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Introduction

Inclusion of heavy quark mass effects is an important factor in modern studies
of parton distribution. In fact, working on a wide range of perturbative scales
Q?, precise results require the incorporation of heavy quark mass effects near
the threshold @Q? ~ m?, and the resummation of collinear logarithms at higher
scales. These two different kind of accuracy are obtained through two different
factorization schemes, called respectively massive and massless.

Depending on the scale of energy of the specific problem we are talking
about, it could be convenient to use one between the massive or massless schemes:
while the former is accurate near the threshold for heavy quark production,
the latter is better at higher energies. Performing computations in the mas-
sive scheme, the heavy quarks are treated as massive objects, therefore the full
mass dependence is retain. On the other hand, logarithmic terms of Q%/m? ex-
plicitly appear in the results, raising from the hard subprocesses where an heavy
quark and anti-quark are collineary emitted. In the case of massless quarks, these
divergent terms are usually factorized and included in the definition of parton dis-
tribution functions (PDF), so that the latter acquire a dependence from the scale
of the process, described by the Altarelli-Parisi equations (DGLAP equations).
By solving DGLAP equations, we find the exact expression for the PDFs, which
takes into account the logarithmic terms resummed to all orders.

Therefore, dealing with problems concerning heavy quarks we are allowed to
choose wether to consider them as massive or massless object: in the first case we
will retain the full mass dependence, but we will have unresummed logarithms
which could become large at higher energy, spoiling our results; in the second
case we will obtain results where the huge logarithms are resummed to all orders,
keeping a better precision at high energy, but we loose every mass correction
terms, which may well be important at lower energies.

Therefore it could be useful to find out a general method giving results which
are valid at a generic energy scale, retaining both the mass correction terms com-
ing from the massive scheme and the resummation of the collinear logarithms at
higher scale. There are several methods which allow to do this, including heavy
quark mass effect, one of which is the so-called FONLL scheme. It was first intro-
duced in the context of hadroproduction, but it has been applied to other QCD
processes involving heavy quarks, such as deep-inelastic lepton-hadron scattering,
Ref. [1], [2] and hadronic processes, as Higgs production in bottom quark fusion,
Ref. [6], [7]. The FONLL method relies on standard QQCD factorization, and its
implementation only required calculations in well defined factorization schemes,
where heavy quarks is either consider as massive or massless partons.



The FONLL method was first introduced with the assumption of perturba-
tive heavy quarks, namely assuming that the latter are generated by radiation
from light flavours, and not intrinsically contained in the proton, Ref. [1]. This
hypothesis has then been relaxed in Ref. [2], [5], where, in the context of deep in-
elastic scattering, a formalism including a possible contribution from an intrinsic
charm quark in the proton has been developed. This is useful because of several
reasons, of both principle and practical nature, and in the specific case of charm
quark it could be particularly interesting, because of arguments suggesting that
the proton contains a significant charm component. However, also for hadronic
processes involving heavy quarks different from the charm, such generalization of
the FONLL scheme may well be relevant. In fact in the standard massive scheme,
heavy flavours are not considered in the initial state, since they are supposed to
be of perturbative origin. Therefore, in the massive scheme, there aren’t PDFs
referred to them which instead do appear in the massless scheme, just as for the
light quarks. The heavy quark PDFs of the massless scheme are defined starting
from vanishing boundary condition at some non-perturbative scale mg, and their
general expression at an higher scale Q2 is worked out by solving DGLAP equa-
tions. In this approach we will obtain results generally dependent from the choice
of mg, and this dependence may well be source of bias and errors. Accounting for
an intrinsic heavy quark, even if the heavy quarks are indeed of perturbative ori-
gin, we would be able to reabsorb the dependence on mg in the initial condition,
which would be obtained by a fit just as the light flavour PDFs. In addition to
this, we wouldn’t have the uncertainty due to the fixed order matching between
massive and massless scheme, which is another possible source of bias in com-
putation at low orders. Furthermore, in processes where an intrinsic component
of heavy quark does exist, this formalism would allow to consider also the initial
parametrization for the massive quark content of the initial state.

The aim of the present work is to present and discuss a formalism which
generalizes FONLL scheme, including contributions due to intrinsic heavy quarks.
We will present first some general features of such method and then we will specify
the calculation to the case of Higgs production in bottom quark fusion, finding
out the relevant modifications to the results of Ref. [6].

In section 1, the basic formalism regarding the different factorization schemes
used for fixed and resummed results is described, and the FONLL method is
briefly introduced, as a possible way to match these two schemes. Then, in section
2, we present the application of the FONLL formalism to the computation of DIS
structure functions, working out explicit results up to order a,. We use this
example to highlight the main feature of the FONLL scheme, showing what is
required in order to fully implement it, Ref. [1]. In section 3, the FONLL scheme



applied to DIS is generalized in order to take into account intrinsic component of
heavy quark c in the proton, Ref. [2], [5]. Here we depict the general lines which
will then be followed in order to perform the analogue generalization for hadronic
processes. In section 4, we describe how the standard FONLL method can be
applied to an hadronic process, taking as example Higgs production in bottom-
quark fusion, Ref. [6]. Explicit results for this specific process are reported, and
we take them as starting point for our work.

In section 5, we discuss how the FONLL scheme applied to an hadronic
process could be modified in order to take into account massive quarks in the
initial state. We then specify the calculation to the case of Higgs production in
bottom-quark fusion, working out suitable corrections which have to be added to
the result of Ref. [6]. We give our results in terms of the specific partonic cross
section characterizing the process. We point out the main general features of
these outcomes and we compare them with those obtained in Ref. [2] and Ref. [5]
in the contest of deep-inelastic scattering. Finally we give the full analytical
expressions of our result, presenting outcomes for the calculations of the specific
partonic cross sections we are interested in, and showing step by step how to
compute them.



1 General formalism

In this section the basic formalism of massive and massless schemes is presented.
The FONLL method is then described in its general ideas. In the next section it
is then applied to DIS, using this concrete example to highlight its main features.

1.1 Massive and massless schemes

Perturbative processes in QCD involving heavy quarks can be treated within
different factorization schemes. By "heavy” and ”light” quarks we mean particles
whose masses are respectively higher and lower than 1 GeV', such that only in
the first case a perturbative treatment could be applicable. According to this
definition the up, down and strange quarks are light, while the charm, bottom
and top are heavy and can be described using perturbative theory. Precise results
for computations of cross sections over a range of perturbative scales ()2, require
the incorporation of heavy quarks mass effects close to threshold Q? ~ m?, and
the resummation of collinear logarithms at higher scales Q% > m?, where m is
the mass of the heavy quark we are considering. This is achieved by using the
two different schemes mentioned above.

In the first one the heavy quark is treated as a massless parton, there are
no differences between heavy and light objects. Both light and heavy flavours
participate in evolution QCD equations, through which collinear logarithms of
g—;, arising from heavy quarks emissions, are resummed to all orders. However,
corrections suppressed by power of g—j are neglected.

On the other hand, in the second scheme the heavy quark is considered as a
massive object which decouples from evolution equations and from the running
of ay, and the full dependence on m is retained order by order in perturbation
theory. In this scheme only the light quarks PDFs evolve with standard DGLAP
equations, as the factorization acts only on these flavours. The contributions
coming from heavy quarks are evaluated at fixed order in perturbation theory,
leaving explicitly unresummed collinear logarithms due to emissions of massive
quarks.

These schemes are called respectively "massless” and ”massive scheme”, or
alternatively "three” and "four flavour schemes”, where the numbers refer to
how many active flavours take part in the evolution equations. So, for example,
thinking at quark charm as the massive one, we will talk of three and four flavour
schemes, while we will have four and five flavour schemes when quark bottom is
referred to as the heavy parton.

The point is that, dealing with massive partons, the quark mass acts as an IR



regulator, so that radiative corrections involving massive quarks are finite, leading
to logarithmic contributions of f’i—; Depending on the scale of the problem we
are interested in, for massive quarks one may choose whether to factorize massive
collinear logarithms (obtaining the massless scheme) or not (obtaining massive
scheme). For massless quarks instead factorization is always necessary, since there
isn’t any mass acting as an IR regulator.

The massless scheme is more accurate for scale Q? > m? since here the
collinear logarithms can become large, spoiling the perturbative convergence of
the massive scheme. In this case, it is more appropriate to factorize and resum
collinear logarithms associated to the heavy quark we are considering. Conversely,
the massive scheme is more accurate close to threshold, where mass effects due to
the production of the heavy quarks could become important. If a computation in
the massive scheme is performed to high enough order in perturbation theory it
will reproduce the results of the massless scheme, while the converse is not true,
as in the massless scheme informations about mass effects due to heavy quarks
are not encoded at all.

1.2 Combining fixed order and resummation

In the previous section we have introduced massless and massive scheme: while
the first is accurate at high scales where corrections of O (m_j) are negligible, its
use is not legitimate al lower scales near the heavy quark mass, where the second
scheme is preferred. Therefore it is useful to combine these two schemes into
one which works at all scales, reproducing the massive scheme results near the
threshold and those of the massless scheme at higher scales.

In order to get a scheme which is valid to all scales, the power corrections
of O (%ﬁ) which are not included into the massless scheme, have to be taken
into account, at a chosen fixed order: namely, it is sufficient to add to the mass-
less scheme results the massive fixed order corrections which are encoded in the
massive scheme. In this way we obtain a result retaining the accuracy of both
massive and massless scheme: at a massive level we would have the fixed or-
der precision corresponding to the number of orders that have been included in
perturbation theory (FO, namely fixed order); on the other hand we would also
have the resummation of large logarithms, keeping the accuracy of the starting
massless scheme computation (NLL or subleading logarithms). This is the idea
the FONLL method is based on.

In order to obtain such a result, it is sufficient to add massive and massless
results and then subtract any double counted contributions. These correspond
basically to constant terms and to those large logarithms which, because of heavy



flavours factorization, are already resummed in the massless scheme but also
explicitly appear in the massive one.

One of the main advantages of the FONLL method is that it involves only
computations of physical quantities in well defined factorization schemes (massless
or massive) and it permits to write down expressions at any order in perturbation
theory in a straightforward way: first one evaluates the relevant massive diagrams
for the process considered in the massive scheme, and then combine them linearly
with the corresponding massless calculations. The double counted term can be
obtained as the massless limit of the massive results and it corresponds to the
fixed order expansion of the massless scheme.

To sum up, the FONLL method allows us to obtain results which are cor-
rect at high energy up to power suppressed terms (the power corrections of
m?2/Q?), and also in the threshold region up to subleading corrections (infact
when Q? ~ m? the logarithms are note large), performing calculations in well
defined factorization schemes.

In most applications FONLL was implemented first with the assumptions
that heavy quarks were generated perturbatively, so without an intrinsic com-
ponent of massive quarks in the initial state. In other words, according to this
assumption in the massive scheme heavy quarks never appear in the initial states.
Using this hypothesis, we will start showing explicit examples of usage of the
FONLL prescription in calculation regarding DIS. Through this example, we
highlight the main features of the method and we show what is required to its
full implementation. Then we will present a generalization of the FONLL scheme
which allows us to consider an intrinsic component of heavy quarks (the charm
quark in the case of DIS).

In the second part of the thesis we will do the same for an hadronic process,
showing the main differences between the latter and the DIS case.
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2 Heavy quarks in deep-inelastic scattering

2.1 General structure

In this section we will see explicitly how the FONLL method works on the specific
case of a generic deep-inelastic scattering structure function F (x,Q?). We will
see later how this general formulation works for hadronic cross sections as well.

We assume a number n; of light quarks ¢, with one massive quark h with
mass m. The expression of F'(z,Q?) in the massless scheme is given by

n,+1) :E Qz _ / dy Z an-i—l)( m+1 (Qz)> f(m+1 (y,Qz)
i=q,G,h,h,g 1
_ Z Ci(n,+1) (agn,+1) (Qz)) ® fi(m+1) (Qz) ’ ( )

i:q?qvhvﬁvg

where ¢ is any light quark, h is the heavy quark and n; + 1 is the total number
of active flavours. This expression is accurate at large scale Q? > m?, and using
this scheme all collinear logarithms due to the massive quark are factorized into
the definition of the PDF's and resummed through PDF evolution equations, just
as for the light partons. Therefore the massive quark is included as light parton
in the PDFs. These, together with a,ﬁ"lH), satisfy standard DGLAP evolution
equations and renormalization group equation respectively, both with n;+1 active
flavours.

The expression of F (z,@?) in the massive scheme is given by

F(nl (.Z‘ Q2 —l’/ dy Z C("l)( (nl) (QQ)) fi(nl) (y7Q2)

i=q,4,9
2

= % o (L (@2))®f,-<m> (@),

1=¢,q,9

where now the coefficient functions C; are calculated retaining the full mass de-
pendence but contain unresummed logarithms of fi—; This expression is accurate
near the threshold Q? ~ m?2, and fi("’) together with al™ obey respectively
DGLAP and renormalization group equations with n; active flavours.

The equations (2) and (1) are alternative expressions for the same structure
function, written in terms of different elements i.e. a, and PDFs in the two
schemes. In order to carry on the FONLL method we have to express the massive

(ni+1)

scheme structure function in terms of a and f"*Y | therefore we need to

know how the coupling constants and PDF's are related between the two schemes.
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This relation is given by equations of the form

—+00 .
" (Q%) = al™ (%) + 3 e (L) x (al™ (m?))' (3)
=2
10 @) = [0Sk (Ll (@) 1 (1. 2)
= Y i e Y (4)
= Y K (@) £ (@),
where )
L =log % (5)

The coefficients ¢; (L) are polynomials in L and can be obtained simply by the
solution of the renormalization group equation for a,. The functions Kj;; can be
expressed as an expansion in power of ay, with coefficients that are polynomials
in L. They are determined perturbatively, by requiring for example that the
massive and massless results of equations (2) and (1) respectively are equal order
by order in the same a,;. This computation is performed in Ref. [4]. Alternatively
these matching coefficients can be computed as a matching between two effective
theories of QCD, as done Ref. [§].

It is important to note how the index j of the coefficient K;; only refers to
a light quark or a gluon, not to the heavy flavour, as the heavy flavour PDFs
in the massive scheme is considered to be zero: this is the assumption we made
on the absence of an intrinsic heavy quark in the initial state. If we wanted
to generalized the FONLL scheme in order to consider an initial fitted heavy
quark PDF, as we will do later, we would have to consider additional coefficent
functions, accounting for the presence of a non zero PDF for the heavy quark also
in the massive scheme. For now, we consider only coefficients K,; with ¢ light
or heavy and j = g,q,q, which turn out to be non-zero only starting at O (a?),
order to which they have been fully computed in Ref. [4].

Therefore under the assumption that the heavy quark PDF is generated
perturbatively, the first 2n; + 1 equations in Eq. (4) express the relation between
the light quarks and gluon PDFs in the two schemes, while the last two give the
heavy quark perturbative PDF's of the massless scheme in terms of the PDF's of
the decoupled (massive) scheme.

In order to get an expression for the massive scheme in terms of ol and
f™+1) one can invert equations (3) and (4) obtaining from Eq. (2)

U dy r Q?
() 2) = = E/ (2 (m+1) (02) | plutD)
F (x,Q°) I/x Y i:mng (y,myozs’ (@ )) it (6)
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Furthermore, using the DGLAP evolution equations in the absence of intrinsic
heavy flavour, the heavy quark PDFs f;, f; of Eq. (1) can be written in terms
of the light-quark PDFs f{") with i # h,h at the scale m, convoluted with
coefficient functions expressed as power series of agn’), with coefficients that are
polynomials in L, or, alternatively, in terms of the gluon and light-quark parton
distribution fi("lﬂ) at the scale Q2 convoluted with coefficient function expressed
as a power series in ol (Q?), with coefficients that are again polynomials in
L. Thus the massless scheme expression Eq. (1) may be rewritten in terms of

light quark PDFs only:

L dy x
(2.Q%) == | = A S Lol (@) ) £ (0. @)

1=4,4,9
(7)
Expanding both Cl-("’ ) coefficients and heavy quarks PDF's of Eq. (1), the general
perturbative expression of the coefficients AE”I“) turns out to be:

N

Agnl+1) (z,L,Ozg”l“) (Qz)) _ (agm-i-l) (Qz))piz‘ﬁ?’k (2) (agmﬂ) (Qz) L)kv
k=0

p=0
(8)
where, since this is the massless scheme, we notice the presence of the logarithmic
terms oL resummed to all orders.
In order to match the two expressions of F', we expand also massive coeffi-
cient functions B; of eq.(6):

2 P a0\ 2
B (z, %7agnl+1) (Q2)> _ Z <ST(Q)> Bf’ (z, %) , 9)

p=0
where P is the perturbative order we want to reach. We define the massless limit
Bz»(o)’p (:L‘7 fﬁ—i) of BY <:1:, Qz>, so that

m

2 2
lim |B? xQ—Q — BO? a;Q—2 = 0. (10)
m—0 m m

As noticed before, the terms of eq.(9) which does not vanish when Q% > m? must
also be present in the massless scheme. Therefore Bz-(o)’p (ZL‘, %) must be equal
to the O (a®) factor of eq.(8)

Op [ QN = ki k
B (@5 =Y AU (@) Lk (11)

k=0
Therefore the terms contained in both massive and massless scheme can be ob-

tained either as massless limit of the massive scheme or as a fixed order expansion
in power of a; of the massless scheme.
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Giving the perturbative expansions above of both schemes, FONLL method
can be implemented as follows: the contributions of Eq. (8) to coefficients AE"ZH)
of Eq. (7) which have a corresponding term Bi(o)’p (if a certain contribution to
coefficient A has a corresponding B() or not depends on the perturbative order
to which coefficients B have been calculated) have to be replaced by the fully
from Eq. (9). Thus the result obtained after this

massive expression BY (
replacement includes all the mass suppressed effects that are not presented in

Z, mz
Eq. (1) but are known from eq. (2).

In order to apply this procedure in a systematic way we define

2
P @) = [ S B0 (7 et (@) £ @) 2

1=¢,4,9

where

Q2 P Q2
B (2 L0l (@) = (@) 507 (= L) a9

p=0

where P stands for the order in a{" " (?) to which the massive scheme expres-
sion has been determined. Therefore F™9 (2, Q?) contains the double counted
terms mentioned before, contained both in the massive and massless scheme,
which have to be subtracted from the final linear combination which gives FONLL
construction. As we have just done, they can be obtained as the sum of all the
contributions which do not vanish as the heavy quark mass tends to zero, namely
constant and collinear logarithmic terms of the form log & =, which are also con-
tained in the massless expression as a consequence of the perturbative evolution
of the PDFs. Alternatively they might be extracted from the massless result by
expanding the massive quark PDF's in power of the strong coupling.

Therefore the FONLL expression is given by

FFONLL (IL‘, QQ) _ F(m-l—l) ( QQ) 4+ F (ny) ( Q2> F(nl,O) (1’7 QQ)

— F(d) ($7Q2> T+ F (n1) (ZE,Q2) ’ (14)

with
F@ (z,Q%) = Flutd) (z,Q%) — F0) (z.Q%). (15)
We notice that, thanks to Eq. (10), when Q* > m? the FONLL expression
reproduced the massless scheme results, while for Q? ~ m? it differs from the
massive scheme through the difference term F(4 which is subleading in av,.
A final note regards the definition of perturbative ordering in FONLL: in

order to ensure that Eq. (15) works properly, we have to calculate F™+1) at order
in o™ which il at least as high as that of F™), so that in Eq. (15) we are

14



subtracting terms which are actually present in F(™*1). However we may also
compute F(™) with higher precision, and define F("-? retaining only those terms
which are also present in F(*1) Making this choice it would not be true that
for Q% > m? massless scheme results are reproduced, because F(™) and F0)
no longer cancel in this limit since in the latter some terms have been excluded.
However is still true that when Q? > m? FONLL reduces to massless results
up to mass suppressed terms and terms of higher order in g, coming from this
mismatch in accuracy. To sum up, an advantage of the FONLL method is that the
perturbative order at which heavy quark terms are included in F(™) and F(u+b
(fixed in the first case, logarithmically resummed in the second) can be chosen
freely. Keeping into account for this observation, we will consider in particular
three options for perturbative ordering in the FONLL prescription. Thinking
about DIS we have:

e FONLL-A: contributions to F(™) from heavy quark are computed at LO,
which is O () in DIS, while those to F(™*1 are computed at NLL which
is also O (a). There is no mismatch in accuracy between results of the two
schemes.

e FONLL-B: contributions to F™) from heavy quark are computed at NLO,
which is O (?) in DIS, while those to F™*1 are still computed at NLL
which is O (a;). In this case the massive expression exceeds in accuracy
the massless one when L is not large. Thus, as mentioned above, we define
F(:0) retaining only those terms which are also present in F(+1,

e FONLL-C: contributions to F™) from heavy quark are computed at NLO,
which is O (a?) in DIS, while those to F™*V are computed at NNLL which
is also O (a?). There is no mismatch in accuracy between results of the two
schemes.

Throughout the whole thesis we will use the notation N*LL to refer to the re-
summation of collinear logs of the heavy quark mass, namely by LL we mean a
computation in which (as log 8—;) is treated as order one. In other words, with
LL, NLL etc. we refer to the order at which DGLAP equations are solved, while
with LO, NLO, etc. we refer to the order at which hard massive cross section are
computed in perturbation theory. By ”leading order” we always mean the lowest
nontrivial order at which the process starts occurring. Therefore the generaliza-
tion to hadronic processes will require a relabeling of perturbative orders, since
the order at which massive scheme start being non-zero is process dependent.
In conclusion, in this subsection we have introduced the general formalism
concerning FONLL method, using as example the specific case of DIS structure

15



functions. Finally we have discussed and named some possible perturbative orders
to which FONLL method could be implemented.

2.2 Implementation of the FONLL method

In this subsection we will work out explicit FONLL results for structure functions
in DIS up to O («y). This is useful because of a variety of reasons: it allows to
see clearly how the FONLL prescription works, how matching conditions are
obtained at a generic scale, and to find out explicitly the pieces of the massive
scheme already contained in the massless one, giving a clear example of what
exactly happens. Furthermore in the next sections of this work we will follow the
general lines described in this subsection to work out the generalizations required
for hadronic processes.

Firstly, a detailed discussion of the change between scheme with n; flavours
and that with n; + 1 flavours is required. This is the key point on which all the
next generalizations of the FONLL scheme will be based on.

We start writing explicit expression for Eq. (3), using the solution of the
renormalization group equation for «g which in general reads

00 Q%) = o (m) — bylog Zya? (m) + 0 (o)

b — M "
07 1o
Therefore we have
) 3B—2(m+1), @
ag +1) (QQ) — a, (mz) . 127Tl log Woz? (mQ) +0 (a?)
33 — 2n 2 1@
=, (m?) - TZ log Waf (m?) + P log Waf (m®) 4+ O (a?)
" 27% L
=l (@) + T g0 (m) + 0 (a)).
(17)

from which we read that at scale Q? = m? the couplings in the two schemes differ
by terms of order O (o)

agnl+1) (mz) _ agnl) (mQ) +0 (ai) ) (18)

As for matching PDF's in the two schemes, we proceed in two stages: first
we match the two schemes at a scale Q? ~ m? then we evolve to a gencric scale
Q?, using DGLAP evolution equations. In the absence of intrinsic heavy quark

16



contributions, the matching conditions at scale m? are

f(nl+1) Z Kzg ® f(nz) ( )
J=49,9
/Wme/w%ﬂ
z
7=4,4,9
(n1) dz 2) ("l) (f 2) 3
= ;" (z,m?) / ZK z,m?) il + 0 (a?)

(19)

where 7,j = ¢,q, g. Evolving this expression to scale Q% we would return to the
general expression of Eq. (4). From the second to the third line of Eq. (19) the
coefficient K;; has been expanded as a power series of «;. Since the index i and j
are referred only to light flavour, as mentioned in previous sections K;; becomes
nontrivial starting at O (a?), and the function K (2), K, @ (z) and K @ (z) have
been fully computed in Ref. [4]. As for heavy quarks instead we have

(rma+1) (z,m?) = (mH) (z,m*) =0 (a2), (20)

S

as K,(j) (z) with i = ¢, q, g start at order O (a?).

As seen above, in order to implement the FONLL method we need to express
the massive scheme PDF's in terms of the massless scheme ones at a generic scale
Q?. In order to obtain explicit results for the FONLL scheme up to order O (),
matching condition at order O (ay) are enough. Therefore we evolve both fi(mﬂ)
and fi("’) in the respective schemes with n; 4+ 1 and n; active flavours, solving the
DGLAP equations. Thus from Eq. (19) evolving up to order O (c) we have

fi(nz-i-l) (x Qz) _ fz(nl) ($ Q2)
toul / dZZ P(nz+1)0 P(nz ( )] f](m) <§)Q2> —I—O(Oz§)7 (21)

where Pg are the leading order Altarelli-Parisi splitting functions in the two
schemes, and the sum runs over all light flavour (we are using the same definition
of splitting functions used in Ref. [11], but with an additional factor equal to 5-).
Using

2T;
plu+1)0 (2) — pl)0 (2) = —8,,0; R

ij ij ig ng

§(1—2), (22)

it follows that

fénH—l) (%Q2> — fg(m) (ZL’,Q ) _ asi%f("’ ( ,Qz) +0 (ag)

fi ) (@7 = £ (2, Q%) + 0( s)
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These are explicit expressions for the matching conditions connecting massless
and massive scheme PDFs up to order O ().

Now we have all the ingredients required to write explicitly FONLL results
for structure functions of DIS at order ;. In order to simplify the computation,
it is convenient to separate off the light and heavy contributions to a generic DIS
structure function and to its corresponding coefficient function. Thus we write

F(2,Q) = Fi (2,Q°) + Fh (2,Q)
Ci (2,0, (Q%)) = Cua (7,05 (@) + Cip (05 (@)

where Fj, and F; define respectively the contribution to F (z, Q?) which survives

(24)

if only the electric charge of the heavy quark is non-zero, or that which survives
if the electric charge of the heavy quark vanishes. In other words, the labels A
and [ stand for the quark to which the virtual photon couples, while ¢ denotes
the parton which enters the hard scattering process. In the following example we
will use results concerning coefficient functions which are true in the case of the
structure function Fy (x, Q?) in electromagnetic deep-inelastic scattering.

Equation (19) means that at scale Q* ~ m?, at order O («,) the gluon and
light quarks PDFs in the massive and massless schemes have to be equal, while
Eq. (20) tells that the non-intrinsic heavy quark PDFs should be taken to vanish.
The matching conditions at a generic scale Eq. (23) are used to determine the
coefficient function B; in terms of the original massive ones CZ-("Z). Light quark
coefficient functions start at O (a?), while the gluon ones at O (al) therefore,
since the correction at order O (as) is non zero only for the gluon PDF| it follows
that coefficient functions B; start being different from C; only at O (a?):

B, <Z g_ a(m—i—l) (QQ)) _ C?Z(nl) <Z %7a(nl+1) (Q2)> +0 (Ozf) ) (25)

Furthermore at this order all light coefficient functions C;; with @ = ¢, q, g are the
same in the massive and massless scheme

Ci(,TlLl) (z 227 (n+1) (Q2>) CZ(TH) (z 327 (ni+1) (QZ)) 4_0(0[3)7 (26)

since in order to have some differences we should consider diagrams of higher
orders. Therefore we have:

FFONLL (33 Qz) _ F(d) (x,QQ) + Fl(m) (%Q2)

_*TZ/ dy (nl—l—l)( a. (Qg)) oty (4, Q?)
o3 [ (@) £ (10 +0 (o)

i#hh
— Fl("ﬂrl (a:, QQ) + 0 (ag) ,

(27)
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i.e. the FONLL expression of F; reduces to the massless scheme one.

As for heavy coefficient function C;, for 7 corresponding to any light quark,
they also are the same in massless and massive schemes at O («y), since in both
schemes they vanish at this order. However, accounting for the first diagram in
Fig. (1), the gluon coefficient function is different

o (2 L (@) = =B opn (2 L) 0@, e

27

where

C L (z Q—Q) =0 (W? — 4m®) x

g9 ) mg
1
Tr[(=* + (1 — 2)? +4ez (1 —3z) — 8¢°2%) log : tv (29)
—v

+(82(1—2) — 1 —4ez (1 - 2)) 0],

with

[\

m 4dm

Q'

Figure 1: From left to right, rapresentative Feynman diagrams for LO contribu-
tion to the structure function in 4FS and 3FS

The coupling o, (Q?) in these expressions can equivalently be either "+

or ol ), since they differ by terms of order O («?). This is the explicit expression
for the coefficient function obtained from the massive scheme, which is accurate
when Q% ~ m? i.e. when W?2 ~ 4m?. In this range of scales %, the logarithmic

contribution contained in Eq. (29) is still finite. The massless limit of Eq. (29) is

2 2
(0),1 Q 0), Q
Bg,h <Z7 W) = 26}21057’61 O) 1 <Z, ﬁ)

g 21, (31)
OOt (z %) =Tg {(22 +(1—2) )log% +82(1—2)—1)
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Here we see explicitly the terms contained in both massive and massless scheme,
which have to be subtracted to avoid being double counted. The logarithmic
term of Eq. (31) is resummed at all orders in the massless scheme, while here it
appears explicitly. In the limit ?> = m? the massless scheme coefficient function
is reproduced

2
n as n
C (200 (@) = 2D aezcpmnont (2, 1), (52)

g

Therefore the FONLL result for the heavy component is
FFONIL (4. Q%) = B (2, Q) + F\¥ (2,Q%), (33)

with the contributions on the right hand side given by

A @)~ [ Lo (@) 0 ). e

and

F}Ed) (IE,QQ) _ JI/ (Z {C(m+1) < (Q2)> [f(nl+1) (y Q2) + f(nl-i-l) (y’QQ)]
(o) (2

Using the leading order results of QCD evolution equations
fu (v, Q%) = fi (v, Q)
%2(7?2) / Tr (22 4+ (1—2)) f, G,Q?) +0(a?)  (36)
=0, (Q*) LP © [, (@7,

and noting that

(35)

O (2,05 (Q%)) =6 (1 —2) + O (ay), (37)

this result can be checked in its entirety replacing Eq. (31), (32), (36) and (37) in

Eq. (35), verifying explicitly the difference term cancel up to order O (a?), as it
has to happen. Thus in the region where L is not large (i.e. in the region where
eq.(36) makes sense) the FONLL expression at O (a5) for the heavy contribution
coincides with the one in the massive scheme. Note that in this way we have
explicitly checked that the double counted terms can be obtained in two ways as
expressed by Eq. (11): either as the massless limit of the massive scheme or as
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the fixed order expansion in power of a; of the massless scheme. Namely we have
verify that

2 2
B!(]?,)l (%) ® f;nH—l) (@) = as (Q?) Bé?}i»l (%) ® f;nH—l) (@) + 0 (a2)

— lim Z C,i(:r;ll—i-l) ® fz‘(mH) (QQ) + C;TZH) Q fg(m+1) (QQ)

Q2—m? ‘
i=h,h

— lim [ Z (Ci(j;bﬁl),() toa, (QQ) Ci(Zerl),l) ® fi(m+1) (QQ) (39)

Q2—m? a
i=h,h

+ ay (Q2) nl+1 f(m—i-l) (QQ)]

_ as Qz Z CE;;H)O ® LP + C(nl-i-l) 1 ® fénl—i-l) (QQ) +0 (a?) :

i=h,h

where in the last line we have used eq.(36).

Therefore we can re-write eq.(33) as
FFONLL (3 ?) = Z (C'(ZZH) +a. (@) C! nH—l ) @ futD (@)
i=h,h
+ a, (QQ) C Tbl+1) 1 f(nl—i-l) (QQ)
2
vau (@) | e (%) - X el e Lry - oy

m2 2
i=h,h

@ £ (@) + 0 () (39)

_ Z ( m+1)o (QQ) nl+1) 1) ®f(m+1 (QQ)

i=h,h

2
i (6 (8)- Zeonn

i=h,h
@ f(Q%) + 0 (o)

In the next section we will use the results shown till now in the form of this
last equation. To sum up, in this section we have presented explicit result for
DIS structure function up to order O (ay), pointing out the main features of the
computation and showing the difference between massive and massless coefficient.
We have noticed how, in the massive scheme result, collinear logarithms due to
heavy quark emissions explicitly appear, which are instead resummed to all orders
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in massless computations. In the next section we will describe how this approach
can be generalized in order to account for a fitted heavy quark in the initial state.
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