remaining UV logarithmic divergences. Importantly, we recall that the quasi-
PDFs retain a dynamical dependence on the hadron momentum P, unlike PDF's,
which are defined to be invariant under Lorentz boosts. Also, their support is

defined to be the full real axis.
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The interest in quasi-PDF's comes from the potential to relate them to light-cone
PDFs in the limit of high values of P,, as detailed in sec. factorization
allows us to rewrite the quasi-PDFs as a convolution of the light-cone PDFs
with a coefficient function that can be computed in perturbation theory, up to
corrections that are suppressed by inverse powers of P,. It follows that they can
be written as

x L dy T u 9 M? A?
2\ _ @y i Ind / 4 1QCD
fA(x’”)_/_l |yl Ca (y’|y|Pz’u’> Ja <y’“ )+O<P3’ P2 ) - (88)

where the terms O <1‘If—22, Ai‘i#) include the power corrections suppressed by the
hadron momentum. ZThe qunctions C4, usually called matching coefficients,
depend on the choice of the renormalization scheme, and on the kind of quasi-
PDF under consideration. The first matching expressions, for all Dirac structures,
were derived in ref. [I72], using a simple transverse momentum cutoff scheme. In
later works, matching coefficients were derived that relate the quasi-PDF's in
different renormalization schemes to light-cone PDFs in the MS scheme. The
matching from MS quasi-PDFs was first considered in ref. [I79], both for non-
singlet and singlet quark PDFs, as well as for gluons. Even though one can
choose operators for the latter that do not mix with singlet quark quasi-PDFs
under renormalization [170, I71], mixing under matching is inevitable. No mixing
of the flavour nonsinglet sector with flavour singlet or gluon sectors occurs, as
stated in eq. (8.8). Ref. [I79] did not, however, address the known issue of self-
energy corrections, exhibiting a logarithmic UV divergence. This was resolved
in ref. [I76] by adding terms outside of the plus prescription in the matching
coefficient. As noticed in ref. [I81], such prescription for renormalizing this
divergence violates vector current conservation, i.e. the integral of the matched
PDF is different from the integral of the input quasi-PDF, and not necessarily
equal to 1 over the whole integration range. As a remedy, a modified matching
expression, which is given explicitly in eq. of app. , was proposed in
ref. [I81]. It consists in resorting to pure plus functions when subtracting the
logarithmic divergence in self-energy corrections. However, this is an additional
subtraction with respect to the minimal subtraction of the MS scheme and thus,
defines a modified MS scheme, the so-called MMS scheme. As such, it requires
the quasi-PDF to be expressed in this modified scheme. The expression for
the conversion of MS-renormalized matrix elements to the MMS scheme was
worked out in ref. [202] and we refer to it for the details of the procedure.

Nevertheless, this modification is numerically very small, as also shown in
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ref. [202]. An alternative modification of the MS scheme that guarantees vector
current conservation was derived in an updated version of ref. [I76]. This defines
the so-called “ratio” scheme. In this scheme, only pure plus functions are used,
like in the MMS scheme, but the modification is done also for the “physical” region
of 0 < z < 1 (in the notation of eq. (F.0.1))). Thus, the expected numerical effect
of this modification is larger, as shown explicitly in ref. [202]. For this reason, we
choose to use the MMS procedure, with details of the lattice computation of the
bare matrix elements and the renormalization in the MMS scheme outlined in
the next section. Yet another possibility of performing the matching consists in
directly relating the quasi-PDFs in the intermediate RI-type scheme to MS light-
cone PDFs. This was proposed in ref. [I80] for the unpolarized case. Obviously,
such procedure is equivalent to the one adopted here, with possibly different
systematic effects. All of the discussed papers considered the matching to only
first order in perturbation theory, but NNLO results for the matching coefficients

have recently become available in both position and momentum space [231H235].

8.2 Nonsinglet distributions from quasi-PDFs

Matrix Elements

In this section, we describe the lattice data we will use in this chapter, presenting
briefly the quasi-PDF's matrix elements (MEs) computed in refs. [I81],202]. Using
the results recalled in the previous sections, we show that we can factorize
such matrix elements into two nonsinglet distributions and a perturbatively
computable coefficient, just as if they were experimental data for high-energy

cross sections.

8.2.1 Lattice data

The field of nucleon isovector (u — d) quasi-PDFs has matured in recent years.
Exploratory studies for all types of collinear PDFs — unpolarized, helicity
and transversity — were performed in 2014-2016 [217H220]. They used lattice
ensembles with non-physical pion masses and the results had unsubtracted
divergences, due to the lack of a well-defined renormalization procedure. The
latter was proposed and applied for the first time in refs. [163, [164], utilizing

a variant of the regularization-independent momentum subtraction scheme (RI’-
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MOM) [236]. Moreover, another major progress for unpolarized PDFs was the
identification of a lattice-induced mixing between the bilinear operator used in
the first exploratory studies, which was defined using 7, to determine the Dirac
structure, and the scalar bilinear operator (in spin space) [163]. Even though
in principle it is possible to compute the matrix elements of the latter and a
mixing renormalization matrix to properly subtract the divergences [164], this is
bound to lead to much deteriorated precision, due to the rather poor signal for
the scalar operator. Instead, it is preferable to define the quark bilinear using
the vy Dirac matrix, since this procedure does not give rise to mixing. Moreover
the quasi-PDF computed with it converges faster in powers of 1/P? to the light-
cone PDF, as argued in ref. [237]. Summarising in just one sentence, we could
say that the major progresses with respect to the early works for unpolarized
quasi-PDFs came from: (1) change of the Dirac structure in order to avoid the
mixing, (2) non-perturbative renormalization procedure, (3) simulations at the
physical pion mass. Matrix elements corresponding to such setup were computed
in refs. [I81) 202, 224] and they are briefly described below. For a recent review

of other available results for quasi-PDF matrix elements, see e.g. ref. [I88].

The data used in this chapter were computed by the Extended Twisted Mass
Collaboration (ETMC)D They used one ensemble of gauge field configurations
with two degenerate light quarks [238] with masses chosen to reproduce the
physical value of the pion mass (m, &~ 130 MeV, i.e. slightly below the actual
physical value). The lattice spacing is a = 0.0938(3)(2) fm [239] and the
lattice has 48 x 96 sites, corresponding to the spatial extent L of around
4.5 fm and m,L = 2.98. ETMC calculated bare quasi-PDF matrix elements
for the unpolarized, helicity and transversity cases, but we concentrate only on
the unpolarized one. The lattice data are available for three nucleon boosts,
P, = 6r/L,87/L and 10w/L (0.83 GeV, 1.11 GeV and 1.38 GeV in physical
units) and for four values of the temporal separation between the nucleon creation
and annihilation operators, t;/a=8,9,10,12 (0.75, 0.84, 0.94, 1.13 fm). As shown
in refs. [I8T) 202], there are signs of convergence in the nucleon momentum (the
largest two momenta give compatible results), indicating that the boost is already
enough to suppress higher-twist effects below statistical precision. Moreover, as
pointed out in ref. [202], excited-states contamination at the largest source-sink
separation is small, i.e. the single-state fits at this ¢, are compatible with two-
state fits including all four values of ¢;. Hence, for the purpose of this study, we

consider only the data at the largest nucleon boost and at the largest source-sink

1Until 2018 known as the European Twisted Mass Collaboration.
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Figure 8.1 Real (left) and imaginary (right) part of the quasi-PDF ME for
the data used in this Chapter, computed in refs. [181, [202]. The
error band displayed accounts only for statistical uncertainty. The
separation z is expressed in units of the lattice spacing a.
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As seen previously, the bare lattice data contain two types of divergences. First
of all, there are standard logarithmic divergences with respect to the regulator,
i.e. terms that behave like log(ap). Additionally, for non-zero Wilson line
lengths, further power-like divergences appear. They resum into a multiplicative

omlzl/a  where om is operator-independent. The desired

exponential factor, e
renormalization scheme for the final results is the MS scheme of dimensional
regularization. However, obviously, the latter is impossible on a lattice, restricted
to integer dimensions. Thus, the usage of an intermediate lattice renormalization
scheme is required. In ref. [I64], it was proposed to use an RI’-type prescription.
The renormalization conditions are enforced on the amputated vertex functions
of operators with different Wilson line lengths z, setting them to their tree-level
values. A similar renormalization condition is applied for the quark propagator.
This results in a set of matrix elements renormalized in the RI’ scheme. Thus,
a perturbative conversion from the RI’ to the MS scheme is needed. Such a
conversion was derived in ref. [I63] to one-loop order and was applied to the
RI’-renormalized matrix elements. As we discussed in the previous section, to
guarantee vector current conservation, we use a modified MS scheme, termed the
MMS scheme. Thus, another perturbative conversion of the MS-renormalized
matrix elements is required, according to the formula given in ref. [202]. After
this conversion, renormalized matrix elements in the MMS scheme are the starting

point of the current analysis.

It is important to emphasize that despite having numerical evidence for the

smallness of the effects of the nucleon momentum and of excited states, matrix
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elements from lattice studies come with a variety of other systematic effects.
We discuss them in the next subsection. For more details about the lattice

computation of the matrix elements, we refer the reader to ref. [202].

8.2.2 Systematics in matrix elements of quasi-PDFs

A proper investigation of systematic effects in matrix elements evaluated in lattice
QCD simulations is a difficult task, necessitating dedicated efforts. Such efforts
consist in simulating with varied parameter values, such as the lattice spacing,
the lattice volume, or the temporal separation between the source and the sink in
nucleon three-point functions. Moreover, unrelated to the lattice regularization,
there are theoretical uncertainties intrinsic to the quasi-distribution approach
whose impact should also be assessed Pl For an extensive review of these different
uncertainties, we refer to refs. [I86] [I88], while a discussion of the systematic
effects in the ETMC quasi-PDFs computation can be found in ref. [202]. The
latter contains the analysis of the effects investigated so far and a discussion of

directions that need to be pursued to fully quantify all the relevant systematics.

Here, we briefly summarize the conclusions reached up to the present stage. It
is important to emphasize that while the impact of some systematics is already
known to a reasonable degree, reliable estimates of certain types of effects are still
largely unknown. Nevertheless, rough assessments can be made even in the case
of missing lattice data, by looking at the behaviour of related observables such as
the average quark momentum fraction or nucleon charges that have a long history
of evaluations on the lattice [240-244]. This allows us to build scenarios describing
the potential impact of the systematics on the matrix elements of quasi-PDFs.
We consider three scenarios where the systematic effect is a given percentage of
the central value of the matrix element and three further ones where it is a given
additive shift. We always exclude from the analysis the imaginary part of the
matrix element at z = 0, equal to 0 by antisymmetry with respect to the sign

change of z.

Cut-off effects. One of the most obvious systematic effects in lattice compu-
tations comes from the finite value of the lattice spacing, a, i.e. the ultraviolet
cut-off imposed for the regularization of the theory. While a proper investigation

of this uncertainty requires explicit simulations at a few values of the lattice

2Note that theoretical uncertainties can be included in global fits of PDFs as detailed in
chapter
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spacing, which are still missing for quasi-PDFs, we may assume that discretization
effects are not excessive. This expectation is based on two indirect, but related
premises. First, one of the manifestations of large cut-off effects is the violation
of the continuum relativistic dispersion relation, which is, however, not observed
in the lattice data in ref. [202]. Second, the first moment of the unpolarized u — d
PDF gives the quark momentum fraction (z),_4. This quantity was intensively
investigated on the lattice and we may take the typical size of discretization effects
found in such studies. Looking at a summary plot including data from different
lattice groups, such as fig. 12 from ref. [241], we see that cut-off effects at lattice
spacings comparable to the one of the present work are typically at the 5-15%
level in a fixed lattice setup (same discretization, pion mass, volume etc.). Thus,
we investigate 6 plausible choices for the magnitude of cut-off effects: 10%, 20%,
30% of the matrix element and additive effects of 0.1, 0.2 and 0.3.

Finite volume effects (FVE). Another natural source of uncertainty in all
lattice simulations is the finite size of the box, L, which acts as an infrared
regularization. Similarly to discretization effects, a robust investigation of these
effects necessitates running the computations for a few values of the lattice size.
However, the difference with respect to the lattice spacing effects, typically linear
in a or a? in the asymptotic scaling regime, is that FVE are usually suppressed as
exp(—m, L), where m, is the pion mass. This leads to typically O(1 —5%) effects
in hadron structure observables if m,L > 3. For the matrix elements used in this
work, m, L ~ 3 — thus, the reasonable assumption about the size of FVE is approx.
5%. In addition to these “standard” FVE of lattice computations, it has been
recently pointed out that the usage of a spatially extended operator, including a
Wilson line, may lead to additional FVE [245]. The analysis of ref. [245] pertains
to a toy scalar theory and predicts a FVE of the form exp(—M (L — z)) (possibly
with a polynomial amplifying prefactor), with M being the analogue of the mass
of the investigated hadron in the quasi-PDF approach. Given that the nucleon
mass is at the physical point around 7 times larger than the pion mass, that
would lead to totally irrelevant effects, since the maximum considered z is more
than 3 times smaller than L. However, it can not be excluded that in QCD, the
form of this FVE can be more severe, e.g. exp(—m,(L — z)). With the physical
My and zpmax &~ L/3, this could lead to the amplification of FVE from O(5%)
to even above 10% at large z. We remark that ETMC has investigated FVE
in the renormalization functions for the matrix elements and found no sign of
excessive FVE coming at large z (total FVE not larger than around 3%) [202].

We investigate 3 scenarios for fixed percentage effects: constant FVE of 2.5% and

135



5%, as well as z-dependent ones of the form exp(—3 + 0.062z/a)%, where 0.062
is the pion mass value for the present ensemble, expressed in lattice units. In
addition, we consider 3 shifts: 0.025, 0.05 and exp(—3 + 0.062z/a).

Excited states contamination. One of the key uncertainties in nucleon
structure calculations is whether the ground state hadron state is isolated. If
the temporal separation between the interpolating operators creating the nucleon
and annihilating it is too small, uncontrolled excited states contamination may
appear, leading to a bias in the results. In the context of quasi-PDFs, an
important aspect is that this contamination strongly depends on the boost,
causing a delicate interplay between the need of large momentum, required for
robust matching to light-cone distributions, and excited states contamination,
larger for high boost. Thus, a careful analysis is needed to ensure ground state
dominance. Such an analysis was performed for the matrix elements used in this
work [202]. The conclusion that we use for the present case is that these matrix
elements are safe against excited states effects at the level of their statistical
precision. In this way, we choose three values of uncertainty from excited states:
5%, 10% and 15%. When the renormalized matrix elements are close to zero,
the relative uncertainty can be larger and thus, we consider also three additive

scenarios with magnitude 0.05, 0.1 and 0.15.

Truncation effects. The perturbative ingredients of the quasi-PDF approach
are of two kinds. One of them is related to the fact that the lattice
approach works in integer dimensions and thus, dimensional regularization of
the MS scheme is impossible. Instead, as discussed above, a non-perturbative
renormalization programme has been proposed by ETMC [164], utilizing a variant
of the regularization-independent momentum subtraction scheme (RI'-MOM).
The renormalization correlators obtianed in this way can then be translated
perturbatively to the MS scheme and finally to the MMS scheme, using formulae
derived in refs. [163, 202]. These formulae are currently available to the one-loop
level and thus subject to a truncation effect from unknown higher orders. A
manifestation of this effect is the fact that the Z-factors have a non-vanishing
imaginary part even after conversion to MS, where they should be purely real.
To evaluate the impact of this uncertainty, we compare the renormalized matrix
elements with the ones obtained from applying only the real parts of the Z-
factors. We find that the matrix elements obtained by this alternative procedure
are compatible with the actual ones within statistical uncertainties, with relatively

larger effects observed for small z/a in the imaginary part (up to O(5%)) and
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intermediate z/a in the real part (the real part is small there — thus, the
observed absolute effects of around 0.2 can be a large percentage of the value).
Apart from the scheme conversion truncation effects, the necessary perturbative
ingredient of the approach is the matching between quasi-PDFs and light-cone
distributions, also known to one loop [172] [176] 202]. We observe that comparing
the quasi-distribution and the resulting light-cone PDF', the numerical magnitude
of the matching factor can be significant and thus, the higher order effects may
be sizable. The “natural” size of such truncation effects is of O(a?), which
amounts to around 10% at the renormalization scale we consider. However,
they are rather uncertainties of the procedure, so they can not be translated
to uncertainties of the matrix elements. These uncertainties are the analogue of
the theoretical uncertainties that come from a truncated perturbative expansion
in the description of observables in phenomenological fits of the PDF's, which have
been described in chapter 5] Finally, we consider 6 scenarios for truncation effects
pertinent to matrix elements (i.e. originating from the perturbative uncertainty
in Z-factors): 10%, 20%, 30% of the central value of the matrix element, as well
as shifts of 0.1, 0.2 and 0.3.

Higher twist effects. For the current analysis we decide to ignore the effect
of higher twists, i.e. the presence of power-like corrections to the factorization
formula. At this preliminary stage, we are not concerned by their effects, but a
more precise phenomenological analysis should definitely take those into account.
In particular, it should be kept in mind that, as argued in refs. [I76], power
corrections can be enhanced for both z — 0 and z — 1, limiting the quasi-PDFs
approach in the small-x and large-x regime. We will come back to this point in

the conclusions.

Other effects. Apart from the systematics mentioned above, there are some
other effects that potentially affect the results. One of them is the usage of a
setup including two degenerate light quarks. However, this effect, working in
the isospin limit instead of taking into account the different masses and electric
charges of the light quarks, is expected to be much below the level of the current
precision — of the order of the proton-neutron mass splitting, ¢.e. at the per mille
level. A similar magnitude can be expected for the contribution of the neglected
sea quark loops from heavier quarks. Such effects can at present be safely ignored

and will become important only when aiming at an O(1%) precision or better.

Final scenarios. In the end, we define 6 scenarios of possible impact of

systematic effects, summarized in tab.[8.I] Scenarios S1-S3 include uncertainties
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Scenario Cut-off FVE Excited states  Truncation

S1 10% 2.5% 5% 10%
S2 20% 5% 10% 20%
S3 30% e 310.062z/a0g 15% 30%
S4 0.1 0.025 0.05 0.1
S5 0.2 0.05 0.1 0.2
S6 0.3 e—3+0.062z/a 0.15 0.3

Table 8.1 Scenarios of the impact of different systematic effects in the
renormalized matriz elements of quasi-PDFs. Percentage values for
scenarios S1-S8 should be understood as a given fraction of the central
value of the matrix element, while absolute values for S4-S6 are shifts
independent from the matrix element.

that are a fixed percentage of the central value of the matrix element, while for
S4-S6, the uncertainties are additive shifts independent from the value of the
matrix element. Scenarios S1, S4 can be considered as the most “optimistic”
ones. More realistic estimates of uncertainties are included in S2 and S5. Finally,
S3 and S6 are “pessimistic”, i.e. assume largest plausible estimates of the various

systematic effects.

8.2.3 From parton distributions to lattice observables

In this chapter, we aim at fitting the data presented in the previous subsection;
further studies with different data and treatments of systematic errors are
presented in the next chapter. Hence, we specialize our discussion to the case
of the unpolarized isovector parton distribution. Following the notations of

sec. the parton distribution f3 is defined as

U(l‘,[L2)—d(fE,M2), it >0

fs (z, 1) = (8.9)

—t(—x, p?) +d(—z,p?), if <0

where the support is given by = € [—1, 1]. The factorization theorem in eq. ({8.8])

becomes
+1 d
F Y S 2
f ZL’,,LL,PZ :/ = C; (_7—) f Y1), 8.10
3 ) ol P\ I s (1) (8.10)
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where the quasi-PDF is the one given by I' = 4" and the explicit expression of
the matching coefficients is given in app. [F] Starting from the definition of quasi-
PDFs given in eq. , it is clear that the lattice ME is given by the inverse
Fourier transform of eq. , which yields an equation relating the light-cone
PDF's on the right hand side to the lattice observable:

(&%) ) +1 d T /'L
M (2P, 2, z/ dxel(ffpzﬂ/ W ( )f Y, 1 8.11
s ) oo 2yl P\ lylP. s (1) (811)

Since C} is purely real, we can split the above complex identity into two real
equations, relating the real and imaginary part of the ME Mj3 (z) to the light-
cone distribution f3. For the purpose of this work, we introduce two lattice
observables, denoted by O (2, ) and O (z, 1), defined as

ORe (Z, Iu) = Re [M5 (ZPza 227M2)]

_ [ x cos (zP,z +1@ Tk
B /_ood @k )/ PR (y Iy\P> fa (w45, (812)
O (z, 1) = Im [Mg (ZPZ,Z ) )}

0o +1 d
= —/_ dzx sin (zP,z) /_1 |?‘y|C'3 (z |?JTLP) fs (v, 1%) (8.13)

where we have only included z and g in the arguments of (’)506 and Og(? in order
to simplify the notation — since we are working here with only one value of P,
there is little advantage in keeping all the arguments. The explicit expression of
(U5 contains plus distributions. Making them explicit we can write the equations

above as

1
O (2, p) = /0 dx C3 (x,z, %) Vs (2, 1) = CR° (z, %) ® Vs (1), (8.14)
' p p
(’)551 (z,p) = /0 dx Ci™ <x, z, F) Ts (z, 1) = C3™ <z, F) ® Ty (qu) (8.15)
where V3 and T3 are the nonsinglet distributions defined by

Vo (@) = u(a) - a(a) - [d(@) - d(@)] | (3.16)
Ts (x) = u(z) + u(x) — [d(z) +d(z)], (8.17)

where, for simplicity, the u dependence has been omitted. The equations above
relate the position space matrix elements computable on the lattice with the

collinear PDF's. Similar expressions were worked out in ref. [246] in the context of
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the pion distribution amplitude. The proof of eqgs. (8.14)), (8.15]) does require some

CEe™ are related to the

care, and it is fully worked out in app. . The coefficients
real and imaginary part of the Fourier transform of the matching coefficient Cj
appearing in eq. . Since the latter is defined in terms of plus distributions,
the computation is quite involved, and the explicit expression of C3R elm is obtained
in app. [F], making the action of the plus distributions explicit before taking the
Fourier transform. A discussion about the convergence of the integrals involved
is also reported there. The above results show how fixed z matrix elements
defining the quasi-PDF in position space give direct access to two independent
nonsinglet distributions, through the integration of the parton distribution over
its full support with a perturbatively computable coefficient. We will denote this

operation as ®.

It is useful at this point to recall the form of the QCD factorization formula for
the DIS nonsinglet structure function, given in eq. (2.23). Comparing egs. (8.14),
(8.15) with eq. , we see that the lattice observables introduced above can
be treated on the same footing as experimental data for DIS structure functions,
as they are related to the nonsinglet distributions through a convolution with a
coefficient that can be computed in perturbation theory. However, the form of
such convolution, denoted by ® , is quite different from the one appearing in the
DIS case, denoted by ®: the former involves a DIS-like convolution first, to go
from the PDF's to quasi-PDF's, followed by an integration over the full z-range to
go to position space. This suggests that this kind of convolution, if implemented
in a PDF's fit, may constrain the output much more than what the standard DIS

convolution can do.

8.3 Fit setting and FastKernel implementation

The main point of the discussion in sec. is that the lattice equal-time
correlators are just another possible observable connected to PDF's through some
kind of factorization theorem. From a practical point of view, this means that we
can treat the lattice data on exactly the same footing as the experimental ones,
allowing a smooth and natural way to introduce them in a parton distributions
fit. The results presented in this and in the following chapter have therefore been
produced using the c++ fitting framework of the NNPDF collaboration described
in chapter [3} lattice data and the corresponding systematics are implemented in

the code, just as they were data for DIS structure functions, and the fitting
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code can be run using the standard methodology, based on neural network
parameterization, Monte Carlo replicas generation, numerical minimization of the
x? and cross validation. The x? minimized during the fit is given by eq (3.11]),

where the explicit form of the covariance matrix is
Cij = 07,055 + Z Oik0jk (8.18)
k

where ¢ and j run over the lattice points and o, 5, 0, are respectively the total
statistical and the set of systematical uncertainties of the ¢-th lattice point,
described in sec.|8.2.2] The covariance matrix enters both the definition of the y?
and the generation of Monte Carlo replicas, being therefore important for both
the central value of the fit and the final PDFs error. A solid knowledge of the
covariance matrix is therefore an essential ingredient to get reliable results. The
NNPDF methodology has been used to produce PDF sets for many years now, and
provides a flexible environment within which it has been possible to fit more than
4000 experimental points, coming from a variety of different high energy processes
in different kinematic ranges. Therefore it represents a reliable framework which
can be used to study and analyze the available lattice data, to assess how well
these are able to constrain the PDFs and to compare lattice results with those

coming from standard PDF sets.

In order to get theoretical predictions for the data entering the fit, the parton
distributions have to be evolved from the fitting scale up to the observable scale,
and then they have to be convoluted with the correct coefficient function. As
discussed in sec. [3.1.4] these two steps are performed by mean of the FastKernel
tables. We show an example of this also in chapter 4] when describing the
implementation of jets data in a global PDFs determination. The same procedure
has to be implemented for lattice data as well. As seen in sec. [8.2.3] in this case
the integration of the parton distributions over their full support is needed. This
makes the form of the convolution ® more complicated than the one we usually
have for high-energy observables, which makes the general implementation of
the FastKernel tables slightly different from the standard case. This has been
achieved using a proprietary code and in the following we summarize the main
steps followed in the implementation. It is important to emphasise once again
that in this analysis, once the FastKernel tables have been generated, the lattice
data are treated exactly on the same footing as any other data, viz. the exact

same methodology and code are used for fitting experimental and lattice data.
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The lattice observables (’)Soe (2, 12) are determined at a given renormalization
scale ;2. They can be written in terms of the nonsinglet distributions at a given
reference scale p2, by first evolving the parton distribution up to the scale p?, and
then convoluting it with the coefficents C? eI Jefined in eqs. , and
worked out in app. [F] For the nonsinglet distributions considered in this work,

the evolution is given by

1

Ty (z, 1?) :/ d—nyg” (g,%ag) Ts (y, 12) (8.19)
1

Vi) = [ UK (a0 Va o) (5.20)

where the kernels K*) are obtained by solving the DGLAP evolution equations
in the nonsinglet sector, as described in sec. [2.3.2 For V3 and T3 we have two
different nonsinglet evolution kernels, denoted by Ké_) and Ké“ respectively.
Eqgs. and can be rewritten expressing the parton distribution in

terms of an interpolation basis [53], for instance for the case of T3

Ty (2, 41) = > T (w5, 13) T (2) + O [(wp11 — 2)"], (8.21)
B

where p is the lowest order neglected in the interpolation. In other words, the
interpolating functions act by picking up the value of the PDF at some point g
of a predefined z-grid. Substituting in the evolution equation eq. (8.19)) we get

Ty (2o, %) =Y K$G T (w5, 113) - (8.22)
B
with
4 _ [T e (T 0\ 78
lCaﬁ = ?K ?,O{S,O[S z (y) . (823)

The interpolation basis used at the initial scale can also be used to interpolate
the parton distributions at the scale u? appearing in eqs. (8.14), (8.15). For the

imaginary part of the lattice observable we get

(’)Im (z, 1) ZC’Ing T, 117) (8.24)
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with

1
ch = / dx C3™ (m, z, %) Z(@) () . (8.25)
0 z

Putting together egs. (8.22)) and (8.24]) we get

OIm z ,u ZHZB T3 xﬁaﬂo) ) (826)

where
H = ZCIm (8.27)

Eq. defines the FastKernel table which enters the computation of the y?
during the fit. It connects the parton distribution at the fitting scale to the lattice
observable, taking into account the QCD evolution, the matching and the Fourier
transform, expressing them through a single matrix vector multiplication. Clearly
a similar set of equations defines a FastKernel table that yields the real part of

the lattice observable, (’)55‘, as a function of the valence parton distribution Vj.

8.4 Results

Let us now proceed to presenting and discussing our numerical results. First, we
study the way the available lattice data might constrain the parton distributions
in a fit, by mean of closure tests: fake data for the real and imaginary part of the
ME are generated according to eqs. , using as input a chosen PDFs
set. The fitting code is then run over these pseudo-data, using exactly the same
setting used in a common fit. By comparing the output of such fits with the
known input PDFs sets, we can assess the accuracy we may expect to get from

the current knowledge of the lattice data and their systematics.

Then we present results for fits run over the data presented in sec. [8.2.1] studying
the 6 different scenarios for the treatment of the systematic errors described in
sec. [8.2.2] and summarized in tab. [8.1] The results presented here have been
produced using the NNPDF fitting code [48] and the ReportEngine software [130].
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8.4.1 Closure tests

As shown in sec. [8.2.3] we can relate PDFs to lattice observables through the
matching convolution of eq. followed by a Fourier transform. As already
pointed out at the end of sec. 8.2.3] the resulting convolution ® is quite different
from the one entering standard QCD fits. In this section, we assess how much
this operation together with the available lattice data from refs. [I81], 202] are
able to constrain parton distributions in a fit, running some preliminary closure
tests. For a detailed description of the closure test procedure, we refer to sec. 4
of ref. [55]. We generate pseudo-data corresponding to the data of ref. [I81] using
NNPDF31 nlo_as_0118 as our input PDF's set, and we run the fitting code over
them. The outcome of the closure test fit is then used to assess how well the
input PDFs can be reconstructed starting from the 16 position space ME points

and their uncertainties.

In order to get an idea of the impact on the fit of the statistical and systematic ME
errors, we consider three different scenarios: first we generate fake data assuming
no systematic uncertainties and a small uncorrelated statistical uncertainty for
each point, constant for all of them and of the order of the smallest real one. From
the results of this closure test we can estimate the real constraining power of the
convolution ®, assuming an ideal scenario where all the systematics are under
control and the statistical error is kept small. Second, we repeat the exercise
but using the real statistical uncertainties, to assess how much the real statistics
of the current simulations affect the conclusions of the previous case. Finally we
look at the effect of the systematics, considering as a specific example the scenario
S2 of table 8.1l The three cases are summarized in table 8.2 and the results are

shown in figs. B.3 8.4

Closure test | Statistics | Systematics
CT1 fake -
CT2 real -
CT3 real S2

Table 8.2  Closure tests with different choices of the statistical and systematic
error. The results for each option above is summarised in the plots
below.

Looking at the results for CT1, fig. it is worth stressing that the lattice data
entering the fit are just 16 for the real part and 15 for the imaginary part of the
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Figure 8.2 Closure test fit with fized small statistical error and no systematics
(CT1) compared to the input PDFs set. V3 (top line) and Ts (lower
line) combinations in linear and logarithmic scale are shown. The
input PDFs set is fully reconstructed within 1-sigma level, getting
PDFs with an error band comparable to the input one.

V3 at 1.6 GeV T3 at 1.6 GeV
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Figure 8.3 Closure test fit with real statistical error and no systematics (CT2)

compared to the input PDFs set. Top line: V3 combination in linear
and logarithmic scale. Vs (top line) and T3 (lower line) combinations
in linear and logarithmic scale are shown. The error band of the
reconstructed set is way bigger than the one of the input PDFs,
showing a mon negligible impact of the current statistics over the
final PDFs error.

matrix element. Just half of them are actually used in the training procedure,
while the other ones are used to build the validation set. In a standard NLO
QCD global fit, like the one used as input PDF here, the number of points
entering the analysis is O (4000). fig. [8.2f shows how good the convolution & is
in constraining the PDF's, assuming an ideal scenario where all the systematics
are under control, and the statistics are kept small. Looking at the results for
CT2 and CT3 in figs. [8.3] and [8.4] it is clear how big the impact of the statistical
and systematic uncertainties of the ME is on the PDFs error: in both cases the
input PDF's set is reconstructed within 1-sigma level, with some tension for V3 at

medium x in the first case. The PDFs error is increasingly big, becoming huge
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Figure 8.4 Closure test fit with real statistical and systematic error (CT3)
compared to the input PDFs set. V3 (top line) and T3 (lower line)
combinations in linear and logarithmic scale are shown. The errors
of the reconstructed PDFs are huge.

when the full systematics are considered. Fig. shows what we may expect in

a real life scenario.

To sum up, the results from CT1 show how promising this kind of lattice data
might be in constraining PDFs. On the other hand, the results from CT2 and
CT3 highlight the importance of having a good control over both the statistical
and systematical uncertainties in the lattice simulations of the ME. It is worth
noticing, however, that the overall error band of the reconstructed PDFs, even
in presence of the full systematic errors, would surely be reduced when new data

are available.

8.4.2 Fit results

In this section, we present our results for fits ran over the data from refs. [I81], 202],
described in sec. [8.2.1] As mentioned before, we consider 6 different scenarios
for the treatment of the systematic errors, summarized in table 8.1 We show
results for "optimistic” (S1,94), "realistic” (S2,S5) and ”pessimistic” (S3,56)
scenarios, the difference between the elements of each couple being the nature
of the systematic errors: an additive shift given by a percentage of the ME for

the first, a constant shift for all the ME points for the second one.

The results of the fit for the two optimistic scenarios are shown in fig. 8.5 S1
is sligthly more conservative than S4, but overall there is not much difference
between them. The situation changes for the more realistic scenarios (fig. ,

where S2 is much more conservative than S5. In the former case the tension with
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NNPDF31_nlo_0118 is smaller than what we observe in the previous scenarios, due
to the increase in the error band and to a slight shift of the central replica of the
fit. Similar comments can be made for the most pessimistic scenarios, shown in
fig. 8.7, having S3 with a huge error band and a more remarkable shift of the
central replica towards the one of NNPDF31. Overall, we notice how, when the
systematics are given by a percentage of the ME, we get qualitatively different
results moving from one scenario to the other, while in the case we consider

constant shifts there is no much difference between different cases.
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Figure 8.5 S1 vs. S4: S1 results are sligthly more conservative than the S4

ones, but overall there is no significant difference between the two
optimistic scenartos.
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Figure 8.6 S2 ws. S5: S2 results are more conservative than the S5 ones,
showing also a small shift of the replica 0 towards the light-cone
PDFs.  Owerall, S2 results are comptible with NNPDF31 nlo_ 0118
within 1-sigma level.

To sum up, in this chapter, we have used the momentum space factorization
of quasi-PDFs in order to relate the unpolarized isovector parton distribution
to well-defined matrix elements computable on the lattice. Using some of the
currently available lattice data, we have used such result to extract the nonsinglet

distributions V3 and T3 within the NNPDF framework, studying also different
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Figure 8.7 S3 vs. S6: S8 results are extremely conservative, while those for S6
do not show a qualitative difference with respect to S4 and S5.

possible scenarios for the treatment of the systematic uncertainties from lattice
QCD simulations.

Our first results from closure tests show how effective these lattice data might
be in constraining PDFs, allowing a consistent determination of the target
distribution starting from O (15) ME points. On the other hand, we show
that a consistent treatment of the lattice systematics is extremely important,
and how the final result of the fit strongly depends on the specific systematics
scenario we consider. Considering the most realistic ones, agreement with
the phenomenological PDFs is observed within 1 sigma level, for both the
nonsiglet distributions considered here. The error bands are, however, very large
with respect to the corresponding phenomenological PDFs, showing again how

important the control over the lattice systematics is.

Despite having focused on the quasi-PDFs case, the framework we implemented
is general enough to allow for the treatment of different lattice data. In the next
chapter we will discuss a similar analysis addressing this time the pseudo-PDFs
approach. In this case more data are available and, as we are going to see, position

space factorization formulas allows for a number of additional advantages.
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PDFs from pseudo-loffe Time Distribution

In the previous chapter, starting from the momentum space factorization formula
connecting quasi-PDFs to collinear PDFs, upon numerical implementation of
the Fourier transform we obtained an expression relating parton distributions
directly to position space quasi-PDFs matrix elements. Such factorized expression
has been subsequently used in the NNPDF framework in order to extract two
nonsinglet distributions from data for quasi-PDFs matrix elements produced
in refs. [I81, 202]. A similar analysis was recently performed by the JAM
collaboration in ref. [247] for the spin-averaged and spin-dependent PDFs
employing quasi-PDF lattice data. In this chapter, base on ref. [13] we extend
such analysis to the case of the pseudo-PDFs approach, which relies on the
position space formulation of the same factorization theorem. In particular, we
will consider data for reduced pseudo-ITD, introduced in sec. in the context
of the scalar field theory and that we now revise in the context of QCD.

As we saw in sec. the UV divergences of the Ioffe-time pseudodistribution
(pseudo-ITD) are multiplicatively renormalizable [166, 167]. The relevant
renormalization factor Z(z2) e*™?1/® does not depend on v and, for small 22, is
known at one loop. Its explicit form is inessential if one introduces the so-called

reduced Ioffe-time pseudo-distributions first defined in ref. [160] as

M (Va _Zg? MQ)
M <07 _’ZZ%? /1’2) '

m (u, zg) = (9.1)

The Z-factors of the numerator and denominator are the same and cancel in the

ratio leaving the reduced distribution on the left-hand side without any residual

dependence on unphysical scales.

149



Working in the small-z2 limit, the pseudo-ITD can be matched at one-loop level
to the corresponding ITD through a finite perturbative kernel, expressing the
pseudo-ITD in terms of the collinear PDFs through a factorization formula based
on the operator product expansion (OPE). The computation of the relevant QCD
diagrams has been performed in a number of independent papers. The original
QCD computation is reported, for example, in refs. [165 1706, 197, 237]. The

result reads

1—w

1
M (v, 23) = / dz C (zv, 1i?23) [ (2, 1) + O (25A7) | (9.2)
-1
with
; 5 1 1+ 2 2vg+1
C (& pPz) = e — %CF/O dw { - _U;) log (ZWE 7 )
+ 4M —2(1- w)} e“ + 0 (a2). (9.3)
+

Eqgs. , allow to relate collinear PDF's to quantities which are computable
in lattice QCD simulations, through a factorized expression similar to those
relating collinear PDFs to physical cross sections. Just as described in the
previous chapter, this formula can be used in a fitting framework to extract
PDFs from lattice data.

This, besides being a complementary exercise to the one presented in chapter 8],
has also some practical advantages. First, when working in the pseudo-ITD
approach, the factorization is realized in the limit of small-z?. Unlike in the
quasi-PDF's approach, where the factorization is realized for high values of P,
here we are allowed to keep in the analysis data coming from a wide range of
momentum values, without having to remove those with lower P. This advantage
is particularly important, because in lattice QCD, the low momentum data are
significantly more precise for a fixed computational cost. Second, we can directly
use the position space factorization formula of eq. , relying on the analytical
expression for the perturbative coefficient of eq. and without having to

perform the numerical Fourier transform described in app. [F]

The structure of the chapter is as follows. In sec. we define the lattice
observable considered in the fit, describe the corresponding data and briefly
recall the main features of the NLO terms entering the factorization formulas.

In sec. [9.2] we present the first set of results: we consider the fits where only the
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statistical uncertainties of the lattice data are taken into account. Analyzing data
from different lattice ensembles we show that, in general, without accounting for
systematic effects it is not possible to obtain a good fit. In sec.|9.3|we discuss and
quantify some of the systematic uncertainties affecting the reduced pseudo-1TD
data. We include such systeatics in the analysis and we study their impact on
the final PDFs and on the fit quality.

0.1 Lattice data and observables

In this section we describe the lattice observables we will consider in the following,
together with the corresponding data. As in the case of the previous chapter we
will consider two different observables corresponding to the real and imaginary
part of the reduced pseudo-ITD defined in eq. .

Considering the case of the unpolarized isovector parton distribution, taking the
real and complex parts of eq. (9.2) and using eq. (9.3]), we can define the two

lattice observables
1
Re [M] (v, —23) = / dz CR° (zv, 1?23) Vs (2, 1%) (9.4)
0
1
Im [9M] (v, —23) = / dz C™ (zv, 1?23) Ty (z, p*) (9.5)
0

with

O (€, p*z5) = cos (€)

1 [ 2vp+1 b
_ s—;CF/O dw _B (w)log (zglﬂe ) ) —f—L(w)_ cos (§w) , (9.6)
O™ (&, p*25) = sin (€)
! [ 2yp+1 "
_ ;—;C’F/O dw _B (w) log (Zglﬁ%) +L(w)_ sin (§w) (9.7)

where the kernels B (w) and L (w), according to eq. (9.3), are given by

1—w

B (w) = [”w2]+,

log (1 - w) _9 (1 B w)} . (9.9)

+

L(w) = [4

1—w

151



It is worth recalling some important features of the NLO coefficients given in
eqs. , . The contributions proportional to the two kernels B (w) and
L (w) of egs. (9.8), can be seen as an evolution and a scheme change term
respectively [195] [198]: while the former is responsible for the evolution from
the PDF scale 272 = MZ# to the pseudo-ITD scale 22, the latter takes into
account the finite terms characterizing the specific choice of the renormalization
scheme. They are plotted in fig.[0.1]for both the real and imaginary part, using the

PDFs set NNPDF31 nlo_as_0118 as input. The evolution term B (w) also connects

Real part: B&M Imaginary part: B&M
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Figure 9.1 Upper plot: The NLO evolution term for the real (left) and
imaginary part (right). Lower plot: The NLO scheme change term
for the real (left) and imaginary part (right).

pseudo-ITD points having different values of 2%: considering for example the real

part, from egs. (9.4)), it follows

Re [M] (v, 25) = Re [M] (v, 2°)

2
« z
—Cp—1log 2

For g22

Oldx [/01 dw B (w) cos (zvw) | Vs (2, pu?) |
(9.10)

which relates the real part of the pseudo-ITD point at the scale z? with the one
having the same Ioffe time at the scale 23 [196] 248].

We will consider the data for reduced pseudo-ITD from refs. [I98, 200]: the
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Lattice a(fm) My (MeV) L} xT Ndat Reference
ensemble

fine 0.094(1) 358(3) 323 x 64 48

big 0.127(2) 415(23) 323 x 96 48 [198), 200
coarse 0.127(2) 415(23) 243 x 64 36

280 0.094(1) 278(3) 323 x 64 64 [200]
170 0.091(1) 172(6) 643 x 128 80

Table 9.1 Lattice data details

datasets presented in ref. [I98] have been produced starting from three different
lattice ensembles, denoted as fine, big and coarse and which differ for the volume
and lattice spacing used in the simulations. They have been produced using values
of the pion mass ranging from 358 MeV (fine) to 415 MeV (coarse and big). In
the present work we will focus on the datapoints produced from the fine ensemble,
while those from the coarse and big ones will be used to estimate systematic effects
due to continuum limit and finite lattice volume. We will also consider pseudo-
ITD points presented in ref. [200], produced using pion mass equal to 172 MeV.
Following the original convention of ref. [200] we will denote the corresponding
lattice ensemble as 170. Points from the ensemble 280, presented in the same
paper and produced using similar lattice spacing and pion mass 278 MeV, will
be used to estimate the pion mass effects in the analyses for the ensembles fine
and 170. These five ensembles of 2 4+ 1 flavor lattice QCD were generated by the
JLab/W&M collaboration using clover Wilson fermions and a tree level tadpole-
improved Symanzik gauge action. One iteration of stout smearing with the weight
p = 0.125 for the staples is used in the fermion action. A direct consequence of
the stout smearing is that the value of the tadpole corrected tree-level clover
coefficient csw used is very close to the non-perturbative value determined, a
posteriori, using the Schrédinger functional method. The detailed features of
these ensembles are reported in tab. [9.1] together with the number of reduced

pseudo-ITD datapoints ng,; computed from each of them.

Given a set of lattice data for the real and imaginary part of the reduced pseudo-
ITD, the distributions 73 and V3 can again be extracted from them through a
standard minimum-y? fit. Here we will implement them in the NNPDF framework

following the same approach as the one described in chapter [§
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0.2 Fits over lattice data: statistical uncertainties

only

In this section, we will present results for fits performed over the lattice data
computed from the ensembles fine and 170, denoted as fine-stat and 170-stat
respectively. Such fits have been produced considering statistical uncertainties
only. We will show how, in general, without having the complete information
regarding the lattice systematic uncertainties it is not always possible to obtain a
good fit. In the next section, taking as example the case of the fine ensemble, we
will discuss and estimate some of the possible systematic effects, studying their

impact on the fit quality and on the resulting PDFs.

Parton distributions resulting from fits fine-stat and 170-stat, together with the
corresponding error bands, are plotted in the upper and lower plots of fig.[0.2], and
the x? values are reported in tab.[9.2} despite the PDFs extracted from the two
datasets are compatible within one o, the error band of the fit fine-stat appears
to be slightly smaller than the other, with an average y? value per datapoint
equal to 8.36, pointing out a possible underestimation of the error and a bad fit
quality. This could be caused by inconsistencies between different datapoints,
due to unknown systematic uncertainties affecting them. On the other hand, the
fit 170-stat shows better x? values, with an average value per datapoint equal to
1.38.

Focusing on the more problematic case of the fine ensemble results, in order to
assess which points are more likely to be affected by large systematic errors, we
will study the contribution to the x? coming from each datapoint

2
0; = (DZJ—‘2T2>7 (9.11)

D; and T; being the ¢-th lattice point and the corresponding prediction from the
fit respectively, and find out which points D; are more than 40 (or 30) off from
the fitted distribution 7T;. These are the points that, most likely, do not belong to
the fitted distribution and which therefore might be affected by larger systematic

effects.

The contributions +/; are plotted in the upper plot of fig. as a function of
the loffe-time v, with the red and yellow lines highlighting the 40 and 3o cut
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Figure 9.2 Upper plots: PDFs from datapoints computed from the ensembles
fine and 170. The shaded bands represent the PDFs error computed
as the 68 c.l. of the fit replicas, while the dashed line is obtained by
computing the standard deviation point by point in . Lower plots:
corresponding PDFs errors, computed as standard deviation over fit
replicas and displayed in function of x.

respectively: it is clear that a bunch of points having small IToffe-time values
are those giving the highest contribution to the total y?, being more than 3o
or 40 off. We can implement 40 and 30 cuts, removing the problematic points
from the dataset and producing new fits, denoted as fine-stat-30 and fine-stat-4o-:
the new fits show more reasonable y? values, reported in tab. , showing how,
upon removing the outliers, the remaining points, coming from a wide range of
momentum p and Euclidean separation z3, are fitted reasonably well. The PDFs
resulting from the 30 cut are plotted in the lower plot of fig. |9.3] normalized
to the fit without any cuts: it is clear how, despite spoiling the total y?, the

problematic points do not seem to have a big impact on the final PDFs.

We conclude that, depending on the specific lattice ensemble we consider, quite
a high number of small Toffe-time points do not belong to the fitted distribution.
In order to get reasonable x? values, such points have to be removed from the
fit. This highlights possible tensions between datapoints and may point out the

presence of systematic effects. In order to avoid any underestimation of the PDFs
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Ensemble fit Obs Ndat X Xfot
fine fine-stat Re [901] 48 7.94 8.36
Im [907) 48 8.77
fine-stat-4o Re [9M] 39 2.68 3.28
Im [907) 39 3.89
fine-stat-3o0 Re [MM] 34 1.45 1.86
Im [9M] 32 2.27
170 170-stat Re [07] 80 0.68 1.38
Im [907) 80 2.07
Table 9.2 Details of fits with statistical uncertainties only. From left to right
we report the lattice ensemble, the fit name, the observables included
in the analysis, the number of datapoints and finally the partial and
total x>.
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Figure 9.3 Upper plots:

X

ensemble.

X

V9; contributions for each datapoint of the fine
The red and yellow lines highlight the 40 and 30 cut

respectively. Lower plots: PDFs from fits fine-stat (orange) and
fine-stat-30 (green), normalized to the former.

error and to introduce back in the analysis all the available points, systematic

uncertainties need to be quantified and implemented in the fit.
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9.3 Systematic effects

0.3.1 Discussion

The high x? values of the fits presented in the previous section might point out the
presence of some tensions between datapoints. In the following, focusing on the
case of the fine ensemble results, we will show that this is indeed the case, and we
will investigate possible sources of systematic uncertainties and their numerical

values.

The matrix element defining the pseudo-ITD is a function of the loffe-time v

2. Points having the same Ioffe-time but different Euclidean

and of the scale z
separation can be related through eq. , which can be used to evolve each
pseudo-ITD point up to a chosen reference scale z2 = (0.7 a)2. Looking at fig.
it is clear that, given this choice for 2y, the sign of the NLO correction of eq.
will be positive for every datapoint, so that the evolution increases the real part of
the pseudo-ITD. Considering the imaginary part, the sign of the NLO evolution
term is initially negative, and it turns positive at bigger values of v. Such effects
can be seen in fig. [9.4] where the pseudo-ITD points computed from the fine

ensemble are plotted before (blue) and after evolution (red). After evolution,

Real part reduced pseudo-ITD Imaginary part reduced pseudo-ITD

107 =eehahi g data 0.7 | | data
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Figure 9.4 Data for the real part of the pseudo-ITD at their original scale 2>
and evolved at the common scale 23.

points having the same loffe time should have the same value. In practice, they
should be compatible within errors. Looking at the red points of fig. 9.4 where
each point is plotted with the corresponding statistical uncertainty, it is clear
how, expecially in the small Ioffe time region, this is not always the case: after
evolution, some points having the same loffe time are not compatible between

each other. Such discrepancies might be explained by the presence of systematic
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effects we are not accounting for.

As already mentioned in the previous chapter, a proper investigation of the
systematic effects affecting the computation of the equal time correlators
underlying the definition of pseudo-PDF's is a difficult and expensive task which
would require to run different lattice simulations varying a set of parameters, like
for example the lattice spacing, the lattice volume, the pion mass. Alongside
systematic effects due to the lattice simulation, other sources of errors are those
connected to the theoretical framework of the pseudo-PDFs approach, like the
presence of higher twist effects and perturbative matching truncation effects, as
detailed in sec. R.2.2

As mentioned in sec. 9.1, in ref. [I9§ additional pseudo-ITD points were
computed starting from other two lattice ensembles, with pion mass similar to
that of the fine one, but having different volume and lattice spacing, denoted as big
and coarse, whose features are reported in tab.[9.1 Systematic uncertainties due
to the continuum limit (CL) and finite volume (FV) can be directly estimated
using these additional results as detailed in ref. [I98]: the real and imaginary
components of the pseudo-ITD are fitted to a polynomial as a function of
the Ioffe-time v; the difference between coarse and fine ensemble results is
taken as an estimate for lattice spacing effects as a function of v, while the
analogous difference considering the coarse and big ensembles gives an estimate
for uncertainties due to finite lattice volume. Systematic effects due to the pion
mass (PM) can be estimated in a similar way: as mentioned in sec. in
ref. [200] the data of the ensembles fine and 170 have been supplemented with
additional pseudo-ITD results produced from a third ensemble having pion mass
equal to 278 MeV, denoted as ensemble 280. The difference between polynomial
fits for the ensembles fine and 280 is taken as an estimate for pion mass effects.
These differences will be considered as three independent sources of correlated
systematic, affecting each datapoint entering the analysis. They are shown in
the upper plots of fig. as functions of the loffe-time, denoted as FV (finite

volume), CL (continuum limit) and PM (pion mass).

It is important to understand whether or not these systematic uncertainties are
enough to account for the discrepancies described at the beginning of the section.
In the lower plots of fig. FV, CL and PM systematic effects are plotted for
the relevant loffe-time values, together with the aforementioned discrepancies.
Consistently with what observed previously, the latter seem to affect mostly low

[offe-time points, which are also those for which the estimated systematics reach
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their minimum values. Therefore from fig. [9.5] it follows that FV, CL and PM
systematics cannot be considered responsible for the big contributions to the y?
noted in the fits of the previous section. In other words, they are likely not
enough to account for the observed discrepancies affecting low loffe-time points.
It should be noted that a study of more than 2 ensembles for each systematic

error may be necessary for a more definitive conclusion.
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Figure 9.5 Upper plots: finite volume (FV), continuum limit (CL) and pion
mass (PM) systematics provided as functions of the ioffe-time v
for the real (left) and imaginary (right) part of the matriz element.
Lower plots: discrepancies between data having the same ioffe-time
(red) together with the total FV, CL and PM systematic effects
(blue).

Excited states contaminations might represent another possible source of sys-
tematic effects. Also missing higher orders in perturbation theory and higher
twist effects could in principle be treated as additional systematic uncertainties.
Unlike the case of the FV, CL and PM systematic uncertainties discussed above,
we cannot estimate the size of such effects using the current lattice results. One
could then follow the approach adopted in the previous chapter, where different
scenarios for the size of such systematics have been considered, and try to draw
conclusions about their impact on the PDFs and on the fit quality. Here we

will follow a different approach, trying to quantify an additional uncertainty
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which accounts for the unknown missing systematic effects, following a Bayesian
approach. The gaussian Bayesian approach that we are going to use here is the
same described in chapter 5 in the case of global QCD analysis in order to take

into account the theoretical error due to missing higher ordersﬂ

As discussed in sec. [5.1], the figure of merit which is minimized during a Gaussian
fit is defined as the probability of the data D given the model parameters 6,
namely the likelihood

P (D|6) = e~ 2P-TO) 7 (D=T(®)), (9.12)

where ¥ is the covariance matrix of the data D, accounting for the known
statistical and systematic uncertainties, and 7' () is the theoretical prediction,
function of the model parameters. If we assume the presence of unknown
systematic effect A affecting the datapoints D, eq. can be modified as

P (D, Alf) = o~ 3(D+A=T(©))" S (D+A-T(9)) (9.13)

Assuming a Gaussian prior distribution P (A) = exp [—%AT S71A| we can

marginalize over A getting
/ dAP (A)P (D, Alf) o ¢~ 3O-TON(Z+E) " (D-T(0) (9.14)

which defines the relevant likelihood to be minimized. Eq. shows how the
presence of unknown systematic effects can be accounted for by introducing in
the likelihood an additional contribution to the covariance matrix, denoted by f],
which defines the prior probability distribution of these systematics. Its specific
definition is of course arbitrary, and depends on the knowledge of the missing
uncertainties we have. This Bayesian approach, despite not providing a general
method to estimate the missing systematics, allows to include in the analysis the

partial information we may have about them.

In the present case, we only know the discrepancies observed at the beginning
of this section, not described by continuum limit, finite volume and pion mass
effects. We can look at such discrepancies as an indication of the minimal size
of the systematic effects affecting the data and use them to construct a suitable
3 for each couple of points having a given Ioffe-time value, we will define the

two corresponding diagonal components of 5 as half of the distance between

n ref. [249] a similar approach was applied to cosmological data.
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evolved points, setting the off diagonal elements to zero. Each point sharing the
same loffe time value with at least another one will therefore be affected by an
additional, uncorrelated systematic such that, after evolution, datapoints having
the same loffe-time will be compatible between each other. Clearly, this global,
uncorrelated systematic will be the dominant one for small Ioffe-time points,
where most of the problematic points are, while for higher value of v lattice

spacing, finite volume and mass effects will dominate.

0.3.2 Results

To sum up, in sec. [9.3.1] we have discussed and estimated four different source
of systematics: the first three, accounting for finite volume, lattice spacing and
pion mass effects, can be computed directly from the available lattice results
as a function of the Ioffe-time v, and will be implemented in the fit as three
independent sources of correlated systematics; the fourth one has been estimated
using the size of the discrepancies observed between points having the same Ioffe-
time, and will be considered as an additional uncorrelated uncertainty, in order
to take into account the minimal size of all the remaining systematic effects we
have not directly computed. As mentioned in sec. such systematics enter the
definition of the covariance matrix responsible for both replicas generation and
the x? definition, and therefore it has a central role in both the determination of
the fit central value and its error band. The new fit is denoted as fine-sys and
the resulting PDFs are plotted in fig. together with the results from the fit
fine-stat presented sec. [9.2} the distribution T3 is only marginally affected by the
introduction of the systematic errors, showing a mild down shift of its central
value in the medium and large = regions; on the other hand both the central
value and the error band of V3 change, with an overall down shift of the former
and a sizable increase of the latter. The x? values are reported in tab. : the
average value per datapoint is now 1.15, showing a good fit quality. It should
be noted that after the inclusion of systematic uncertainties in the analysis, the
effect on the final result could be different depending on the specific situation we
are considering. In other words, it is not always the case that the inclusion of
new systematic effects leads to an increase of the final PDFs error, as we also
noticed in chapter [5} This can be seen for example in the case of the distribution
T plotted in fig. [0.6] from which it is clear how the error of the fit fine-sys has
not increased with respect to the one of fine-stat. The reason for this can be
traced back to the fact that the covariance matrix defined in eq. enters
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Ensemble fit Obs Ndat X Xiot

fine no cuts Re [01] 48 1.00 1.15
Im [901] 48 1.30

Table 9.3 Details of the fit with systematic uncertainties. From left to right we
report the lattice ensemble, the fit name, the observables included in

the analysis, the number of datapoints and finally the partial and total
2

X7

both the Monte Carlo replicas generation and the x? definition: while the former
mostly controls the final PDFs error, the latter is responsible for the relative
weights different points have in the analysis. Points affected by bigger errors will
give smaller contributions to the y? and therefore will count less in the fit. Each
replica will be shifted by a certain amount, which takes into account both the
new replicas distribution and the different weights of the data entering the x?, so
that the net effect on the final PDF's is non-trivial, and might consist in a global
shift of the central value of the replicas distribution rather than in an increase of

its error band.
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Figure 9.6 PDFs from the fits fine-stat and fine-sys.

Despite it is probably too early to draw comparisons between our results and
phenomenological distributions, it is interesting to see how they look when plotted
together, as we did in the previous chapter for quasi-PDF's results: given the fact
that nowadays V3 and T3 are very well constrained by experimental data, the
discrepancies we observe between lattice and phenomenological results might be
a good indication of the size of the systematic we are still missing, highlighting
specific z-region where the lattice PDF's error might have been underestimated. In
fig.[9.7, our result fine-sys and the corresponding distributions from the NLO PDF
sets NNPDF31 [48] are plotted together (orange and green curves respectively),
both as absolute values (upper plots) and normalized to NNPDF31 (lower plots).
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Looking at results from fine-sys, in the case of both V3 and T5 the two distributions
are compatible up to medium (~ 0.25 and ~ 0.45) and for large values of x (>
0.8), showing a probable underestimation of the PDF's error for the intermediate

T ranges.
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Figure 9.7 PDFs from the fits fine-sys compared with the corresponding
distributions from NNPDFS31. In the lower plots results are
normalized to NNPDF31 PDF's.

To sum up, in this chapter we have considered the pseudo-ITD data produced
in refs. [198, 200]. Using the position space factorization theorem relating such
data to collinear PDF's, we have extracted two nonsinglet distributions within the
NNPDF framework.

After extracting PDFs from different data sets and considering statistical
uncertainties only, we have shown that in one of the cases considered, the fit
quality appears to be really poor, pointing out the need for a detailed knowledge
of the systematic effects. Using the results of ref. [198, 200] we have directly
estimated those connected to finite volume, lattice spacing and pion mass effects.
As for systematic uncertainties which cannot be directly computed from lattice
results (like for example truncation effects and higher twist corrections), starting
from the observed discrepancies between low loffe-time points we have used a

Bayesian approach to introduce an additional systematic which allows us to
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mitigate the tensions between the problematic datapoints, using the partial pieces

of information which are available to us.

The Bayesian approach however is not completely satisfying, since it relies on a
partial knowledge of the missing uncertainties and requires to make a number
of assumptions about them. More work has to be done to achieve a detailed
knowledge of the systematic uncertainties in lattice simulations: without a
stringent control over them, it is not possible to draw reliable conclusions and to

make comparisons with phenomenological distributions.

Finally, we stress once more that the analysis performed in this paper is
complementary to that presented in the previous chapter, where quasi-PDFs
matrix elements where considered instead, starting from the momentum space
version of the factorization theorem. In both cases, results have been produced
within the NNPDF environment, running the same machinery used for global QCD
analysis over experimental data. It is therefore interesting to compare our best
result of this chapter fine-sys with one of the more realistic cases of the previous
one, like for example those produced using the systematic scenario S2. Both PDFs
sets have been obtained using the same NNPDF methodology, the only difference
being the input data (pesudo-ITD and quasi-PDFs data) and the corresponding
errors, discussed in details in sec. and respectively. Quasi-PDFs and
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Figure 9.8 PDFs from the fits fine-sys compared with the corresponding
distributions from the fit presented in Chapter[§ produced with the
systematics scenario S2.

pseudo-ITD results are plotted together in fig. [9.8 both T3 and V3 distributions
appear to be in good agreement, the main difference being a huge decrease in
the PDFs error when considering results presented in this work. This difference
can be partially traced back to the number of points included in the analysis:
while in the analysis of chapter |8 16 points for quasi-PDFs matrix element

where included, in this chapter data corresponding to all momentum values are
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considered, for a total of 48 pseudo-ITD points. Clearly, having more points
in the analysis allows to better constraint the fit results, giving final PDFs with
smaller error. The size of the statistical and systematic uncertainties affecting the
points entering the two analyses is of course another reason for different PDFs
error. In general it is expected that, given equivalent computational cost, the
low momenta matrix elements, which are used in the pseudo-PDF approach, are
exponentially more precise than the large momenta matrix elements, to which the
quasi-PDF approach are restricted. However a detailed study of such differences

is left for a future study.

The next logical step might be a global lattice QCD fit within this same
framework, where data for multiple lattice observables coming from different
simulations are simultaneously included in the analysis. Given the results
presented here it is clear that, when combining the currently available data for
quasi-PDFs and reduced pseudo-ITD, the fit will be driven by the latter, and
the results won’t be much different from those of the fit fine-sys. However the
situation might change when some level of maturity in terms of precision and
systematic effects is achieved. One could then combine data from all pertinent
lattice formalisms including results from the so-called “Good Lattice Cross-
Sections” (LCS) approach, which is described in ref. [I75] and represents a general
framework, where one computes matrix elements that can be factorized into PDF's
at short distances [246], 250-253], on the same lines of what described in chapter .

Clearly a global analysis only makes sense after having scrutinised each set
of data individually, and having understood the systematics that affect them.

Chapters [§] [09] represent a first step in this direction.
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10

Summary

In this thesis we have presented a number of studies connected to the general
topic of the proton Parton Distribution Functions. PDFs represent an essential
input to perform computations of processes involving hadrons in collider physics,
and nowadays they are responsible for the dominant source of theoretical
uncertainties in many important analyses. In order to achieve better accuracy
in theoretical predictions entering phenomenological studies, a better control of
PDF's uncertainties is therefore necessary. This can be achieved through both
improving the numerical frameworks and techniques commonly used to extract

PDFs from experimental data, and exploring new approaches and physical ideas.

In the first part of the thesis we have revised the general methodology adopted
by the NNPDF collaboration in global PDFs determination, describing its
implementation within the n3fit environment. In particular, we have described
the implementation of positivity and integrability constraints, studying their
impact in a global fit. Additionally, we have presented studies regarding fit
basis independence, showing how the final results are driven by the experimental
input and do not depend on the methodological details, such as the choice of the

distributions that are independently parameterized.

We have then presented a systematic study of the inclusion of inclusive jet
production measurements at LHC in the context of global PDFs determination.
Single-inclusive jets were considered and, for the first time in a PDFs fit,
dijets data. In order to perform this study we have used recent NNLO QCD
computations supplemented by EW corrections, both implemented in the fit by

mean of K-factors.

Using a Bayesian approach, we have set up a general formalism to include different
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sources of theoretical error in a global PDF's determination by means of a covari-
ance matrix, and we have considered the case of missing higher order corrections
in the QCD calculations entering the global analysis. After constructing and
validating the corresponding covariance matrix, we have presented a first NLO
global PDF's fit including missing higher order uncertainties, studying the impact

of the theory error on the PDF's central value and uncertainty.

We have generalized the FONLL matching of massive and massless computations
for hadronic processes involving heavy quarks to the case in which the heavy
quark PDF is freely parameterized. As a first application we have studied the
case of Higgs production in bottom fusion, showing how b PDF effect are likely
to be comparable to mass effect. The determination of the bottom PDF from
experimental data is therefore likely to be necessary for precision studies of b-

induced hadron collider processes.

In the final chapters of the thesis we have addressed the problem of PDFs
determination from a different point of view, exploring a number of recent ideas
which have been developed within the lattice community. We have first revised
and clarified the main conceptual points of such ideas in the context of a simple
nongauge theory, proposing a general strategy to extract PDFs from lattice
simulation in a systematic way. We have then considered some of the data which
are currently available from lattice QCD simulations, and we have presented a
first study of PDFs determination from lattice QCD observables adopting the
NNPDF methodology. Our results show how promising lattice data might be in
constraining PDF's, but also highlight the necessity for a deeper understanding

and control of the different systematic errors entering lattice simulations.
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Statistical estimators

A.1 PDF distance

Considering a set of V., replicas ¢; of a given parton distribution ¢, the estimator

for the expected true value of ¢ is given by

Nrep
1
(@) =5—D @ (A.1.1)
TP ;-1

The square distance between two estimates for the expected true value obtained

from two different fits is given by [53]

() =) (A12)

with the variance of the mean given by

o2 [(q(k)>] _ N_UZ [q(k)} 7 (A.1.3)

rep

with o2 [q(’“)] the variance of the variable qi(k

Nrep
1 2
or ] L (.(k>_ <k>) AlA4
o’ [¢"] Nrep_li; g — (")) . (A.1.4)

According to this definitions, d ~ 1 corresponds to statistically equivalent fits,
while, considering a fit with N,,, = 100 replicas , d ~ 10 corresponds to a

difference of one-sigma in units of the corresponding variance.
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A.2 ¢ estimator

In chapter [5| we introduced the estimator ¢, defined as

6 = /(2 [TW]) = 32, [(TO)] (A21)

Here, following ref. [55], we show how such quantity measures the standard
deviation over the replica sample in units of the data uncertainty. Using the
x? definition the first term of eq. can be written as

ND<XZXp [T(k)ib :Z<T IJlT (") ZDICIJ

I
=T D, + Y DiCr Dy, (A.2.2)
1J IJ
so that subtracting X2, [(T™)] we get

Np (2 [TW]) = 32 [(TW)]) =D (PO T80y = > (1o HTs?)
(A.2.3)

from which
= Z Ci My, (A.2.4)

i.e. the average over all the data points of the uncertainties and correlations
of the theoretical predictions, 77, normalized according to the corresponding
uncertainties and correlations of the data as expressed through the covariance

matrix Cf.
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Impact of the choice of the correlation model

In this appendix we discuss the impact of different decorrelation models for the 8
TeV single-inclusive jet data from ATLAS. As discussed in sec. [4.3.1] these data
appear to be fully consistent with the corresponding 7 TeV ones, yet they show
a poor x? when included in the global fit. The problem might be due to some
issues in the covariance matrix of these data, in a similar way to what discussed
in ref. [254] for 7 TeV dataset.

To check whether or not this is indeed the case, starting from the default fit
(#janw) we produce two variants by modifying the treatment of three (out of 659)
correlated systematic uncertainties related to the jet energy scale, as suggested
in ref. [I19]. Specifically, in the first variation, denoted as #janw-8dec, these
three uncertainties are completely decorrelated; in the second variation, denoted
as #janw-8pcor, they are partially decorrelated, splitting each uncertainty into
three components and decorrelating one of them. From Table. we see how,
upon decorrelation the y? for ATLAS improves considerably, leaving the values
for the other datasets almost unaffected. Very similar results are obtained when
fully or partially decorrelating the relevant sources of systematics, thus validating
the prescription of ref. [I19]. At the PDFs level the results are very stable, as we
see by inspection of fig. , where the gluon PDF for #janw and #janw-8dec are

compared.

We conclude that the decorrelation models suggested in ref. [I19] solve the issue
observed in sec. [£.3] leading to a good fit quality of the ATLAS single-inclusive
jet data at 8 TeV without significant change in the PDF's.
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Dataset Ndat janw  janw-8dec  janw-8pcor
ATLAS 7 TeV 31 1.59 1.59 1.61
ATLAS 8 TeV 171 3.22 0.83 0.98
CMS 7 TeV 133 1.09 1.12 1.12
CMS 8 TeV 185 1.25 1.42 1.42
ATLAS 7 TeV 90  [1.95] [1.98] [1.98]
CMS 7 TeV 54 [2.08] [2.19] [2.17]
CMS 8 TeV 122 [2.21] [2.96] [3.04]
Table B.1 Same as Table @ for fits performed with alternative choices of

decorrelation models. Now only x> values for jet data are shown.
Results for the fits with default settings #janw already shown in
Table are included for ease of reference.
Fit janw-8dec Q= 100.0 GeV E . g at 100.0 GeV
14 4 H g 115 Jets, 7and B TeV, ATLAS bins cor (janw) (68 c.l.+10)
‘; é Jets, 7and B TeV, ATLAS bins, dec (janw-Bdec) (68 cl.+1a)
12 : 2 1.10
a 3
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X X

Figure B.1 Same as fig. @ but now comparing the default fit to single-

inclusive jet data (fit #janw), to a fit in which selected systematic
uncertainties are decorrelated in the ATLAS 8 TeV data (fit #janw-
8dec). The gluon is shown as ratio to the former fit.
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Alternative points prescription for theory error

In sec. [5.2) we have discussed how to construct the theory covariance matrix using
the so-called 9-points prescription, where the renormalization and factorization
scales of a specific process are varied completely independently. In ref. [9] a series
of alternative options are investigated, and the 9-points prescription is selected as
the most suitable one according to the validation procedure described in sec. [5.3|
In this appendix we present an alternative simpler choice, denoted as 3-points
prescription, studying how the fit and validation results change, and showing

how the 9-points prescription is indeed a better option.

In the 3-points prescription both the renormalization and factorization scales are
varied coherently by a fixed amount about the central value. In other words,
considering a single process we set k;y = k, and we only vary the single resulting
scale, obtaining the 2+1 points in the scales space shown in fig.[C.1] The resulting

entries for the theory covariance matrix are

S %{A;HA;H FATATY (C.0.1)
where the indices ¢, 7 label point belonging to the same process w. Considering
two different processes m; and m, we set k¢ = k,, for m; and ky = k,, for my and
then vary k,, and k,, independently. Note that in this way the correlation in the
variation of ky between m; and my is necessarily ignored so that the variations
for each process are entirely uncorrelated. eq. is generalized to the off-
diagonal entries of the theory covariance matrix getting

i1J2

1
G3pt) _ Z{(AF + A7) (AT +A) ) (C.0.2)
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Ky

Figure C.1 3-points prescription for a single process.

where the indices 1, jo» now label point belonging to the processes m; and
respectively. The validation of such covariance matrix proceeds like described
in sec. [5.3] through the computation of the angle § between the shift § and its
component on the subspace S, defined in eq. . In Table we compare
the values of such angle for each process in the case of the 3- and 9-points
prescriptions. We note how the former performs rather poorly in comparison
to the 9-points one, suggesting that the lack of correlation in the factorization
scale between processes in this prescription implies that much of the correlation

pattern in the MHOU due to universal PDF evolution has been missed.

Presc. | DIS NC | DIS CC | DY | JET | TOP
9-pt 32° 16° 22° 14° 3°
3-pt 540 36° | 390 | 24° | 120

Table C.1 Comparison between the 6 walues for the 8- and 9-points
prescriptions.

In Table. we compare the values for the total x? and ¢ estimator for
fits performed with the 9-points, already shown in sec. 5.4, and the 3-points
prescription, together with values for the baseline NLO fit produced without any
theory error. Unlike the 9-points prescription case, for which as observed in
sec. the x? improves with respect to the baseline, in the case of the 3-points
prescription the fit quality remains unchanged after the inclusion of the MHOU.
Both prescriptions show an increase in the value of ¢, which is bigger in the case

of the 9-points one.

Finally in fig. we study the dependence of the fit results on the choice of
the prescription for the theory covariance matrix, taking as example the gluon
distribution. In the same plot we report also the central value of the NNLO
fit with experimental uncertainties only and all the distributions are normalized

to the 3-points prescription results. In general the two results are consistent,
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C | C+8GY) | O+ 5O
2 | 1.139 1.139 1.109
¢ | 0.314 0.394 0.405

Table C.2 Comparison between x? and ¢ total values of 3-

prescriptions

1.10

g
o
a

=
o
S

Ratio to C+ S(3-pts)
=} o
o ©o
o w

o
)
o

0.80

g at 10.0 GeV

C+ S(3-pts) (68 c.l.+10)
s C+ S(9-pts) (68 c.|.+10)

NNLO C

107° 1074

1073
X

1072 107t

and 9-points

Figure C.2 Comparison between the gluon PDF produced using the 3-points and
9-points prescription for the theory covariance matrixz. The central
value of the NNLO fit without any theory error is also shown. All
the distributions are normalized to the 3-points prescription results.

but the central value of the 9-points prescription result is much closer to the

NNLO central value, providing further confirmation for preferring the 9-point

prescription.
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Massive-b scheme

D.1 Matching coefficients

We collect for ease of reference the well-known matching coefficients which relate
the four and five scheme PDFs. Up to O(a;)

Kij(2,Q%) = §,;0(1 — 2) + a,(Q*) K (2, Q%) + O(a?). (D.1.1)
so that
Kj'(2,Q%) = 050(1 = 2) — ay(@°) K} (2,Q%) + O(a2). (D.1.2)

The only non-zero contributions at order O(ay) are the heavy quark-heavy quark

and the heavy quark-gluon matching functions, which are respectively given by

Q*\_C Q?
KIE;) (x, ?> = ﬁ{qu(x) [lnu—g —2In(l —z) — 1} }+

Q’) . o (D.1.3)
KV (2,5 ) = 2ZP,y(x) n %
bg (7 g) o qg(x) n z
where
2
Py(z)=(1 — 2z + 22°) and Py(z)= 1 —(142). (D.1.4)
-z
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D.2 Massive coefficient functions

In this appendix we summarize the computation of the coefficient functions in the
massive scheme and of their massless limit up to O(«;). The NLO corrections are
computed using the extension of Catani-Seymour subtraction for massive initial
states developed in ref. [I47] and extended to QCD in ref. [I39]. This way of
preforming the computation has the main advantage of following closely that of
the five-flavor massive scheme, so that a direct comparison is much easier to at the
analytic level. Indeed, strictly speaking because of eq. the massless limit
is not needed. However, we have computed it explicitly in order to check that
it matches the massless-scheme result (thereby verifying eq. explicitly),
and also in order to produce fig. [6.2] which provides a further consistency check.
Another advantage of this way of performing the computation (though we do not
use it here) is that it allows for the computation of the fully differential cross

section in this scheme.

D.2.1 Leading order

The leading order partonic cross section for the production of a Higgs boson,

accounting for the mass of the initial state b and b, is given by

do(zs) = (ﬁ“{%) §(xs —m3) = ooz (x - mT%I> (D.2.1)

2 2
Ypprr Do / 4m
gg = bgHT%{ s and 50 = 1-— m%{b . (D22)

where g5 is the coupling of the b quark to the Higgs boson, obtained as the

where

mass of the quark divided by vacuum expectation value of the Higgs sector:

m
Gebrr = Tb (D.2.3)

In the following we will also use the notation

B(z) = 6g(xs), and B =dy(s). (D.2.4)
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D.2.2 Next-to-leading order: bb-channel

The next to leading order corrections to the Higgs production in bottom quark
fusion consist in virtual corrections (V) to the left diagram of fig. as well as
of real emission corrections (R) , represented by the central diagram of fig. .
Both this contributions are separately divergent when the additional gluon, real
or virtual, becomes soft, though the final result remains finite. In order to handle
these soft divergences we employ the subtraction scheme defined in [139]. This
implies that we need two more ingredients: a subtraction term, S, and its integral

over the gluon phase space, Z = f d®,S. Our final result is then given by:

bNLO = /dCI>16+V+I+/d<I>2R—S. (D.2.5)

Real corrections, and subtraction term

The real emission partonic differential cross section, is given by

/d@gR = /d@g ’MM;HQ‘ (s, t,u), (D.2.6)
where
0By = — ' deosBO(1 +cos0) O(1 — cosd), B—1/1— 2T (Do)
9 = 3271'63 COS COS COS s - s ) cL
and

— 4 1 1
|Mbl_>Hg|(S7tau) = gﬂ-gI?BHCFOés {(S - mlzq) |:m2 —t + m2 — u:|
b b
2(s—2m?) 2m? 2m?
2 gm2 b _ b b _
o) |~ G

(D.2.8)

The Mandelstam variables in terms of scalar products and cos @ are given by

2

t= Z—S_2mH (1 - cosb)
o : (D.2.9)
u=mj — (14 B cosb)

In order to remove the soft divergence which appears in the s — m?% limit we
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need to construct a suitable subtraction term. Using the relevant equations in
ref. [I39] we find

92 1 2 . 2xm?
S=<-ma,Cropy B m%g {m (qu(f) b)

2 2% m?
— (P, (%) — b D.2.10
e (G R | ECER
where
2 2
= 2 D.2.11
. S—ng ( )

Combining eqs. (]D.2.8[) and (]D.Q.lOD and factoring the trivial @ dependence

we get

2 1 22
—O‘ScF"O/dcpg[R—S]:—0‘50”0%/ dcos@[( s (s = miy)

™ . 1 i — 2md)(mf — 6)(mf — )

Qg CF 0o 1 1— 52 €T
- _ —_ Ind,
T 5o 52 (1—-2x—f?)
(D.2.12)
where we defined 145 )
+ miy
= — = —= D.2.1
d 5 and =z . ( 3)

Virtual corrections, and integrated subtraction term

QCD virtual corrections to the Born process in this simple case completely

factorize in a vertex form factor:

y-%Crps (D.2.14)
s
with
1— 2
(Sg = —l—L,\—l—ﬂlndo
Bo
1+ 32 , 1 2
- Wfo —lndo L/\ + ln2 do + L12 (1 - d—o) - ?:| y (D215)
where . L
Ly=-+1In WgR +0O(€%). (D.2.16)
€ mj
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The integrated subtraction term Z is obtained by integrating S, eq. (D.2.10)),
over the phase space of the emitted gluon. This term can be separated into two

pieces: a term proportional to §(1 —x), which contains the singularity, and a plus

distribution:
T=0(1-2)1+{G(x)}, , (D.2.17)
where
_ (1+45)?*  1-35
I—Z—FL/\—IH 1—ﬁ§ —|— 4ﬁ0 lndo
L+ B3 (1, 5, 488 - (1Y _ ™
+ 2 o {zln do — Indy In 1+ 57 Ly Indy— 1+ 2Li, a0 5|
(D.2.18)
and . )
{G(x)}y = {qu(x) {;—@6 Ind— 1] +(1- x)} : (D.2.19)
+

Final formulae, mass and PDF renormalization

We now combine the various partial results obtained in the previous subsections
into the full expression for the bb-channel coefficient functions. First, however,
we need to adjust b-quark mass and the PDFs. Renormalization of the b mass

leads to the replacement

a,Cp (3. m?
Ghts = Ins (KR (1— d (5111_; - )> . (D.2.20)

in 0y, eq. (D.2.2)).

The massive b PDF is free of collinear singularities and thus it does not have to

undergo subtraction: indeed it is scale independent. However, we must perform
the change of renormalization scheme eq. (6.11) which relates the massive and

massless schemes. Up to O(as) we get

By (@, iy, piip p1y) = | o0(pg)0(1 — )+

s (13) By (o, 163, 13, 1) | + O(a?) (D.2.21)

179



where

oo(uk) Cr [[3, 1
BY (w, %, i, 12) = % n

51n?+2+1+(59] 5(1 — )

b (D.2.22)

1
+/ dz{G(z) — 2Kl§£)(z)}+z 0z —x)+ /dCI)g R — S]} .
0
Performing the z integration gives the final result

B (2, 1k, 13, 1i3) =
2 1 2 2 2
—UO(MR>CF{5(1 — ) {§—2+§ (’Yoln( 5 — yoln —i—lnM—R)]

T 2 4 mj 0

+4Dy (1 —x)+2 lfyln u —26)2 —l—”yln%%—ln%} Do(1 — x)
—(2+ 2+ 27) {’ylnw—i—'ylnm—%—’ylnx+lnu—§+21n(1—x)}—i—ac(l—x)
4 my, HF
29y Inz 1 [1— /2 x nd
w0 wmmee )
(D.2.23)
where
_ 1— 5 ) (5 —75)
51—|—1n<<1+60>2 + 15, In dy
(ﬁ3+1)( . <l> ™ 453 )
+ % 2 Li, o + 5 lnd01n<1+ﬁg>(1+ﬂo) : (D.2.24)
and
1+ 1+ ("1 —=x)
v = 25 Yo = 2 and Dn(x)—(ﬁ)Jr. (D.2.25)

Massless limit

The massless limit of the bb-channel can be computed directly from eq. (D.2.23)),
by setting 8 = 1 everywhere except in the logarithms, where one can use the

simple expansion

92 2 4
Bl - 240 (m—f) . (D.2.26)
m m
H H
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We get

a, Cpog(u? w2 3 2
B (, ph i 1}) = 4 Crooh) {50 - gy -1+ % 4 21 t
™ 3 2 up

2 2 21

44D (1 —z)+2 (i ) pyq — gy - 2
2 2

5 my 1

(D.2.27)

— X

2 2 1— )2
— (24 z+ 127 [ln%—i—ln%—l—ln%} +x(1—x)}.
F b

As it can be easily verified, this exactly corresponds to its massless scheme

equivalent, which can be found in eq. (A6) of ref. [255].

D.2.3 Next-to-leading order: bg-channel

In the presence of initial-state massive quarks, the cross-section for the bg-channel
is free of soft or collinear divergences, and no subtraction is accordingly necessary.
Also in this case, however, we must perform the scheme change eq. (6.11). We
get

1
B (ot i ) = nglaay) = [ e K it )o)
0

D.2.28)
. a;Troy [x % (
= (o) — A |2 ]|
b r=—"
where
N —_ 2
Gy (s 1) = / A2 (M| (5,1, u) | (D.2.29)

and the subscript (b) in <1>§b) denotes the fact that now the phase-space has a
massive b instead of a massless gluon, in the final state. The color- and helicity-
averaged square matrix element, can be obtained from eq. using crossing
symmetry. In addition, we have to take into account that the gluon can have 8

possible colors (as opposed to 3 for a quark),

_ 3
’MbgHb‘z (S,t,U) = —g |MbBHg’2 (t, S, U) , (D230)
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where now the Mandelstam invariants are given by

t=2m2+ — ((5— BB +4z —5) — 3+ %) A cos )

Re (D.2.31)
u:m§+3—2 (56— B*)(B>+4x—5)+ (3+ %) A cosb),
where
A=1/B+B) +1622 -8z (5 52), (D.2.32)

while the phase-space d@g’) is given by

Az 5 dcos O(1 + cos ) ©(1 — cos0) . (D.2.33)

Aoy =
2327 (3462 my

Performing the cos 6 integration gives

g, )~ T0lih)___
g\~ T 16ﬁ0 (52 + 3)3

A
X {—64 (98" + (40z — 42) 8% 4 8z(4z — 9) + 49) arctanh (m
4096 A (1 - 5%) (B> + 2 —1)
(—A+ 52 +4x —5) (A + % + 4a — 5)
+A (5-67) (54+(4x+22)52+44w—71)}-
(D.2.34)

Massless limit

As in the case of the bb channel, taking the massless limit requires setting § = 1
everywhere except in the logarithms where one can use eq. ((D.2.26)), which gives

Tr [z (1—z)? m? e

B(l)v(o) 2 2 2y R - p 1 1 H 1 b

by (T Wy s 1) — 12 49(7) |In _:c +In 12, + nmg
- %(1-@(3—7@}. (D.2.35)

Once again, one can explicitly check that this exactly corresponds to it massless

limit counterpart, which can be found in eq. (A9) of ref. [255].
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Lattice observables

E.1 Momentum space factorization

In this appendix we report in detail some of the computations performed in
sec. [7.3.2] to obtain the coefficient C' of eq. and its high momentum limit
of eq. . In order to compute the Fourier transform of the coefficient C
entering eq. , we perform a change variable, 6 = £P323, and define n = %
so that

Py [ b~ i 1 [~d0 _. , -~ T
ik d iyPszs P L R e g == ) =
21 J_ oo = (m 323’mZ3’m2) a:/oo or ( "x Py’ m?2

:i[a(n—n—a/oldf(l—é) /_m;ii e (QKO(%DD g J\/}_Z)]

(E.1.1)

The Fourier transform of the Bessel function, obtained also in ref. [237], can be
computed using the integral representation in eq. (7.30]), computing the gaussian

integral over 6 first:

/ -y /mﬂe—%(fﬁi)z&: ! . (E12)
27 ¢ o T \/(77 £)* + x2P2

so that the O(a) contribution to (E.1.1)) can be written as

12

! 1
de (1—¢) —se—mlog | (E.1.3)
! NCEGE faar

m2P2
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As mentioned in sec. [7.3.2] the computation of the large-P; limit when 1 € (0,1)
requires additional care, since the integrand develops a non-integrable divergence
for ¢ = n when M?/(x?P?) — 0. This issue was first addressed and solved in
ref. [197] in the context of QCD. Since in the scalar theory the same kind of
Bessel function appears, its Fourier transform leads to an analogous singularity.
In order to elucidate this problem, given a generic test function ¢ (£), we consider

the integral

/1 d¢ ¢ (£) (E.1.4)
0 (n =€) + 52

in the limit where x — 0. Defining

N .-
S e e

allows us to rewrite eq. (E.1.4) above as

(E.1.5)

/ de—28)  _ 4una () + / de—L b —om).
RVAURS IR VAR IR
(E.1.6)

The divergence of the original integral is encoded in the function G (n, x?), which

can be readily evaluated:
1
G (n, k%) = log (47] (1—mn) ?) + 0O (k%) . (E.1.7)

The integral on the RHS of eq. (E.1.6|) is convergent for k — 0, and we have

/Odg( ! (6(6) — 6 (n) =

0 —&)" + K2

1 1 2
:/0 a €7 (¢ () —o(n) + O(x7)

1 1 )
:/0 & [ 619+ 0. (E.1.8)
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Therefore, collecting both contributions,

1 1 1 ;
CEEET 0(n — &) log (477(1 —n)?) + CETR +0(s?) . (E.19)

E.2 equivalence between pseudo- and quasi-PDF

approaches

As discussed at the end of sec. taking the small-z2 limit in position space is
equivalent to taking the large- P3 limit in momentum space. This can be verified
at 1-loop by showing that the coefficent functions of egs. and are
related through a Fourier transform, as stated in eq. . Here we report

the details of the computation. Taking the Fourier transform of the small-z2

coefficient of eq.(7.41)) and defining n = y/x we have

Py [~ —iyPsz3 A~ 29y _ 1 /OO b oy x (20
o | dzz e C (xl/,p zg) =2/ o e Cl0, e
1 4 (zP3)? /1
= 5{5 (n—1) + alog e ), dgo (& —n)(1-¢)
1 T im0 10 02
—a/ dg<1—g)/ 40 —itr-210 1 2| (B.2.1)
0 —00 27

Following ref. [I76], the Fourier transform of log 6 can be defined as

ﬁe—ite 10g02 — |: d /d_ee—ite (92)7—:|

2m dr | 2n 0
o —1Jth) o(f-1) 1 (1>
= —29p0 (t) — — + il— ), (E.2.2)
" oy [l (@2 \I]
with

1 0(|t| —
—  =lim [M +d(|t|] —a)log a} : (E.2.3)
[t 40y a0 |t]

1 1 1 1
— = — lim [0 (— — a) it|+6 (— — a) log a] , (E.2.4)
4oy ()7 a=0 [\ 1] I

5 (%) ~ lim s (% - a) | (F.2.5)

The proof of eq. (E.2.2) can be found, for example, in the appendix A and C
of ref. [I76], to which we refer for more details. Setting ¢t = n — ¢ and plugging
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everything in eq. (E.2.1)), remembering that & € [0,1], we get different answers
depending on the value of . For n € [0, 1], just the first two terms in eq. (E.2.2))

contribute, giving

/oldf [m (n—€) —lim (6 LU bg“)] .

a—0 n — ¢
=loge®™ (1 —n) + (1 —n)logn (1 —n) +2n—1, (E.2.6)

while for > 1 or n < 0 the third contribution in eq. (E.2.2)) gives simply

_/0 de (1—¢) (|77_ §§)| (E.2.7)

Looking at the last term in eq. (E.2.2), considering its contribution to the

convolution integral with the PDF and doing the integral over x first we find

lim dx/ de (1 (|y1€| a)f(x)a£%a2f(a):o. (E.2.8)

Using egs. (E.2.6), (E.2.7), (E.2.8) in eq. (E.2.1)) we find back the expression for
C <77, %) as in eq. (F.0.1), which completes our check.

E.3 quasi-PDFs and their moments

As mentioned at the beginning of chapter[7], the works where the concept of quasi-
PDF was first introduced have been criticized in refs. [191] [192], where it was
argued that such approach does not give access to the full nonperturbative PDF.
In support of their argument, the Authors have shown that moments of quasi-
PDF's are divergent: since the moments of parton distributions should reproduce
the (finite) matrix elements of the renormalized local DIS operator, they conclude
that the quasi-PDF cannot be considered as an euclidean generalization of the
light-cone PDF. The problem has been addressed in several independent papers,
see e.g. refs. [165, 169, 193]. In this appendix we revise these criticisms in
the framework of the scalar model: first we show how the points raised in
ref. [I91) 192] can be easily seen and understood within the toy model presented
in chapter [7] showing explicitly how all the moments of quasi-PDFs are indeed
divergent; second we discuss how such feature does not invalidate the programme

presented in sec. [7.5 based on the determination of a parametric form of the
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light-cone PDF based on a discrete set of data for the euclidean matrix element.

We start this section by computing the moments of the quasi-PDF. From
eq. (7.31)), using the integral representation of the Bessel function, the O («)

contribution to the euclidean matrix element reads

O ) o [ AT g
MW (v, —23) =a [ dE(1-¢) e e e . (E.3.1)
0 0

The corresponding contribution to the quasi-PDF is found by taking the Fourier

transform of the expression above:

P
¢ (y) = 3/ dzg e~ WP ) (v, —23) (E.3.2)

2
—a—/ ¢ (1—¢ M/ AL 1T (E.3.3)

where in the last line we have computed the gaussian integral over z3. Taking

the n-th moment of ¢ (y) yields

/Zdyy” _a_/ dg (1-¢ M/ _T/ dy (y—&)"e 21%%2.

(E.3.4)

We can expand the polynomial term as
woer =3 (F)yre (E:35)
2 \n 3.

and evaluate each contribution in turn. The term with k& = n, performing the

integral over y first, yields

P! W1 [dT [ pprd
Ckﬁ/o df (1—5) M/O ﬁe T/_oodye L (E36)
1 ood
:a/o d¢ (1—5)5”/0 ?TeT. (E.3.7)

The integral over T is divergent, with the divergence originating from the lower
end of the integration region, i.e. when T'— 0. Introducing a cutoff a* for small

values of T[] and considering the limit a> — 0, we get the logarithmic divergent

IThe cutoff ¢ has dimensions of length and can be thought of as a lattice spacing if the
theory were regulated on a lattice.
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contribution

! n < dT -7 a*=0 ! n 2
a/o ¢ (1-¢)¢ /a2 e ~ —a/o d¢ (1 —¢)¢&" loga*. (E.3.8)

Similarly we can consider contributions coming from even values of n — k. Using

oM M2 d\™ [
d 2m —Ty 2 e I / d —T
/_OO vy " P3 ( P2 dT) e

_ M= " Mym 1
2 P2 dT JT TP el

(E.3.9)

and considering n — k = 2m, we get

a/o e (1—5)5“—%/:%6*
o0 /01 g (1—g)en2m L (i)m (E.3.10)

m \ a?

where again we have introduced a cutoff a? for small values of 7' and considered

the limit a?

— 0. Contributions from odd values of n — k vanish. Looking at
eqs. (E.3.8), (E.3.10) it is then clear that all the moments of the quasi-PDFs

will be at least logarithmically divergent with the cutoff a?, with higher moments

affected by higher power divergences.

This relatively simple calculation shows that we obtain divergent contributions
for the moments of the quasi-PDF and therefore quasi-PDFs cannot be considered
as the proper euclidean generalization of the light-cone parton distribution. This,
however, does not invalidate the approach described in sec. as mentioned,
what really matters is the existence of a factorization theorem connecting the
collinear PDF with a renormalizable quantity that can be computed on the lattice,
which in our case will be the euclidean matrix element of eq. , computed
for fixed values of P3 and z3. As long as z3 is kept small and different from 0,
the factorization formula holds, and can be used to fit the light-cone PDF
using the available lattice data. How well such data can constrain the PDF is
something which should be investigated, just as in the same way the constraints

from new experimental measurements are usually analyzed.
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PDFs from quasi-PDFs matrix elements:

matching coefficient and lattice convolution

As detailed at the end of sec. [8.2.1], the matching coefficients to be used to relate
the data of refs. [I8T], 202] to the light-cone PDFs are those expressed in the MMS
scheme. Their explicit expression is given by [I81] 202]

Cs(&n () =0 (1-8) +C3" (&n(€),

[ 2 [1,400]
ﬁlOngLlJri] €1
1€ -1 %], ) -
Oés I 2 )
GO (€ n(©), = 520 | [ log g e - )| - 48] 0<e<n
: [~o0,0]
1+¢2 & _
T loeeT 1*2(15)]() ¢<0

(F.0.1)

where the superscripts indicate the domain over which the plus prescription acts.
The matching coefficients relate the light-cone PDF to the quasi-PDF up to power

suppressed terms according to

fa (wPe, pi?) = /1 @03 (w ) fs (y.1?) - (F.0.2)

1 |yl y yP.

In the following, we work out the full expression of the coefficients appearing in

eqgs. (8.14)), (8.15). Starting from eq. (F.0.2) we have

~ U dy x U dy x
) 27PZ :/ _5(1__) ) 2 +/ _CNLO(_a ) ) 2 .
fs (z, 1, P.) Tl y fs (v, 1%) LS +f:z,(yu)

(F.0.3)
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Let us focus on the next-to-leading order term, making the plus distribution

explicit. In order to do so, we find it useful to split the integral in the two

T

contributions for y < 0 and y > 0. A change of variables, v = &, yields

~ Uy A
NLO (1 2 ) = / @Y oNLO (_7 ) 2
3 (ZU H ) Lyl ' yP, +f3 (?/ H )

— Ood CNLO ,u_ﬁ) i (f 2)
/|;U| 5 3 (§7$PZ +|§|f3 gmu +
—lz|
NLO p€ 1 x

The plus distribution appearing in the matching coefficients is defined in ref. [176]

and implemented as follows

/D 06 C (€9 (6)), £ (€) = /D 0 [C(€.9(6) £ (€) —CEg() F(1)], (F.0.5)

with ¢ (§) = x“—lfz and D representing a generic integration domain, which in our
case will be, according to eq. (F.0.4), either (—oo, —|x|) or (|z|,+00). It follows

N o0 fs (& 12
é\TLO ($,M2,Pz> :/ dé— Oé\ILO (é-’ ,Uf ) 3 <§ H ) . C:ls\ILO (57 L) f3 (I7,U/2)

o] zP, [3 zP,
~la| fs (£, 0
o (e ) (fa ) e (6:25) o)

(F.0.6)

It can be easily verified that the two contributions appearing in the above equation
are indeed well defined for every fixed x: the singularity in £ = +1 is cured by
the plus prescription, while for & — +oo the matching coefficient behaves like
C (&) ~ 5%, which is enough to guarantee the convergence of all the integrals
above. For numerical stability we find it useful to avoid the singularity in £ =

+1 introducing a suitable small parameter § ~ 1075, and rewriting the above
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equation as

~ 1-6 350 1-6
oty - e (6 26) g [ 2
> pe \ I3 <§“> > [
v " decy (s, L PZ) S hew [ " dec (5, . Pz)
—|z| fal 5, 1 x|
- [ aeeye (5, j]_ﬁ) <§ )—f3<x,u>/oo de ON0 (5, fé)'
(F.0.7)

In order to obtain the lattice ME, we need to compute the real and imaginary

part of the Fourier transform of eq. (F.0.3)) as shown in eq. (8.11)). Starting from
the leading-order contribution, we get

00 1 d
/Oodx cos (zP,z) /1 ﬁ 5 (1 - g) fs (y, 11?)
1 1
= / dy cos (yP,z) (fg (y, ,u2) + f3 (—y, /ﬂ)) = / dx cos (xP,z) V3 (m, ,uQ)
0 0

1
= / dz ARV (2 P,2) Vs (z, pi?) (F.0.8)
0

where we have integrated in x first, re-expressed the integral f_ll dy as fol dy, used
f3(2) + f3(=2) = f37" (2) = u” (2) —d" () = V3 (2) (F.0.9)

and finally changed variables back to z. Moving now to the next-to-leading order
part, we analyse each of the six contributions listed in eq. (F.0.7)), defining for each
lattice observable six integrals to be computed, denoted as I}, I'™ i = 1,..,6.

Starting from the first contribution to the real part we get

[Re — /Oo dz cos (2P,2) /1_5 dg ON0 (g, “5) & <3M>

0 1-46
dg g3 z z
= [ d P, — OO = —=
| cosers) [ ey (6 55) (8 (Fon) + (5
/1d (P)/1 dycNLO(’” “)V( ) (F.0.10)
= x cos (zP,z —= - — Y, 1) 0.
0 o) Y y yP.) "’
where in the last line we have changed variables back to f = y. Also, the

integration range for x becomes (0, 1), since z < y < 1. Renaming variables, we
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have

e = /1d9: l/1 dy® (x — Y cos (yP,z) CY© Yy E v (93 ,uz)
! 0 z Jo 1-46 s b, )| P\
1
:/ dz A?G’NLO (x,z, %) Va (:v,p?) ) (F.0.11)
0 z

Analogously, we find out that the other five contributions can be written as

1
Ifz'{e - / d:L‘ A§e7NLO (l‘, Z7 %) ‘/Ei (I7 ,LL2) . (FO]‘Q)
0 z
with
1-5 "
A?‘*NLO = cos(mPZZ)/ dg C:TLO (57 P > ) (F.0.13)
. 1 [ Y y K
AReNLO _ 1 / duy © _ P2)CNO (2 F.0.14
5 A Yy 5 x| cos (yP,z) Cy 2 2P ) ( )
A4Re,NLO _ COS($PZZ)/ d¢ Cé\ILO (57 H ) 7 (F.0.15)
146 zP,
. 1> y
A? NLO — —; /O dy cos (szZ) Cili\ILO (_;7 I'Pz) ) (FO]'G)
Ag{e,NLO _ cos(a:PZz)/ dé C:IK\ILO <§’ l;; ) (F.0.17)
. zP,

Collecting all the terms yields eq. (8.14))
! 1
O,Pfoe (z, ) = / dx C3* (x, z, F) V3 (x, ,u2) , (F.0.18)
0 z

where

CRe (a: 2, %) — AReLO | pReNLO (F.0.19)

z
with
Re,NLO __ A Re,NLO Re,NLO Re,NLO Re,NLO Re, NLO Re,NLO

(F.0.20)

We now turn to the imaginary part of the Fourier transform. The computation
is exactly the same as in the previous case, with the only difference that now

we have a sin instead of a cos. Because of this, when re-expressing the integral
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[ dxz as [;° dx, we get an additional minus sign, which gives the combination
@)= f(=z) = f5¥ (x) =" (2) —d" (2) = T (x) . (F.0.21)

Therefore, the results for the imaginary part can be obtained from those for the

real part simply by replacing cos with sin and V3 with T3.
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PDFs from reduced pseudo-ITD data:

Pion Mass dependence for 170 ensemble

Similarly to what done for the fine ensemble in sec.(9.3.1] the data for the ensemble
280 presented in ref. [200] can also be used to estimate pion mass effects for results

concerning the ensemble 170. The corresponding polynomial curves are plotted
in fig. as functions of the Toffe-time.

Error real part Error imaginary part

Figure G.1 Pion mass (PM) systematic provided as functions of the ioffe-time v
for the real (left) and imaginary (right) part of the matrixz element.

As in the case of the analysis for the fine ensemble, the curves in fig. are
used to define a source of correlated systematic. The resulting PDFs, denoted
as 170-sys, are plotted in fig. together with the results for the ensemble 170
presented in sec. [9.2] where only statistical uncertainties have been considered.
From fig. it is clear how introducing pion mass systematic effects in the
analysis has very little impact on the distributions, the major effect being a mild
down shift of the central value of V3 in the medium = region. We conclude that

the mild pion mass dependence observed in pseudo-ITD data of ref. [200] has no
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T3 at 1.6 GeV

0.5 1725 170-stat (68 c.l.+10)
’ 5 1% 170-sys (68 c.l.+10)

V3 at 1.6 GeV

L L
177 170-stat (68 c.l.+10)

N 170-sys (68 c.l.+10)

0.2 0.4 0.6 0.8 1.0

Figure G.2 PDFs from the fits 170-stat and 170-sys.

sizable impact on the final PDFs.
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