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Introduction

"There are therefore Agents in Nature able to make the Particles of
Bodies stick together by very strong Attractions. And it is Business of
experimental Phylosophy to find them out”

Isaac Newton, Optics

The aim of particle physics is finding the fundamental constituents of matter
and understanding how they interact with one another. The present work has
exactly this spirit. In fact, my purpose is try to understand more deeply the struc-
ture of a nucleon. To realize this goal what is needed is a deep understanding of
the experimental datas nowadays available about the nucleon, through an accurate
knowledge of the Quantum Chromodynamics (QCD), that is the theory of strong
interactions.

The internal structure of a composite system (such as atoms, nuclei or nucleons)
can be probed through scattering. We can perform fixed target experiments, with
an accelerated beam of light particle colliding with a fixed target, or colliders, with
two particle beams accelerated against each other. To investigate the structure of
particles, the simplest way is bombarding it with a particle beam and studying the
final angular distribution of the projectiles. Depending on the energy available in
the center of mass system, we can "see” the particle in its whole structure (that is
spatial extension, charge distribution and so on) or we can probe directly its con-
stituents, through the excitation of resonant states or even breaking the particles
of the target. In fact, this was the way that brought the physicists of last century
to discover the composite structure of the atomic nucleus, as made of neutrons
and protons.

When they turned to the constituents of the nucleus, the first evidence was the
similarity between them: proton and neutron have same spin-parity JZ = %+, al-
most the same mass (m%pm” ~ 1.4 -1073) and they differ only in charge. Physicists
started to think of them as two different states, degenerate in energy, of the same
particle, the nucleon. From a theoretical point of view, this means that | p) and
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6 INTRODUCTION

| n) can be seen as basis vectors of a bidimensional Hilbert space and that the
Hamiltonian of the new interaction should be invariant under p < n exchange,
that is under the isospin SU(2); group.

Then something strange happened: the experimental evidence was that the nu-
cleons had an internal structure, but experiments always failed to observe their
constituents (called partons) as free particles. The way this came about is the
following. Increasing the energy of the colliding beam, a lot of new heavy parti-
cles, called hadrons, were seen and the introduction of new quantum numbers (e.g.
strangeness ) became necessary. Therefore, the isospin simmetry, postulated be-
fore, was not enough to explain this particles proliferation. Theoretical physicists
tried different ways to extend the SU(2); simmetry to SU(3);. Sakata proposed
that strong interactions should be invariant under exchange between proton, neu-
tron and the strange particle A%; this simmetry, though, was not exact, because
the mass difference between proton and A° is approximately of 19% and brought
to more baryon states than are physically observed. Gell-Mann gave the idea of
the so-called ”Eight fold way”: baryons, that is hadrons with proposed half-integer
spin, can be assigned to multiplets (octect and decuplets), depending on their spin-
parity J¥; these multiplets can be obtained from the fundamental representation
of SU(3) as :

30323=100808®1 (1)

The "Eight fold way” was confirmed by the discovery of the Q° particle, but its
main problem remained open: does the fundamental representation correspond
to any real physical state? The answer to this question came with deep inelastic
scattering (DIS) experiments. In Figure 1 a diagramatic representation of the

k,/

D

Figure 1: The Deep Inelastic process



7 INTRODUCTION

scattering between an electron and a nucleon is shown. The kinematic variables
for such a process are:

2 2 P-q Q? p-q
= — = — e e 2
Q T V=T Tan YTk (2)

DIS is characterized by the fact that the virtual photon interacts with a nucleon’s
constituent and it is the kinematic regime

Q?, v — oo and x finite. (3)

The results of DIS experiments showed that the structure functions of the nucleon
obey an approximate scaling law, namely they do not depend on Q?. The physical
interpretation of this behavior was that the nucleon’s constituents are pointlike,
carry a fraction of nucleon total momentum and are almost free. The fact that
scaling was not exact is also very important, because it was not yet understood
how the partons interact with one another and interaction gives a structure also
at elementary particles (as for the electron).

After all these studies physicists started to believe that the states in the fundamen-
tal representation are real physical particles, called quarks, with fractional electric
charge (i%,i%), baryon number equal to % and spin % It was the birth of parton
model. Despite all this progress, a lot of unsolved questions still remained, such
as: why do quarks behave as free particles in DIS, but in fact can not be seen as
free particles? Why is the scaling not exact? Quantum Chromodynamics, namely
the theory of strong interactions, explains these issues.

As T will describe in more detail in Chapter 1, in QCD the analogue of the electric
charge is not flavour, but rather a new degree of freedom called colour. In nature
free particles with non zero colour cannot exist . Partons do carry colour and this
is the reason why it is impossible to see them as free particles. This phenomenon
is called confinement and it is related to another crucial aspect of the strong in-
teractions: asymptotic freedom. This means that, in the perturbative regime, the
strong coupling is large at large distances, but it is predicted to be small at short
distances so that partons behave as free particles at asymptotically high energies,
justifying the use of perturbation theory to perform process calculations.

So, we know that partons build up the nucleon and we also know that with our
calculation we can not predict perturbatively the actual distributions of the parton
in the nucleon (due to strong coupling), but is there an indirect way to see how
they actually form the nucleon? From experimental data can we get any informa-
tion about the distributions of partons inside the nucleon?

The collinear factorization theorem in equation (4) is a classical result of QCD
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and can help answering these questions:

Utot Z/ i\ as(Q ) fz Y, Q Zaz@)fz ) (4)

min

It allows us to calculate hadronic cross-sections in terms of a convolution of a par-
tonic perturbatively computable cross-section, with non-perturbative but process-
indipendent functions, called parton distribution functions (PDFs).

Although PDF's are non-perturbative, their evolution with respect to the energy
scale of the process is given by DGLAP evolution equation *

,u2 @ilugfi(%lf) = aSQ(;l: ) Py (I,Oés(,UQ)) fj(x,,u2), (5)

where P;(z, as(u?)) are called splitting function. From equation (5) we see that,
given the PDFs at some initial scale, we can find them at any other scale, pro-
vided both scales are large enough that the coupling is in the perturbative regime.
Other details will be given in the next chapter; what is important to underline
here is that through the knowledge of PDFs we can get information on how the
partons build up the nucleon and, thus using equation (4), predict the expected
total cross-sections.

It is clear from equation (4) that to have information about PDFs from data
we need to perform a calculation as accurate as possible of partonic cross sections
and of the splitting functions, which determine PDFs’ evolution with the scale.
At present, we can perform the calculation of QCD quantities at NLO and of-
ten also at NNLO. Nevertheless when we have to deal with data coming from
high-energy collieders (such as LHC) we may need a more accurate level of ap-
proximation. In fact, at high-energy colliders, the contribution of small x QCD
becomes important.

For small = regime of QCD we mean the regime where a scattering process is
governed by two different large scales, namely the center of mass energy of the col-
liding beams S and the hard scale Q* (which for typical hadron collider processes
is related to a final-state scale). The z parameter measures the ratio between the
two scales: 0

=g (6)

The presence of different large scales implies that several large scales ratios can
be formed. Indeed, observables computed in perturbation theory contain terms

!The equation (5) is valid only for "non-singlet” parton distributions: qys = q; - q;
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aslog(i), that can become of order 1 when x — 0, spoiling the perturbative
expansion. Partonic cross sections are then poorly behaved at small x and PDFs,
obtained by fitting data with them, are unstable. This bad small x behaviour of
both PDF's and partonic cross sections turns into an uncertainty of total hadronic
cross-sections, which can be a problem for future precision physics at the Large
Hadron Collider. Indeed, LHC push the small z regime down to x ~ 1076 —
1077, two orders of magnitude below than at HERA, as shown in Figure 2. From

8, T
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Figure 2: LHC kinematic range compared with older machines

all the previous considerations, the importance of small x resummation is plain.
As T will explain in Chapter 2, the actual state of art is that a lot of processes
have been resummed at LLx accuracy and also the PDFs evolution kernels have
been computed [1], but these results have never been used to perform a global
parton fit and find a set of small x resummed PDFs. The aim of this work is
the implementation of resummed results in a parton fit. There are many different
ways to carry out global PDF's fit. In this work I followed the NNPDF approach
[2], which, as T will detail in Chapter 4, combines a Monte Carlo representation of
the probability measure in the space of PDFs with the use of neural networks as
a set of unbiased basis functions.
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Chapter 1

Quantum Chromodynamics

Quantum Chromodynamics is the theory of the strong interaction, one of the four
fundamental forces in nature. It describes the interactions between quarks and
gluons, and in particular how they bind together to form hadrons. In this chapter
I will introduce the fundamental aspects of QCD, from its foundations (section
1.1) to its theoretical properties beyond leading order (section 1.2).

1.1 Foundations of QCD

1.1.1 The experimental evidence for Colour

The first intimation of a new, unrevealed degree of freedom of matter came from
baryon spectroscopy. For a baryon made of three spin—% quarks, the parton model
wavefunction takes the form:

\Ij3q - \I/space ' \Ijspm ' \I/flavou’r (11>

This wavefunction is symmetric under exchange of any two quarks, violating the
Pauli exclusion principle that requires fermions to have an antisymmetric wave-
function. A simple way to solve this problem is to assume that the quarks carry a
new degree of freedom, called colour, with respect to which the U3, in (1.1) can be
antisymmetrised. Then, one can introduce a wavefunction W*, where the ”colour”
index a can assume three values, corresponding to the three possible state of colour
(red, blue and green). With the addition of this degree of freedom we can form a
three-quark wavefunction which is antisymmetric in colour:

WG = € W WO (1.2)

A very important observation is that equation (1.2) besides being antisymmetric
it is invariant upon SU(3). transformations, i.e. it is a colour singlet.

11



12 QUANTUM CHROMODYNAMICS

The verification of the hypotesis of colour comes from observations. In fact, if the
quarks can be found in three different states of colour, the increase in the number
of quark types must be seen in measured QED cross sections. For example, at

high energies, the ratio
R o(ete” — hadrons) (13)
olete” — ptpu)

at leading order is simply equal to the sum of possible ¢q final states, each weighted
by the square of its electric charge:

R=> el (1.4)

where the index a runs over all quark types. If we consider five active flavours
u, d, s, ¢, b with respective charges %, -%, -%, %, -%, we get for R = % without
color, but R = 13—1 with color. At energies above the b threshold are in reasonable
agreement with Regour = -

Another process in which the color factor is relevant is Dell-Yan, which, in the
parton model, involves the subprocess:

qq—11 (1.5)

To get the correct cross-section it is necessary to provide a factor of %, obtained by
the averaging over the nine possible initial ¢g combinations and then summing over
the number of such states that lead to the colour neutral photon, which is 3 (77,
bb, gg). Even adding such a factor, though, the leading order total cross section
is still about half of the measured value. This discrepancy is due to higher order
corrections and it means that the free parton model is not enough. A dynamics of
colour (QCD) is needed to fully understand quark’s behavour.

1.1.2 Asymptotic freedom

From a theoretical point of view, QCD is a non abelian gauge theory, with sim-
metry group SU(3).. The subscript ¢ is to underline that the gauge group is color
SU(3), not ot be confused with flavour SU(3). The quanta of the SU(3) gauge field
are called gluons and, differently from the photon in QED, they carry colour. The
non abelian nature of SU(3) is the origin of the colored gluon.

The perturbative calculation of any process requires the use of Feynman rules that
can be derived from the Lagrangian density of the interaction. The expression for
QCD Lagrangian density is shown in equation (1.6), where g is the dimensionless
intensity of the strong coupling, Af is the gluon field (note the colour index a),
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the A, are the eight generators of SU(3) [7]. In equation (1.7) the expression of
the field strength tensor is also shown, where fu. are the structure constants of
SU(3) group.

s . a Ty 1 a e}
Locp= Y [Ur(§— my) W+ g AL Ty A U] — ZFaﬁFaﬁ (1.6)

flavours

os = (0uAy — Oy A7, + g fnc Ay, A7) (1.7)

At the quantum level, gauge-fixing and ghost contributions must be added to
the Lagrangian (1.6). For details see [7].
The first thing to notice is that, in the field strength tensor in equation (1.7), there
is a non Abelian term (the one proportional to gs), which gives rise to cubic and
quartic gluon self-interaction. This is a crucial property of QCD. In fact it is the
origin of both asymptotic freedom and non gauge invariance of Fg;. A detailed
discussion of the latter can be found in [7]. In this section I will focus on asymp-
totic freedom.

A very important property of a renormalizable field theory is the running of the
coupling constant: the strength of the coupling depends on the typical scale of the
process we are studying. This running is governed by the renormalization group
equation, which for o, = {= has the form:

Ooyg
00Q)?

The S function can be expanded in powers of aj

Q2 = 5(043) . (18)

Blas) = —baZ(1 +ba, +b"a +0(a?)), (1.9)

where the expansion coefficients can be determined through a perturbative com-
putation. Defining the renormalization scale u? the first order solution for o, to
equation (1.8) is:
2
as(p
0n(Q?) = o
1 4 as(p?)bln (F)

This result is reliable in the perturbative region, where ag(1?), as(Q?) < 1.

(1.10)

The calculation of the £ function in QCD includes in addition to fermion loops
in Figure 1.1, also the non Abelian diagrams in Figure 1.2. The inclusion of such
diagrams with gluon loops leads to a 8 function different from the QED one. The
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-
q q
—

Figure 1.1: Diagram with one virtual loop of fermions

e

Figure 1.2: Diagram with one virtual loop of gluons

crucial difference is in the sign of the b coefficient, which determines the dependence
of the coupling on Q?, as shown in equation (1.10). In fact:

33 — an
127

while bgpp = —5= < 0. The function a,(Q?) obtained using (1.11) in (1.10) has
the announced asymptotically free behavior: as Q? becomes very large, as(Q?)
decreases to zero. Thus in QCD, the vacuum polarization, including also the pro-
duction of spin-1 gluons, produces a sort of paramagnetic effect and increases the
colour charge, so that, a decrease in the distance from the source implies a drop in
the strength of the coupling. In Figure 1.3 the running of «; is shown, compared
with the running of queqr and of agep.

bQCD = > 0 for ny < 16, (1.11)

It is useful to introduce AéCD, namely the scale at which a, would diverge if
extrapolated outside the perturbative domain. Qualitatively one can say that it
indicates the order of magnitude of the scale at which a,(Q?) becomes strong. The
condition that A3, must satisfy is

as(Agep) = +oo, (1.12)
which means, using equation (1.10),
A2
1+ byas (2)In ( ZSD) = 0. (1.13)

The value of A3, is about 200 MeV. Thus a,(Q?) becomes large, and a per-
turbative approach to QCD is no more consistent, for scales comparable with the
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Figure 1.3: Running of a; (red line), auyear (green line) and aggp (blue line)

masses of the light hadrons (@ ~ 1GeV). This could be an indication that the
confinement of quarks and gluons inside hadrons is actually a consequence of the
growth of the coupling at low scale, which is a corollary of the decrease at high
scales that leads to asymptotic freedom.

Thanks to the defintion of A%, one can write:

a.(0?) = QS(M2) _
(@) 1+ ooy (22) (In (Ag;) +1ln (ﬁﬂ)) 4

2
as(p?)
_ = ( - (1.15)
1+ boavs(p?)In <A2 ) + boavs(p2)In (—32 >

QCD

and, using condition (1.13), one gets:

1

m. (1.16)

O‘S<Q2) =

02
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1.2 QCD beyond leading order

In this section I will introduce the main properties of QCD beyond the leading
order, from factorization (section 1.2.1) to DGLAP equation (section 1.2.2).

1.2.1 The factorization theorem in DIS

In the previous section the dynamics of coloured particles have been briefly de-
scribed, but the particles we have to deal with in experiments, namely hadrons,
are colour singlets. When the energy scale is large enough, it is possible to think
of hadrons’ interaction as the interaction between their constituents. Thanks to
the running of the coupling constant, QCD enables one to calculate the partonic
cross sections, through the perturbative Feynman diagram technique. Neverthe-
less, this is not enough to predict experimental observables. In fact, when we study
processes involving hadrons, we need to combine the probability of the partons’
transition from the initial state to the final one and the probability of finding par-
tons in the hadrons, with momentum and quantum numbers adequate to originate
the process we are studying. As already announced in the introduction, this goal
can be reached through the collinear factorization theorem in equation (4). In this
section I will obtain a proof of this classical result of QCD in the context of DIS.

The kinematical variables of DIS have been already defined in (2). Now I will
calculate the cross section for such a process.
The DIS matrix element has the form:

iT = (—ie)u (k') y"u (k) é(ie) /d4xe"q"’”<X | J.(x) | P), (1.17)

where J,, is the quark electromagnetic current and the hadronic matrix element is
between the proton and some high-energy hadron state. The square amplitude,
summed over all the possible final states and averaged over spins, is

TP = Gy Tr(h K9S [ (P | 0)| X)X o) | P) =

64

= o L, - W, (1.18)
namely, it is the contraction between a leptonic tensor L,, and a hadronic tensor
W The first has the familiar QED expression:

LM = 2(kK" + kK" — g"k - K); (1.19)

the hadronic tensor, on the contrary, is unknown and parametrizes our ignorance
of nucleon’s structure. It is possible however to find a convenient expression for
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W using the known features of field theory and electromagnetic interaction.
Thus, imposing simmetry (W = W)  parity invariance and Ward identities
(quW* = q, W = 0), the hadronic tensor takes the form:

H . . F x, 2
WH = ( g+ ) Fi(z,Q%) + (p“ - q’”p—Qq) (p” — ¢t 2q> 25,0 >,
q? q q p-q
(1.20)
where now our ignorance is summarized in the structure functions F(z, Q*) and
Fy(x,Q?). Substituting equations (1.19) and (1.20) in the DIS square amplitude
(1.18) and rewriting the usual Lorentz invariant phase space in terms of z and Q?,

we obtain the DIS differential cross-section:

do 1 et

drd()? = 257 7202 {ﬂ(&:,Q )+ Fy(x, Q2>Q2 (xé — 1)] . (1.21)

Now, let’s focus on the hadronic tensor W#”. The optical theorem allows us to
express it in terms of the forward Compton amplitude of the proton:

W — Im / dize ™ (P | T{I"(0)J" (2)} | P). (1.22)
In analogy with equation (1.20), we can write

10 — [ @t P | THO @) | P) = (g + ) B+ (09 + )
(1.23)
where

Fi(z,Q%) = 2Im F(z,Q?). (1.24)

The T-ordered product can be expanded, using the Wilson expansion, because we
are in the kinematical region of DIS (namely, Q? — oo and x — 0). In this way
we can factorize the high-energy dependence in the coefficients of the expansion,
which is organized according to the operator spin, namely the number of Lorentz
indices, provided that each operator is symmetric and traceless:

T{J"0)J" ()} = Z ey (T)OL I (1.25)

Provided that the operator O, has mass dimension equal to dp, the coefficient
functions C, has the dimension (mass)é~%.
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To get an expression of T* from (1.25), we need to Fourier transform it. Then,
extracting also the vectorial dependence from the coefficients C, we get:

10— (PIT( ()T} P) = Y (Plowrs Py 2y )
(1.26)
where now the coefficients C,(Q?) have dimension (mass)~%**. To find a con-
venient expression for the matrix element of OF#1#s=2 we observe that for each
Lorentz index of the operator, we will have a Lorentz index in the expectation
value in the proton state. Since the ¢* dependence is only in the coefficients of the
expansion, this Lorentz index must be carried by the proton momentum p#*. The

matrix element can thus be written as:

(PlO e[ Py = 2 A, p'p"p"t..ph 2, (1.27)

where A, are constants which carry non trivial informations about proton struc-
ture. Their dimension is (mass)®~=.
Substituting the latter matrix element in equation (1.26), we obtain

ZA c(Q?) 4 ( g;’)s_ , (1.28)

where we have separated the kinematical and dynamical parts of the hadronic
tensor (C,(Q?)) from the one depending on the proton structure (A,).

The leading terms of expansions (1.28) can be found through dimensional analysis.
The dimension of Ay is carried by the proton mass, while the dimension of Cj is
carried by Q2. So, recalling that z = p , the contribution of the operator O, in
the proton state can be estimated as

do—s
(P|C,, . Qlvittis=2| P) =5+ (%) | (1.29)

Thus, the relative contribution of an operator is controlled by its twist (t = do—s).
As long as Q* > m,, the lower twist operators (¢ = 2) dominate.

Now let us focus on F, in equation (1.23). From the previous calculations we

can write:
F2_2Z<2p q) (@A, (1.30)

Equation (1.30) can be viewed as a Taylor series in w = % In the leading twist

approximation, Cauchy’s theorem enables us to extract the product A,Cl:

QCSAS:/d—wFQ( Yo, (1.31)

271
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where the integration path I' is a circle around the origin, small enough to avoid
the physical singularities in w > 1 and w < 1. We can deform I' to the path
[ in Figure 1.4, which passes just above and just below the singularity cut. The
integral (1.31), neglecting contributions from the large circle and changing variable
from w to x, becomes:

1
20, A, = / dz - (FQ(x +ie) — By(x — ie)) -
0

271
1 1 2
d - d E:
= / —wa_QQImFQ(Z') = / —st_lﬁ' (132)
0 2m 0 2m T

In the last equality we used Schwartz reflection principle Fy(z) = Fj(2*). The

Figure 1.4: The integration contours I' and I'” in the w complex plane. Both paths
are oriented counterclockwise. Physical singularity cuts are marked in red.

result in equation (1.32) is called dispersion integral.
If we define the Mellin transform

1
ME@IN) = [ da p(a) (1.33)
and its inverse trasform

fz) = /C IN N MU )(V), (1.34)

271
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equation (1.32) tells us that the s-th contribution to Wilson expansion is the Mellin

moment of F2(x’Q ), where Fy(x, Q?) is the physical structure function. Inverting
(1.32) and substltutmg s by the usual Mellin moment variable N, we get:

N
FQ(J],Q2) = (L’/ %ZE—NC’N($,N) AN. (135)
O 471

Now we define also Cx(Q?) and Ay as Mellin transform as follows:

fo (2, Q%) 2N Ldx (1.36)
AN = [ q(x)zN Y, (1.37)

where C(x,Q?) is called coefficient function and q(x) is the parton distribution
function (PDF). The meaning of these two new quantities is clear from the way we
obtained them: ¢(x) encloses the information on proton structure and is process-
indipendent; while C'(z, @?) is linked to the dynamic of parton and can be calcu-
lated through QCD.

Substituting equations (1.36) and (1.37) in (1.35), we obtain, via the properties of
Mellin convolution, the factorization theorem for one active quark flavour:

A= [ Lo (2.0 =co (139

Y

The meaning of the result (1.38) is that we can actually calculate the physical
observables through the convolution between coefficient functions and PDFs .

The story, though, hasn’t still come to its end: if we actually want to predict
physical observables using the factorization theorem equation (1.38), we run into
some complications, related to the need to determine the still unconstrained Q?
dependence of coefficient functions, as will become clear in the next section.

1.2.2 DGLAP equation

In order to get a deeper understanding of the result (1.38), it is useful to perform
the explicit calculation of the coefficient functions (1.36) using QCD Feynman
rules.

Let us consider the tree process in Figure 1.5 of a free quark interacting with
a virtual photon. We parametrize the quark momentum p, distinguishing its lon-
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Dy

Figure 1.5: Interaction of a virtual photon with a quark

gitudinal and transverse components, through the Sudakov parametrization:
pP=n"=0
p=xp+yn+ppr where 20-n=1 . (1.39)
Pr-p=pr-n=>0
x and y give the longitudinal motion of the quark, while p;. gives the transverse
motion. If the quark is on-shell we have:

2

_ m? + |pr|®
PP =m=—prl +2p mry = y=———.

2p - nx

We can assume pp = 0 and neglect m, , then y = 0 and, from momentum conser-

(1.40)

vation, r = 2Q—2 =1
Performing the QED calculation of the square amplitude, we get the quark struc-

ture function at first order:
Fi(2,Q%) = 23z — 1), (1.41)

where e; is the quark charge. We are dealing with a free quark, then, recalling
equation (1.35), we can say that Ay = 1 and identify Cy with the Mellin trans-
form of Fj.

Now let us go on to the first order in «a, and consider the diagram in Figure
1.6, where the quark emits a gluon, before interacting with the photon. In this
case we can not assume that p/, = 0, because of the gluon emission. Let us write
the gluon momentum £ and the momentum flowing in the quark propagator p’,
using the parametrization (1.39):

= (L—2)p+kr+yn (1.42)
po= (p—k)=z2p—kr—uyn (1.43)
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Figure 1.6: Real gluon emission diagram in DIS

As the gluon is real, we have k? = 0 and so y = 2p~|§{1|iz)' Thus:
_ _ kr|?z k|2
o2 = —[or? = 2pmyz = — [ — B2 bl (1.44)

11—z 1—2

As kp goes to zero, p’> goes on shell, giving rise to a collinear divergence in the
fermion propagator and thus in the quark structure function. Regulating the
collinear divergence with a (factorization) scale p?, the final result of the calculation
is
a Q°

Fj =ea [5(1 —z)+ 7 (P(x)lnﬁ)} : (1.45)
where we have introduced the splitting function P(x), that can be seen as the
probability that a quark, having radiated a gluon, is left with the fraction x of its
original momentum. More details on splitting function and factorization scale will
be given below.

If one removes the scale, by leading u?> — 0 a collinear singularity appears. The
presence of such singularities spoil the result of the previous section, because they
lead to predict for physical observables infinite values.

We can understand the meaning of such divergences, recalling that in QCD the
perturbative approach is consistent only if a(Q?) < 1; what we have been saying
so far is that the quark is free, but actually this situation never happens, due to
confinement. So we need to define a reference scale 2, at which a quark is a bare
fermion, namely where the coefficients Ax(p?) = 1. From this observation we
can derive the scaling violation (Q?* dependence) of the quark structure function
(1.41): C(z,Q?) can depend on Q? only through a factorization scale u?, that is
C(z,%).

’1”“2
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At the factorization scale, the result (1.38) can be written in Mellin space as:

/dx folw =Cy (M—j) An(1%). (1.46)

T

Now, the physical observables must not dependent on the factorization scale, thus
we have to impose:
d 2
2 2
—Cn | =] A =0. 1.47
O (%) vt (1.47)
As is clear from (1.47), also Ay, thus PDFs, must depend on the factorization
scale. Moreover the two dependences on u? of Cy and Ay must balance, that is:

1, d 2\ 1 ,d
_C_NMQd_MCN (?) =5 Qd—M,ZAN(/ﬁ) = (1), (1.48)

where yy(a,(p?)) is the anomalous dimension of the operator Oy of Wilson ex-
pansion (1.25).

The vn(s(1?))’s can depend on the scale only through a,(u?) because they must
be dimensionless. This fact allows the logarithmic derivative of C'y and Ay to be
computed perturbatively.

The expression (1.48) contains the evolution equations for Ay and Cl, with the
scale p%:

1 d

Ao T AN) = () (1.49)
gtz (L) = (a6, (1.50)

Their general solutions are respectively:
O‘S(QZ)

An(Q?) = Ax(p)exp (/ " dﬂg(f;)) = Ay(OT(Q% 12 (1.51)

Q2 2 _ o 2 2 2
O (E,asw >) — (L an(@))D(Q% 122),

where T'(Q?, ?) is called evolurion kernel.
With many active flavour, equation (1.49) becomes the DGLAP equation in Mellin
space:

it () - (ot o) (6) oo



24 QUANTUM CHROMODYNAMICS

If we introduce the splitting function as the inverse Mellin transform (1.34) of the
anomalous dimension

1 c+i00
P(r,0) = o / AND (N, ay(12). (1.53)

—1300
we can write DGLAP equation in ordinary space as follows

s () = g2 (oot fteeb) o (56022,

Leading Order solution to DGLAP equation

The solution of DGALP equation can be computed at different order in perturba-
tion theory. In this section I will compute the evolution kernels of equation (1.51),
at the Leading Order (LO), with one active flavour.

The expression for T'x(Q?, p?) is:

(@) N
Iy (Q?, p?) = exp (/ . da’yBN((a))> (1.55)

Expanding perturbatively vy and [ as:

() = a(N) +0(e2),  Bla) = ~bal+0(d)  (156)
we get:
2 2y _ _VO(N) (@9 d_a
D@2, ) = exp ( ; / s ) (1.57)
Yo(IN) Y(N)

(ZZ((%) )T = (1 + by (Q)n (%)) b

It is clear from (1.57) that LO DGLAP equation resums all the leading loga-
NN
rithms (LL), i.e. all the terms of the form <as(Q2)1n (Q >> . In effect this terms

uz

must be included as they are of order one, because a, ~ It is easy to

In(%)"

see that NLO DGLAP equation resums the NLL, i.e. all the terms of the form
k

Qg <as(Q2)ln (%)) , and so on.
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Now let us find the LO expression for Cy < 2,as(u2)>. We need to write the

evolution kernel at LO:

Da(Q% ) = 1+ 70(N)ay (Q2)n (if ) L 0(?). (1.58)

Substituting (1.58) into (1.51), we have:

Cy (fi—j,as(uz)) = (Co(N) + as(Q*)C1(N)) (1 +20(N)as(Q)ln (Q2)>

12
(1.59)
= Cy + Chasyln (Q2) +0 ( , agln® <Q—22>)
2 7

Taking the Mellin transform of the last equation we have

C (x %,as(ﬁ)) = Co() + as[Py ® Cp)(x)In (gz) +0 ( , agln’ (%2)) .

(1.60)
Recalling that Cy(z) = e2d(1 — x), we finally obtain:

C (33 3—22 as(;ﬂ)) =el (5(1 — ) 4+ a,Py(x)n (%2)) : (1.61)

Thus, the LO coefficient function coincides with the quark structure function of
equation (1.45) and the LO splitting function is the coefficient of the logarithmic

term In (g—j) Py(x) is the P(z) of equation (1.45) and can be computed from the

explicit calculation of the real gluon emission diagram in Figure 1.6.

The previous considerations can be generalized to all possible emissions ¢ — j
(with 7,j = ¢,9) and we can then obtain a complete set of splitting functions.

In this chapter we studied the PDFs’ dependence on the ratio 63—22; in the next
chapter we will study in greater detail the dependence of PDFs on x and study,
with particular attention to the small x region.
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Chapter 2

Small 2 Resummation

The small x regime of QCD is the kinematic region in which hard process happens
at a center-of-mass energy much larger than the hard scale of the process. As
the energy available at hadron colliders, such as the LHC, increases, small z QCD
becomes more and more relevant. The x parameter measures the ratio between the
two large scales involved and its definition depends on the process we are studying.
In this work I focus on DIS and then the hard scale is set by the virtuality of the
photon Q? and, provided that p is the momentum of the hadron and ¢ that of the
virtual photon,

Q @

C2p-q s

In the previous chapter we saw that the relevance of DGLAP equation is related
to the fact that, through it, we can perform the resummation to all orders of the
large lo%arithm of the ratio between the hard scale of the process and factorization

%. Now, we turn to high energy region, namely s > Q? and x — 0, where

(14 O(x)). (2.1)

scale,

terms of the form ajln (%), present to all orders in perturbation theory, become of
order 1 and have to be resummed.

In the present chapter I will present some general results on the small = behavior of
PDFs’ evolution equations and show some theoretical features of BFKL equation
(section 2.1); then I will present the approach to small z resummation of the ABF
group (section 2.2).

2.1 Small z evolution equations
In the previous chapter we obtained DGLAP equation and see that, when the

number of active flavours is greater that one, the evolution of PDFs mixes quarks
and gluons.

27
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It is, then, convenient to rearrange the PDFs ¢;(x), g;(z) and g(x), defining singlet
and non singlet quark distributions, as follows:

gns =¢—qj, {i,7}=1,..ny (2.2)

qgs =X = Z[% + G- (2.3)

The evolution of qyg, in fact, decouples and obey to the differential equation:

O‘S(/ﬂ)

L P, (%) @ aws (o, 1), (2.4)

d
2 2\ __
ft —dMQqNs(x,u ) =

The evolution of the singlet distribution Y(z, %) is coupled to that of the gluon
and obey to equation (1.54), which now takes the form:

a dp? g(:L‘,,uz) 2m qu(x,as(;ﬁ)) gg(x O‘S(NQ»

%i(ﬂafozawﬂ(%NmMM»QWP@,MWD®(HLfO.
(7, 1?)
(2.5)
In this section we will outline the crucial properties of the latter equation in the
small z regime, beginning with some considerations on splitting functions and

anomalous dimensions (section 2.1.1) and ending with the method thorugh which
one can actually get the solution of equation (2.5) at LLz accuracy (section 2.1.2).

2.1.1 Small £ anomalous dimensions

In equations (2.6), (2.7), (2.8) and (2.9) the LO expressions of splitting functions
are shown; while in equations (2.10), (2.11), (2.12) and (2.13) we give the LO
expression of anomalous dimensions, for future applications.

0 B 1+ 22 3
P)(z) =CFp N —1—5(5(1—3:)1 : (2.6)
Po(x) =Tg [_xz +(1-12)%], (2.7)
Py (z) =Cr Lt (11__ ?) } , (2.8)

PO (2) zch{ 1x +1_x+x(1—x)]+5<1_x)110A_4"fTRf29

—02.9)
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YW(N) =Cp —%+m—2;%1, (2.10)
0 B 2+ N+ N?

Yog(N) =Tr [N(N+1)(N+2)] : (2.11)

Yoa(N) = Cir [—2‘;\;]]\2?; ] : (212)

N
Yog(N) = 2C4
k=

1 1 1
_E+Nmn4ﬁXN+mN+m_z;

1 2
% + gnfm..l?))

At LO, then, F,, and P,, show a singular behavior at small x. From this fact it
appears that the fixed order perturbation theory breaks down at small x, as the
splitting functions are divergent. Before dealing with this question, let us study
the behavior of the evolution equations in the small x region.

We will work in Mellin space, thus it is important to observe that the singularities
that arise in the spitting functions when x — 0, in the anomalous dimensions
happen when N — 1. To simplify the notation, we define the new distribution G
and (), as:

G = zg, Q = zq. (2.14)

The x factor, thanks to the properties of Mellin transform (1.33), turns into a shift
in the argument of the new anomalous dimensions with respect to the old one:

74B(N) = Yap(N + 1), (2.15)

It is possible to prove that small + DGLAP equation is dominated by the rightmost
singularity of the anomalous dimension.

Therefore let us expand the LO anomalous dimensions around their leading sin-
gularity:

1 /70 0 0 in,T
- = — 3 f R
Vsinglet N(%&2@>+(%Q:%Qr%mm)+mN> (2.16)
Cr Cp
. - = N+1 2.1
Ynon—singlet N+1 9 +O( + ) ( 7)

From the above relation it is evident that the singlet channel has the singularity
shifted of one unit to the right with respect to the non-singlet one, which, then,
has an extra power of x:

gNs ~ Tqs ~ Tg, (2.18)

namely the LO non-singlet distribution at small x is subleading with respect to
the singlet one. For this reason in the next we will focus most on the singlet dis-
tribution.
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Now, let us diagonalize the matrix of anomalous dimensions in the singlet evo-
lution equation (2.5). The eigenvalues are:

1
== 5 {'Vgg + Vg £ \/(799 - 'qu)2 + 8”]‘79(17{/9} (2.19)
and, at LO up to O(N), they take the values:
1 11 2 4 Cp
=20,4— —C'y — =n,T, e 2.20
b AN+(6 4T3 R+30AnfTR> (2.20)
4Cr
_=—=—n¢T 2.21
v 50, Tn (2.21)

Hence, LLO 74 has a pole when N — 0, while LO ~_ is regular.

From all these considerations, it is clear that, if we want to determine the cor-
rect behavior of the parton distributions at small x, we need to find the way to
resum the large x logarithms.

In the asymptotic limit where z — 0 and Q? — oo, LO DGLAP equation is suf-

ficient, because it also resums all terms of the form ajln (g—j) In (%), namely the
double leading-logarithms (DLL) series. When Q2 is not so large, though, we need

to consider also all the terms agln (%), not accompained by a large In (3—3)

The resummation of these terms to all orders, retaining the full Q% dependence
(and not only the leading In(Q?) terms), is accomplished by the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) equation. This result is obtained through high-energy
factorization [4] and can be written in a form similar to the Mellin transform of
DGLAP equation:

d%f (6, M) = X(M, a,)f (€, M), (2.22)

where € = In (1) and f(&, M) = [ dte=™Mtf(¢,t), with t = In (f{—) It can be
shown that the kernel x (M, ay) is the inverse function of the DGLAP anomalous

dimension y(N, ay).

To understand the physical difference between DGLAP and BFKL equation, we
have to consider a Feynman diagram approach. The DGLAP evolution can be
seen as a series that resums all the gluons emitted from a single quark (Figure
2.1). We saw, in the previous chapter, that one emission produces, in the collinear
region, one power agln <g—22>, for multiple ladder emission we can produce all the

terms of the series. The phase space integration of such diagrams is:
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Figure 2.1: Gluon ladder emissions

Qak2, (% dkF My dk3 (% dk3 [In(Q2))
[ [ 229
MZ an ’LL2 an—l #2 kTQ NZ k;Tl n!

and the logarithms come from the strongly-ordered transverse momenta:
Q* > ki > > k. (2.24)

In the BFKL case, instead, the relation (2.24) between transverse momenta isn’t
valid anymore, and the integration is taken over the full kr phase space of the
gluons.

2.1.2 The path-integral method to solve DGLAP equation

In section 1.2.2 we explained the method to find the solution to DGLAP equation
at fixed order in perturbation theory (truncated solution). When we compute the
splitting functions at a small x resummed level, we are including all the orders
in o, and thus a fixed order approach to the solution of DGLAP equation is not
adequate anymore.

In this section I will outline the path-integral method, which allows us to compute
the solution to DGLAP equation accounting for the a; dependence to all orders.

The anomalous dimension matrix can be written as:

v=Mpyt Moy, (2.25)
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using the projectors (2.26) and (2.27) which have the form:

1 Ya =7 )
M, = aa w ), 2.26
T < X T = Yaq (2:26)
1 Y= Ye— =7 )
M= ——— 4 9 2.27
vt =9 < -X Yag — Y (2.27)

where X = (7" —749) (Ygg — V=) /Vqg- With this formalism we get for the evolution
kernels the following expression:

t

NNwmwzpamL/dﬂwuwm*+wtuvfﬂ, (2.29)
to

where the symbol P stands for path-integral, namely we need to perform the inte-

gration maintaining the order of M, (¢) and M_(t) because the do not commute

for ¢, # t5. Now let us find a more convenient form for (2.28):

['(N,tg,t) = Pexp {/t dt' (M, (t)yT + M_(t/)v)} (2.29)

to
N
M=1

Now, if the number of intervals NV is large enough, At =

= Pexp

tam—1

Q/MdﬂNhWW++WLWW7]

t—to

~~ is small and thus,

provided that ¢, = M we can write:
[ N ty
F(N, to, t) = PeXp Z / dt/(M+(t/>’)/+ + Mf(t/)”)/i) ~ (230)
M=1YtM—1

WE

~ Pexp

At(M (tar)y " + M@M)’V)] =

g
I

1

= H exp [At(M (ty)y" + M_(tu)r7)]

M=1
Now, thanks to the projectors’ properties of M., we have:

MiM.

MIA = 1 My A T (A = (2.31)
At)? At)?

=1+ M+(€’Y+At — 1)



33 QUANTUM CHROMODYNAMICS

Using the previous result, we can write (2.28) in the following way:

(N, to,t) = [T+ My (tar) (e = )] [L+ M_(tar) (-2 = 1)] = (2.32)

= §=

(M+(tM)€FY+At + M (tM)e”At).

<
I

1

2.2 ABF approach to small x resummation

In order to fix the small  instability of the evolution equations, we need to find a
reasonable manner to compute the evolution kernels, taking into account the large
logarithm of x.

In this section we will follow the approach of Altarelli, Ball and Forte (ABF)
[1], showing first (section 2.2.1) the main ingredients for a stable small x resum-
mation and then (section 2.2.2) some phenomenological results of this approach,
which have been confirmed by other groups.

2.2.1 The three ingredients for stable small x resummation

We will consider the case of ny = 0, in which there is a single parton distribution,
the gluon distribution G(&,#), with € = In (1) and ¢ = In (g—) Defining the
Mellin transforms:

G(N,t) = /0 h dée NG (€, 1) (2.33)
G(& M) = / h dte MG (€ 1) (2.34)
we can rewrite both the DGLAP and BFKL equations in the following form:
SN 1) =N, a)G(N, 1) (2.35)
EO(E M) =x(M, )Gl M) (2:36)

where v and x are related by the duality equations:

X(V(Nv as)aas) =N (237)
V(X(Mu O‘s>’ as) =M
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which map the perturbative expansion of v in powers of o, at fixed N in the ex-
pansion of y in powers of a; at fixed M and conversely.

From equation (2.37) we obtain the first ingredient for a stable small  resumma-
tion: the double leading expansion, shown in Figure 2.2. As known, the anomalous

Figure 2.2: Double leading expansion of the GLAP anomalous dimension 7 (left)
and the BFKL kernel x (right)

dimension can be seen as a series in oy (DGLAP expansion):
7(N7 as) = 00 + aif}/l +. (238)
Each coefficient ~; in turn is a function of N, which contains the singularities we

want to account for:

C—i  C—it1 C_1
%»(N):Ni+Ni_1+--~+W+ci+clN+--- (2.39)

The double leading expansion lies in a rearrangement of the terms of expansions
(2.38) and (2.39), such that, for example at the leading order, the leading singu-
larities of all v; are included in a new coefficient called v,. Using either the double-
leading x or the double-leading v in the BFKL or DGLAP equation respectively
leads, to the inclusion of all the terms which are logarithmically enhanced either
in % or in @Q? to the given order. The result is shown in Figure (2.3): when M — 0
it is near to the DGLAP one, while, when N — 0, it is close to the BFKL one.
Note the instability of the result when N — 0, due to the instability of the BFKL
kernel. To treat this poor behavior when N — 0, we introduce the second ingre-
dient.
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Figure 2.3: The BFKL kernel and its dual DGLAP anomalous dimension computed
at LO and NLO in the BFKL expansion, the DGLAP expansion and the double-
leading expansion

The BFKL kernel must be symmetric upon the interchange M — M — 1, due
to the symmetry of the three-gluon vertex upon the interchange of the radiated
and radiating gluon. From Figure 2.3 is clear that this symmetry is manifest at LO
level, while is broken at NLO level by terms that can be computed exactly, which
come from running coupling effects and choice of DIS kynematic [1]. Hence, we
can symmetrize the double-leading expansion by undoing the symmetry breaking
terms, symmetrize the result and then restore the simmetry breaking kinematics
and choose the argument of «a,. Following this way we get a very stable result,
shown in Figure 2.4. The stability is related to the fact that y must have a mini-
mum at all orders, due to some important constraints on anomalous dimension:

e From momentum conservtion, it follows that v(1,as) = 0 and, by duality,
X(O, as) =1

e As a consequence of the fact that the gluon looses momentum radiating,
v(N, as) decreases monotonically when N increases.

From Figure 2.4, we can define, for future application, the intercept of x, as the
point at which y crosses M = 0.
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Figure 2.4: The LO and NLO resummed symetrized double-leading kernels com-
pared with LO and NLO BFKL kernels and NLO DGLAP kernels. CCSS denotes

the result of an other approach to resummation [5]

The third ingredient for a stable small x resummation is the inclusion of the
running coupling. In fact, it can be shown that the asymptotic behavior of the
anomalous dimension when x — 0 is determined by the position of the intercept
of x, which changes orde by order. Hence, the correction to the position of the
minimum of y are asymptotically large when ¢ — oo. Thanks to the presence of
the kernel’s minimum to all orders, the BFKL equation can be solved at running
coupling level. This fact is crucial, because it corrects the duality equation with a
finite numbers of terms which diverge as & — oo. The resummation of such terms
can be performed exactly for the series of terms which grow fastest as & — oo
and the result can be expressed in terms of Bateman functions for a kernel with
a generic dependence on ay. The inclusion of Bateman anomalous dimension, i.e.
the divergent terms related to running coupling, changes the leading singularity
from a square root branch cut to a simple pole. Hence now the singularity is
given by the pole of Bateman anomalous dimension; the position and the residue
of Bateman pole are fully determined by the intercept and the curvature of the
minimum of the original kernel, and their dependence on ay.From Figure 2.5 we
can see that , while in the NLO BFKL kernel the position of singularity grows lin-
early with ay, in the resummed case the behavior of the position of the singularity
is no longer linear and the slope is smaller.

Finally, to find the resummed anomalous dimension, we need to sum the Bate-
man contributions and subtract the double-counting terms. Then, via Mellin in-
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Figure 2.5: Leading small x singularity versus o

version, we obtain the resummed splitting function, shown in Figure 2.6. The
resummed expansion is seen to be stable (the LO and NLO results are close) and
matches the GLAP in the large x > 0.1 region, but at small = is free of the in-
stability which the GLAP expansion shows already at NNLO. In Figure 2.7 the

0.6 R A IR

04 —

0.2 —

running coupling

0.1 —

0.0

100 10!

102 103

104

105

Figure 2.6: Resummed splitting function with running coupling

relative importance of various contribution is shown, by comparing the slope of
resummed running-coupling splitting function with respect to &, to that of NLO
GLAP result and that of the splitting function obtained by inverse Mellin trans-
form of Bateman anomalous dimension. We can see that the behavior at small z is
determined by the Bateman splitting function, while at large z the NLO DGLAP

expansion dominates.
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Figure 2.7: The slope of the splitting function with respect to &

2.2.2 Phenomenological results

To get the resummed physical observables, as stressed in Chapter 1, we need both
PDFs at the scale Q% and coefficients functions. Hence, going from the resumma-
tion of evolutions equation to the resummation of physical observables, first we
need to include the quark sector, extending the resummation to the case where
ny # 0, and then we need to resum also the coefficients functions.

As already said, the non singlet distribution is subleading compared to the singlet
one (see equation (2.18)) and the splitting function matrix has only one singular
cigenvalue at small x (see equation (2.20)). Hence, we can choose a factorization
scheme in which only the singular terms as N — 0 are inclueded in the anomalous
dimension, namely 7_ = 0 and only v, has to be considered for resummation. The
technique used in the case of ny = 0 can be followed to find 7, at a resummed
level. The complete resummed result is obtained combining ~, with the standard
NLO unresummed expression of v_. A full solution of the evolution equation is
then obtained in terms of the two eigenvalues, and projectors M4 (g, N) on the
eigenvectors of the anomalous dimension matrix, as described in the previous sec-
tion. In Figure (2.8) the resummed splitting function matrix is shown for ny = 4
and o, = 0.2.

Concerning the coefficient functions, the leading small x contributions to par-
tonic cross sections are known to all orders for an increasing number of physical
processes. The strategy of resummation is the same used for the splitting func-
tions: double-leading expansion, symmetrization and inclusion of running coupling
terms. The resummed results are shown in Figure 2.9.

Combining the ingredients discussed so far, it is possible to determine the re-
summed predictions for deep-inelastic structure functions, which can then be used
also for the determination of PDF's at a resummed level.
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Figure 2.8: Splitting function matrix for ny = 4 and a, = 0.2. The curves

correspond to LO (dotted), NLO (dashed), NNLO (dot-dash), resummed (solid)

To estimate the impact of resummation on PDFs, one can take some initial semi-
realistic parton densities and then evolute them with the resummed kernels in
equation (2.28). In [1], the initial PDFs are taken at @)y = 2GeV and have the
following form:

zg(x,tg) = ko " (1 — 2)°, (2.40)
2q, (7, t0) = k2™ (1 — x)*, (2.41)

where k, and k, are fixed to satisfy valence and momentum sum rules.

In Figure 2.2.2 the resummed PDF's are shown.

It is evident that the impact of resummation is comparable to that of NNLO
corrections, but it goes in the opposite direction, suppressing the initial PDFs.
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Figure 2.9: Matrix of coefficient functions for ny = 4 and a; = 0.2. The curves

correspond to LO (dotted), NLO (dashed), NNLO (dot-dash), resummed (solid)

For future needs, it is important to stress here that the evolution of PDF's is made
in Mellin space, where all the convolutions become simple products, and then
the x space parton distributions are obtained through Mellin inversion.To follow
this procedure an analytic form of PDFs is needed and then it is not possible to
implement it in a parton fit.
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Figure 2.10: The small x behaviour of thr gluon distribution (left) and the total
(valence plus sea) singlet quark distribution as function of 1/x at different values
of Q =4, 10, 100, 1000 GeV (for ?s = 0.2 and nf = 4). Also shown (purple) the
initial parametrization at Q = 2 GeV. The curves are: fixed order perturbation
theory LO (black dashed), NLO (black solid), NNLO (green); resummed LO (red
dashed) and NLO (red solid) in QOMS scheme resummed NLO (blue solid) in the
MS scheme. At all scales, the LO curves are lowest (resummed below fixed order),
resummed NLO higher, fixed NLO yet higher and fixed NNLO highest.
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Chapter 3

NNPDF approach to the parton
fit

The knowledge of Parton Distribution Functions is a crucial aspect for precision
physics at hadron colliders, such as the LHC. As already said, PDF's are univer-
sal, process-independent, non-perturbative quantities which must be extracted at
a given scale from comparison to the available experimental data. They are then
evolved by mean of the DGLAP equation to any other scale where they are used
as input for theoretical predictions. To reduce the systematic uncertainties in the-
oretical predictions, a reliable knowledge of PDF's’ uncertainties is essential.

At present, there are at least four global sets of parton distributions with uncer-
tainty available and constantly updated by CTEQ-TEA, MRST-MSTW, Alekhin-
ABKM and NNPDF groups. The approach of the latter is different from the one of
the previous three. In fact, tha classical approach is to assume a parametrization
based on the functional form f(z) ~ 2%(1 — x)? and then tune its parameters to
make observables fit experimental datas.

The NNPDF collaboration, instead, uses a completely different method. Its aim
is to determine objectively both the value and the uncertainty of PDFs from a
discrete set of many independent (and possibly incompatible) experimental mea-
sure. This goal is reached combining a Monte Carlo method with the use of neural
networks as basic interpolating functions. In addition the NNPDF global fit is the
only one using consistent NLO QCD.

In this chapter I am going to outline the fundamental features of NNPDF ap-
proach, which is summarized in Figure 3.1. In section 3.1, I will present the data
which are used to determine PDFs and the Monte Carlo generation of replicas of
the original datas, then in section 3.2, I will show the fitting strategy using neural
networks and in section 3.3, I will describe the FastKernel method to compute the
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evolution of PDFs and physical observables. Finally, in section 3.4 I will present
the results of the NNPDF approach.

Experimenm e —
Generation of Tests
artificial data exp - art
Training of | Tests
neural networks net - art
Evolution
(net)(1) (net)(@) e L S Taﬁ
1 4 1 et - net
pe| Tests
Determination of (act) lnet) ) (act)
s, - q ’ 9. pi
the probability density I

Figure 3.1: Schematic representation of the NNPDF approach [2]

3.1 Experimental data and Monte Carlo gener-
ation

The NNPDF2.0 parton determination includes both DIS data and hadronic Teva-
tron data for fixed-target Drell-Yan, collider weak vector boson and inclusive jet
production. The kinematical variables used for the hadronic processes are fully
described in [3] . The details of the dataset used are shown in Table 3.1. In Figure
3.2 we can see what is the kinematical region covered by data.

The experimental uncertainties are separated into statistical (including uncor-
related systematics) , correlated systematics and normalization uncertainties (see
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[ Deep-Inelastic scattering |
l Experiment Set Ngat [ Tonin Tmaz [ Q?nin [GeV?] [ anaa: [GeV?] ]
NMOC-pd 260 (153)
NMC-pd 260 (153) 0.0015 (0.008) 0.68 0.2 (2.2) 99.0
NMC 288 (245)
NMC 288 (245) 0.0035 (0.0056) 0.47 08 (2.1) 61.2
SLAC 122 (93)
SLACp 211 (47) 0.07 0.85 (0.55) 0.58 (2.0) 29.2
SLACA 211 (46) 0.07 0.85 (0.55) 0.58 (2.0) 29.1
BCDMS 605 (581)
BCDMSp 351 (333) 0.07 0.75 7.5 230.0
BCDMSd 254 (248) 0.07 0.75 8.8 230.0
HERAL -AV 741(608)
HERA1-NCep 528 (395) 6.2 107 (3.1 10 9) 0.65 0.045 (2.7) 30000
HERA1-NCem 145 1.3 10~ 2 0.65 90.000 30000
HERA1-CCep 34 0.008 0.4 300 15000
HERAI1-CCem 34 0.013 0.4 300 30000
CHORUS 1214 (942)
CHORUSnu 607 (471) 0.02 0.65 0.3 (2.0) 95.2
CHORUSnHb 607 (471) 0.02 0.65 0.3 (2.0) 95.2
FLH108 8
FLH108 8 0.00028 0.0036 12.0 90.000
NTVDMN 90 (34)
NTVnuDMN 45 (43) 0.027 0.36 1.1 (2.2) 116.5
NTVnbDMN 45 (41) 0.021 0.25 0.8 (2.1) 68.3
ZEUS-H2 127
Z06NC 90 5107 0.65 200 310°
Z06CC 37 0.015 0.65 280 310°
Fixed-Target Drell-Yan production
Experiment Set Niat [y/zrl‘;”n,y/zf;aw] [Zimin Tmaz] Iwrznin [GCVQ] ]M?naw [GCVQ]
DYE605 119
DYE605 119 [-0.20,0.40] [0.14,0.65] 50.5 286
DYES866 390
DYES866p 184 [0.0,0.78] [0.017,0.87] 19.8 251.2
DYES866r 15 [0.05,0.53] [0.025,0.56] 21.2 166.4
Collider vector boson production
Experiment Set Ngat [Ymin.ymaz] [@imin Tmaz] AJ?nin [GeV?] A{?Znacc [GeVZ]
CDFWASY 13
CDFWASY 13 [0.10,2.63] [2.9103,0.56] 6463 6463
CDFZRAP 39
CDFZRAP 29 [0.05,2.85] [2.9 10~ 3,0.80] 8315 8315
DOZRAP 28
DOZRAP 28 [0.05,2.75] [2.9 1073,072] 8315 8315
Collider inclusive jet production
Experiment Set Naat [Ymin,ymax] Emin@maz]l | PT min [GVZ] | PTnas [GeVZ]
CDFR2KT 76
CDFR2KT 76 [0.05,1.85] 4.6 1073,0490] 3364 3.710°
DOR2CON 110
DOR2CON 110 [0.20,2.2] (3.1 10~ 3,0.097] 3000 3.4 100
TOTAL
Experiment [ [ Ngat [ Tomin Tmaz [ anin [GeVZ] [ Q?na:c [GeV?]
TOTAL | | 4520 (3415) | 3.110°° | 0.97 | 2.0 | 3.7 10°

Table 3.1: Experimental datasets included in the NNPDF2.0 global analysis. For
DIS experiments we provide in each case the number of data points and the ranges
of the kinematical variables before and after (in parenthesis) kinematical cuts.
For hadronic data we show the ranges of parton x covered for each set (denoted
by [Tmin, Tmaz)), determined using leading order parton kinematics. Note that

hadronic data are unaffected by kinematic cuts. The values of z,,;, and Q...

the total dataset hold after imposing kinematic cuts.

2 for



46 NNPDF APPROACH TO THE PARTON FIT

| NNPDF2.0 dataset |
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Figure 3.2: Experimental data which enter the NNPDF2.0 analysis (Table 3.1).
For hadronic data, the values of x; and x5, determined by leading order partonic
kinematic [3], are plotted (two values per data point).

Table 3.2). From these uncertainties, the covariance matrix can be computed for
each dataset as follows:

N Ng, Ny
(cov)ry = (Z 01101+ 51JU%S) FiF; + (Z OIn0Jn + Z UI,nUJ,n) FYFY,

=1 n=1 n=1
(3.1)
where I and J run over the experimental points, F; and F; are the measured cen-
tral values of the observables I and J, N, is the number of correlated systematic
uncertainties, N, (N,) is the number of absolute (relative) normalization uncer-
tainties and the index s stands for statistical.

Error propagation from experimental data to the fit is handled by a Monte Carlo
sampling of the probability distribution defined by data. The statistical sample
is obtained generating NN,., artificial replicas of data points following the proba-
bility distribution of the data. In practice, the data replicas are generated with a
multi-gaussian distribution, centered on each data point with the variance given by
the experimental uncertainty. The accuracy of the statistical sample is measured
through appropriate statistical estimators (this is denoted in Figure 3.1 as "tests
exp-art”). From the studies of such quantities, it appears that a Monte Carlo
pseudo-data sample with N,., = 1000 is sufficient to reproduce the mean values,
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Deep-Inelastic scattering
Set \ (stat) (%) \ langleosys) (%) \ langleo norm) (%) \ langleoior) (%)
NMC-pd 2.0 (L.7) 0.4 (0.2) 0.0 2.1 (1.8)
NMC 3.7 (3.7) 2.3 (2.1) 2.0 5.0 (4.9)
SLACp 2.7 (3.8) 0.0 2.2 3.6 (4.5)
SLACd 2.5 (3.4) 0.0 1.8 3.1(3.9)
BCDMSp 3.2 (3.1) 2.0 (1.7) 3.2 5.5 (5.2)
BCDMSd 45 (4.4) 2.3 (2.1) 3.2 6.6 (6.4)
HERA1-NCep 4.0 1.9 (1.5) 0.5 4.7 (4.5)
HERA1-NCem 10.9 1.9 0.5 11.2
HERA1-CCep 11.2 2.1 0.5 114
HERA1-CCem 22.3 3.5 0.5 22.7
CHORUSnu | 4.2 (4.1) 6.4 (5.8) 7.9 (7.6) 11.2 (10.6)
CHORUSmb | 13.8 (14.9) | 7.8 (7.5) 8.7 (8.2) 18.7 (19.1)
FLH108 47.2 53.3 5.0 71.9
NTVnuDMN | 16.2 (16.0) 0.0 2.1 16.3 (16.2)
NTVnbDMN | 26.6 (26.4) 0.0 2.1 26.7 (26.5)
Z06NC 3.8 3.7 2.6 6.4
706CC 25.5 14.3 2.6 31.9
Fixed-target Drell-Yan production
Set (Ostar) (%) | langleosys)(%) | langledorm) (%) | langleoio) (%)
DYEG605 16.6 0.0 15.0 22.6
DYES866p 20.4 0.0 6.5 22.1
DYES866r 3.6 1.0 6.1 10.2
Collider vector boson production
Set (Ostat) (%) | langleosys)(%) | langledorm) (%) | langleoio) (%)
CDFWASY 4.2 4.2 0.0 6.0
CDFZRAP 5.1 6.0 6.0 11.5
DOZRAP 7.6 0.0 6.1 10.2
Collider inclusive jet production
Set (Ostat) (%) | langleosys)(%) | langleoporm) (%) | langleoior)(%)
CDFR2KT 4.5 21.1 5.8 23.0
DOR2CON 4.4 14.3 6.1 16.8

Table 3.2: Average statistical, systematic and normalization uncertainties for each
of the experimental datasets included in NNPDF2.0.Uncorrelated systematic un-
certainties are considered as part of the statistical uncertainty. All uncertainties
are given in percentage.For DIS experiments average uncertainties are given both
before and (in parenthesis) after cuts.
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the variances and the correlations of the experimental data with a 1% accuracy
for all the experiments.

3.2 Fitting strategy with neural networks

Once the Monte Carlo replica have been generated, the next step is construct-
ing a set of parton distribution from each replica. Each PDF at a given scale is
parametrized by an individual neural network. The choice of neural networks as
functional form of parton parametrization is related to the fact that they are very
flexible and unbiased, namely they do not introduce a prejudice on the PDFs’
functional form. However, it is non trivial determining the best fit form for each
replica. Let’s go into some details.

The first requirement to obtain the best fit is that it must be independent of
any assumption made about the parametrization. This requirement is met by
adopting a redundant parametrization, that is the number of parameters used to
parametrize the neural networks is much larger than the minimum required in
order to reproduce the data. The second issue is to understand what is the right
method to determine the best fit. One can think that the answer is obvious and it
is found by the minimization of the y? of the comparison between theory and data
for a given replica. This method, though, happens to be inadequate, because of
the redundancy of the parametrization. In fact it may accommodate not only the
smooth shape of the "true” underlying PDFs, but also the random fluctuations of
the experimental data about it. The idea then is that the optimal fit should be
characterized by a value of x? which is not as small as possible, but rather equal to
the value expected on the basis of the fluctuations of the data. The implementa-
tion of this idea is based on the cross-validation method. Namely, for each replica,
the data are divided randomly into a training set and a validation set. The fit is
then performed on the data in the training set, and the y? computed from data in
both sets is monitored. Minimization is stopped when the x? in the validation set
(not used for fitting) stops decreasing. The method is made possible by the avail-
ability of a very large and mostly compatible set of data, and it guarantees that
the best fit does not attempt to reproduce random fluctuations of the data. The
method also handles incompatible data, by automatically tolerating fluctuations
in the data even when they are larger than the nominal uncertainty, whenever
fitting these fluctuations would not lead to an improvement of the global quality
of the fit. This analysis is denoted as "test net-art” in Figure 3.1, namely, the
comparison of neural net to the previously generated artificial data.

After all these steps, we have an ensemble of best fit PDFs, which contains as
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many elements as the set of replicas. These can be used to compute physical ob-
servables (see Chapter 1) through the FastKernel method explained in the next
section. Results can be tested for self-consistency (”test net-net” of Figure 3.1): for
example one can verify the stability of the results upon a change of parametrization
by computing the distance between the results in units of their standard devia-
tions. Also they can be tested for consistency with the data (”test net-exp” of
Figure 3.1): namely it is the standard comparison of the final fit prediction with
the original input dataset. The most important of these kind of tests is the com-
parison to the data (and the computation of the corresponding x?) for the best fit
obtained by averaging results over all neural nets in the final sample.

3.3 FastKernel method

To get the optimal fit, it is necessary to compute physical observables from the par-
ton distribution. As seen in the previous chapters, to perform the calculations of
experimental quantities, one needs to convolute the PDF at the appropriate scale
(obtained through DGLAP evolution) with the coefficient function of the process.
When we have to deal with hadronic colliders observables, a double convolution
must be performed.

The method used in the NNPDF approach is called FastKernel method and is
based on the idea of pre-computing a Green function which takes PDFs from their
initial scale to the scale of physical observables. The Green function can be de-
termined in N space, thus requiring a single complex-space integration for the
solution of the evolution equation. Furthermore, the Green function can be pre-
combined with the hard cross section (coefficient functions) into a suitable kernel,
in such a way that the computation of any observable is reduced to the determina-
tion of the convolution of this kernel with the pertinent parton distribution, which
are parametrized in x space, using neural network, as seen in Section 3.2. The
computation of these convolutions is sped up by means of the use of interpolating
polynomials.

In the following, I am going to define the most important quantities used to per-
form the evolution of PDFs (Section 3.3.1) and to compute the DIS observables
(Section 3.3.2). I will not go into details of the computation of hadronic observ-
ables, because in the next I will focus on DIS. For details about this issue, see
(3]
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3.3.1 Fast PDF evolution

The PDF's can be written in terms of the following basis:
f] - {27 g, V7 ‘/37 ‘/87 ‘/15a ‘/247 %57 T37 T87 T157 T247 T35}7 (32)

where, Y excepted, the remaining 2ny — 1 = 10 distributions are non-singlet com-
binations of the quarks’ distributions [2].

Provided that I'j; is the matrix of DGLAP evolution (see equation (1.51)), the
PDF's evolved from the initial scale Q3 to the scale of the experimental point [
can be written as:

Npar 1
Hen@ =Y [, (ﬂ,@g,@;) Fo(y, QR). (3.3)
— Jor Y y

To perform numerically the integral, we need first to define a grid in z (independent
from the value of x;) with N, points, such that:

Toin =01 < Ty < -+ < xy,_1 < Ty, = 1, (3.4)

then we introduce a set of interpolating functions Z¢ with the following properties:

I%xq) =1 3.5)
I°(z5) =0, B+a 3.6)
Ny
D Ty =1, Wy (3.7)
a=1
With these tools, the PDF's at the initial scale can be approximated as
Ng
Fi) =Y f@a)I*(y) + Ol(@ariza)’], (3.8)
a=1

where p is the lowest order neglected in the interpolation. Hence, equation (3.3)
becomes:

e =Y 30 e [ Ly (L) 20 + Ol — ) = 69

= 5-ijk I(c)(xa) + O[(Iaﬂ-l - xa)pL
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where

Gk = Omi(wr, Q5, QF) = /—ij< )Ia() (3.10)

Having precomputed the 6ak coefficients for each experimental point I, the evo-
lution of PDF's only require NV, evaluation of the PDFs at the initial scale, inde-
pendent of the point at which the evolved PDFs are needed, thereby reducing the
computational cost of evolution. The choice of the interpolant functions is crucial,
because with an appropriate basis better accuracy can be obtained with a smaller
number of points, reducing computational cost.

3.3.2 Fast computation of DIS observables

Using the strategy described in the previous section, we can easily write down the
expressions for the DIS observables included in our fit. The factorized expression
for physical quantities is (see section (1.2.1)):

Npdr
DIS $1,Q1 chk ® fr LEI,QI Z/ C[k ( (QI)) fi(y, Q?%

(3.11)
where I denotes both the observable and the kinematic point. Now, we can absorb
the coefficient Cyy, into a modified kernel K;; which can be precomputed before
starting the fit:

Npay

Kij(zr, O‘S(QI) Qs QO Z Cri ® Tgj(zr, O‘S(QI) O‘S(QO)) (3.12)

k=1

The kernel acts on the j-th PDFs at the initial scale and it is an observable-
dependent linear combination of products of coefficient functions and evolution
kernels. If we substitute equations (3.9) and (3.12) into (3.11), we get the expres-
sion of the observable I using the interpolant functions Z¢

Pdf Nar

P @) =35 Ol / Uiy (M) - By
k=1 a=1
Npdf Ny
= ZZ fk + O[(Tat1 — 7a)7],
k=1 a=1

where

1
ot = ot @ = [ Vi (2) 100 (3.14)
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In the case of hadronic observables, the strategy is different: instead of including
the coefficient function into the kernel according to equation (3.12), we compute
the convolution (3.11) using the fast interpolation method.

3.4 Results

In this section I will present the PDFs set obtained by NNPDF collaboration as
shown in [3].

The global fit is performed with three active flavours (u, d, s) and the gluon.
In Figures 3.3 and 3.4 the quarks and gluon distributions and their uncertainties
at the initial scale Q2 = 2GeV? are displayed, compared with the results of the
CTEQ-TEA and MRST-MSTW collaborations. The uncertainties of NNPDF2.0
are over all comparable to CTEQ6.6 and MSTWO08 ones. The exceptions are in-
teresting, because they seem to be related to the number of parameters of the
parametrization used for the parton fit. In fact, the uncertainty on strangeness,
which NNPDF2.0 parametrizes with as many parameters as any other PDF, is
rather larger than those of MSTWO08 and CTEQG6.6, in which these PDFs are
parametrized with a very small number of parameters. The NNPDF2.0 uncer-
tainty on total quark singlet (which contains a sizable strange contribution) is also
larger. The uncertainty on the small z gluon is significantly larger than that found
by CTEQ6.6, but comparable to that MSTWO08, which has an extra parameter to
describe the small x gluon in comparison to CTEQG6.6.

On the other side, in the triplet case, the NNPDF uncertainty is smaller than that
of the other two groups. The triplet distribution is strongly constraint by data and
the smaller uncertainties of the NNPDFs suggests that the "tolerance” parameter,
introduced by CTEQ and MRST-MSTYV groups to include in the global fit a large
variety of different data (possibly incompatible), brings to overestimate the actual
uncertainties of PDF's.

The uncertainty bands shown are one-sigma, and not 68% confidence level. The
comparison between these two bands is shown in Figure 3.5 and it allows checking
if there is a significant departure from gaussian behavior of the fitted PDFs. In
the regions in which the PDFs are constrained by experimental data, the standard
deviation and the 68% confidence levels coincide to good approximation, thus sug-
gesting gaussian behavior. However, in the extrapolation region for most PDF's
deviations from gaussian behavior are sizable. This is especially noticeable for the
gluon at small x, and for the quark singlet and total strangeness both at small
and large x. The small x behavior could be better understood thanks to the LHC
data, where the kinematical range is pushed down to z ~ 107% — 1077, It could



23 NNPDF APPROACH TO THE PARTON FIT

be then crucial to perform a parton fit including the LLx theoretical corrections.
The latter is exactly the aim of the present work and in the next chapter I will
show the progress in the implementation of small  resummation in the NNPDF
code.
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Figure 3.3: The singlet X(x), gluon g(x), total strangeness s*(z) (both on logarith-
mic (left) and linear (right) scale), triplet T3(z), total valence V' (z), sea asymme-
try AS(z) and strangeness asymmetry s_(x) (on linear scale), at the initial scale
Q2% = 2GeV? from the NNPDF2.0 analysis compared to MSTWO08 and CTEQ6.6
PDFs.
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Figure 3.4: The uncertainties of singlet ¥(z), gluon g(z), total strangeness s*(z)
(both on logarithmic (left) and linear (right) scale), triplet T3(z), total valence
V(z), sea asymmetry AS(z) and strangeness asymmetry s_(x) (on linear scale), at
the initial scale Q% = 2GeV? from the NNPDF2.0 analysis compared to MSTWO0S
and CTEQ6.6 PDFs.
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Chapter 4

Implementation of small x
resummation in the NNPDF code

To get a small x global parton fit, one needs to perform at LLz accuracy both
the evolution of PDFs and the computation of hard cross-sections. In the context
of NNPDF, as outlined in the previous chapter, the computation of the evolu-
tion kernels and of the coefficient functions is carried out through the FastKernel
method, with the use of Mellin space techniques. So the crucial issue is enabling
the FastKernel code to compute physical observables at LLx accuracy.

In this chapter I will present the progress in the implementation of small = re-
summed results, as computed in the ABF approach [1], in the FastKernel code.
In section 4.1, I will remark some crucial aspects of the small  resummed results,
which make their inclusion in a parton fit non trivial . Then, in section 4.2, I
will outline the strategy I followed to actually implement small x resummation in
the FastKernel code. Finally, in section 3.4, I will show and discuss the results I
obtained.

4.1 Preliminary studies

As outlined in Section 2.1.2; the solution of DGLAP equation at LLxz accuracy
needs to be found through the path-integral method, because the resummed quan-
tities include all orders in . Thus, before adding the small x resummation, one
has to check that the NLO truncated solution coincides with the NLO solution
obtained with the path-integral, in order to be sure that the implementation of
the new method is correct. Hence, I performed the calculation of the evolution of
the gluon distribution from 2 GeV to 100 GeV using the two methods and then I

o7
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computed the the ratio between the two results, which is expected to be equal to
one. In fact I obtained one within the 1% of accuracy.

Now, we can turn to the disamine of some features of resummed results, keep-
ing in mind that we want to use their Mellin transform (as defined in equation
(1.33)) to compute the evolution kernels (1.51) and (3.12), come back to = space
and perform the computation of observables as outlined in section 3.3.

In Chapter 2, we saw that resummed anomalous dimension can be expressed in
terms of Bateman functions. Its analytic form, then, is not suitable for our pur-
pose, because it would involve a strong increase in the computational cost of the
global parton fit. For this reason we cannot follow the ABF strategy to implement
the small x resummed quantities in the NNPDF code. We need to compute them
in a more convenient way.

First of all, the quantities needed for the resummation of physical observables, like
the structure functions Fy(z, Q?) and Fr(x, Q?), are defined in Table 4.1. Now, the

’ Notation ‘ Definition ‘
Py Gluon-gluon splitting function
Py, Gluon-quark splitting function
Py, Quark-gluon splitting function
P, Quark-quark splitting function
Cq Quark coefficient function for Fy
cy Gluon coefficient function for Fj
C1 Quark coefficient function for Fr,
cY Gluon coefficient function for £,

Table 4.1: Definition of the quantities needed for resummation of physical observ-
ables

approach we use in this work to compute them is numerical and can be outlined
as follows.

1. Using analyitc expression from [1] of ABF, we extract the QyMS resummed
correction A,.s, namely the difference between the NLO computation and
NLO QyMS resummed result, for each of the quantities listed in Table 4.1.
To do this we define a grid of x values with 600 points evenly spaced in
Log(z), from one down to 107%. From this grid we can define the points
(x, Ayes) of the interpolation of small z resummed correction, where A,.; =
x - (Pyro — Pres). Such interpolation is built for 57 values of g, from 0.08
to 0.36.
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2. The next step is finding an adequate parametrization for the interpolations
of resummed corrections. The requirement that our choice must meet is that
the functions we use to build up the parametrization must have an analytic
Mellin transform. In this way, once we have found the best coefficients to
fit our starting form with the chosen parametrization, we have the Mellin
transform of A,.,, without having to compute any integral.

3. Once the parametrization have been chosen, for each value of ay, we fit the
interpolation of A,.s with it and store the coefficients.

After these three steps, we obtain an expression for the resummed corrections of
the quantities of Table 4.1 that can be implemented in the FastKernel code, as I
will show in the next section.

Now, let us go into some details of the parametrizations, which we based on two
different functional forms: one for all the splitting functions and one for all the
coefficient functions. The features the parametrization has to match are the fol-
lowing;:

1. it must reproduce with optimal accuracy the x space form of the quantities
in Table 4.1.

2. its Mellin transform must not have singularities which can affect the numer-
ical Mellin inversion to be performed within the FastKernel code to compute
physical observables. One has to pay attention about this issue in particular
in the case of splitting functions, because, in order to compute the evolution
kernels, they will be used as exponents.

To find the best parametrization which satisfies the above conditions, I studied
different combinations of logarithms and powers of x.

For both splitting functions and coefficient functions I started with a series of
Log%. I found that such a parametrization fits quite accurately the data in x
space with Ngoerr = 11 and its Mellin inversion can be computed numerically, but
it introduces in N space a pole in zero of order k = 12. For this reason I used it
only for the coefficient functions, as shown in the following discussion. Concerning
the splitting functions, before selecting the parametrization I will show in the next
section, I tried other different functional forms, which I enumerate describing their
properties and problems.

1. Z&Sef T c;z': it has a not good fit accuracy in x space, but its Mellin trasform
is adequate for our purpose (it has Ng.rs simple pole in the real negative
axis).
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prer +Z?:0 +Log (%) it does not have the same fit accuracy for all the values
of ag and for all the splitting functions. Its Mellin transform is adequate for
our purpose.

—E_(1— )" (co + c1zt/* + cox'/® + ¢32'/19): it has an optimal fit accuarcy,
but its Mellin transform presents spurious singularities.

4.1.1 Splitting functions

Before describing the chosen parametrization for the splitting functions, I show in
Figures 4.1 and 4.2 the form of the resummed corrections AP;2*, AP/ AP/,
AP;e*, for three different values of a, (0.08, 0.25, 0.36) and ny = 4. From the
plots it is evident that all the resummed corrections show a faster rise at small x
as oy increases. This issue is to be related to the dependence on «ay of the position
of singularity in the resummed results, shown in Figure 2.5. AP, and AP,, show
a dip for values of x smaller than 0.1 and a subsequent rise at very small values
of x. The absolute scale of Aqu is smaller than the one of AP,,, because of the
ratio of color Casimir factors ==, In the case of AP, and AF,, of Figure 4.2 the
rise begins at smaller values of x and the dip is barely visible i 1ncreasmg values of
Q.

The resummed correction is only included for values greater of x greater tha 0.5.
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Figure 4.1: AP/ (left) and AP;¢® (right) for ny = 4 and as =
0.08 (blue), 0.2 (red), 0.36 (green).

Now, let us turn to the description of the chosen parametrization, which en-
closes the good properties of the different functional forms listed in the introduction
to this sections and avoids their problems.

In Chapter 2, we saw that the resummed anomalous dimensions develop a sin-
gularity, whose position is related to the value of ag. The nature of this sin-
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gularity happens to be a simple pole. To account for this well-known analytic
behavior of the resummed anomalous dimensions at small x, we have to put in our
parametrization in x space a function whose Mellin transform presents a simple
pole in N = ¢ - a,, where c is an appropriate coefficient, namely

1

_ 4.1
N —c- o (4.1)

1 Cc-Qg

A= (3) = MA@ -
It should be notice that the function 4.1 describes the behavior of the splitting
function when x — 0. Our interpolations stop at £ = 1079, that is a value not
so small to be considered actually in the asymptotic region. Then the behavior
of the correction at small x is not exactly described by 4.1. In addition, we

need to reproduce the splitting functions in the whole region of z covered by the
interpolation. The parametrization I use is the following:

1 L 1 1\’ 1\*
— +tao+ Z c;r' + cg - Log (—) + ¢7 - Log (—) + cg - Log (—) . (4.2)
T %s x x x

i=1

k-

The Mellin transform of (4.2) is

1 Co Ci Ce Cr C8
ke —m———— 4+ — E — 4+ —=+ —= 4.3
+ =+ ; + + + (4.3)

and it has the property we need. In fact the rightmost singularity is the one in
¢ - o and it determines the small x behavior of resummed solution to DGLAP
equation. The other singularities are to left.
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Figure 4.2: AP (left) and APF;Z* (right) for ny = 4 and a5 =

0.08 (blue), 0.2 (red), 0.36 (green).
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The next step is fitting the interpolations (x, A,¢s) with the chosen parametriza-
tion. In Figures 4.3 and 4.4, I show the original data compared to the fitted curve
for ay = 0.2. To measure the quality of the fit I defined the relative accuracy o,

0.05\ ‘ ‘ ‘ ‘ ‘ 0.02\
0.00 ~ 000/
~0.05} - -002]
~0.10} -0.04;
o5l -0.06]
—0.08}
-0.200 | ! | | : g | ! | ‘
1076 1075 1074 0.001 0.01 0.1 1 1076 1075 10—4 0.001 0.01 0.1

Figure 4.3: AP;2° (left) and AP;7° (right) for ny = 4 and a5 = 0.2. The interpolation
form (blue) and the fit (red, dashed) are shown.

as: ‘
|Aes (37) - AFZt(x”

TES

Ares (Qf) 7

(4.4)

Orel (ZL‘) =

where AL (z) is the fit functional form computed as a function of x. In Figures
4.5 and 4.6 the distribution of o, (x) is shown, for the plots of Figures 4.3 and
4.4. We can see that the relative accuracy is below 5% in almost the whole x
range. The points in which o,.(x) is largest are the points where A,.s(z) is zero.

For the other values of a; the agreement between interpolations and fit is almost
the same. The coefficients of the fit are stored in four files (one for each splitting

function), following the order of increasing c.

4.1.2 Coefficient functions

Before going into the details of the chosen parametrization for the coefficient func-
tions, I show in Figures 4.7 and 4.8 the form of the small x resummed corrections
ACYACY, AC], ACT, for three different values of o (0.08, 0.25, 0.36) and ny = 4

The parametrization I used is:

o Safros (1)) (45

=1
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Figure 4.4: AP;2° (left) and AP;s® (right) for ny = 4 and as = 0.2. The interpolation
form (blue) and the fit (red, dashed) are shown.
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Figure 4.5: Fit accuracy fof Py (left) and Py, (right) for ny =4 and as = 0.2.
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Figure 4.6: Fit accuracy of Py, (left) and Py, (right) for ny =4 and a, = 0.2.



64 IMPLEMENTATION OF SMALL X RESUMMATION IN THE NNPDF CODE

c S 0710
1.07\ T T l’ : T T
0.4f
0.8/ ] :
[ ] 0.3f :
0.6 ] :
0.4; E 012;7 n
0.0 foe e | 0
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
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Figure 4.8:  ACY (left) and AC] (right) for ny = 4 and ay =

0.08 (blue), 0.2 (red), 0.36 (green).

Also in this case the Mellin transform of (4.5) is well-known:

Z T (4) ]CV— (4.6)

Now, we come to the fit. In Figures 4.9 and 4.10, I show the original data compared
to the fitted curve for gy = 0.2. In Figures 4.11 and 4.12, the distribution of
the relative accuracy o,¢(z) (equation (4.4)) is shown, for the plots of Figures 4.9
and 4.10. From the plots we can see that the relative accuracy is below 0.1% in
almost the whole = range. Hence the agreement between fit and interpolation is
very good. The coefficients of the fit are stored in four files (one for each coefficient
function), following the order of increasing c.
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4.2 Implementation of small r resummation in
the FastKernel code

To implement the small = resummation, as already discussed, I have modified
the code of the FastKernel method, adding two subroutines (one for the splitting
functions and one for the coefficient functions) to make the computation of the
needed qunatities at LLx accuracy possible.

First, in Section 4.2.1, I briefly introduce the structure of the Fortran code. Then
I explain the logic of the implementation, in Section 4.2.2. Finally the checks of
the correctness of the implementation are presented in Section 4.2.3.

4.2.1 Structure of FastKernel code

The basic ideas of the FastKernel method have been already outlined in Section
3.3. Now, I want to give some details about the procedure followed by the code to
actually perform the calculation, to understand where the small x resummation
option must be included.

In order to decide at what accuracy the calculation must be performed, the char-
acter variable PTORD, i.e. perturbative order, is defined in the code . The first
thing to do is then adding the small z option within the possible assignements
of PTORD. Depending on the PTORD value, then, the code assigns to some
dedicated variables (the integer IPT and the logical RESUM_SMX) a different
value. The possible assignements of PTORD and the related values of IPT and
RESUM_SMX are reported in Table 4.2.

Once the perturbative order is decided, the next step is selecting the method
to perturbatively solve the DGLAP equation at the accuracy level assigned. The

s}
0.30: ]
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00~ 4 0~
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

Figure 4.9: ACY (left) and ACY (right) for ny = 4 and a; = 0.2. The interpolation
form (blue) and the fit (red, dashed) are shown.
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Figure 4.10: ACY (left) and ACY (right) for ny = 4 and as = 0.2. The interpolation
form (blue) and the fit (red, dashed) are shown.

’ Fixed Order - Unpolarized evolution ‘

PTORD Perturbative Order | IPT | RESUM_SMX
"NOLO_FXD_UNP” LO 0 false
"N1LO_FXD_UNP” NLO 1 false
"N2LO_FXD_UNP” NNLO 2 false

’ Small x resummation ‘

PTORD Perturbative Order | IPT | RESUM_SMX
"NOLO_RES_SMX” LO + LLx 0 true
"N1LO_RES_SMX” NLO + LLx 1 true
"N2LO_RES_SMX” NNLO +LLx 2 true

Table 4.2: The possible assignements of PTORD and the related values of IPT and
RESUM_SMX

dedicated variable is MODEV and, depending on its value, a different number is
assigned to IMODEV, as shown in Table 4.3. As already stressed, the inclusion of

Y
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Figure 4.11: Fit accuracy of ACY (left) and ACY (right) for ny = 4 and a, = 0.2.
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Figure 4.12: Fit accuracy of ACY (left) and ACY (right) for ny =4 and o, = 0.2.

small z resummed results implies the use of the path-integral numerical method.
Obviously, the value of both PTORD and MODEV can be given as imput by the
user, together with the value of the scale Q? of the physical observables.

| MODEV | Method to solve DGLAP | IMODEYV |

"TRN” Fully truncated solution 0
"ITE” Iterated solution 1
"PTH” | Path-integral numerical solution 2

Table 4.3: The possible assignements of MODEV and the related values of IMODEV

After the inclusion of small x option in the assignaments of PTORD and of

the path-integral option in the assignaments of MODEV, small x resummation of
physical observables can actually be activated. Let us see where the computation
of resummed correction must be included.
We have already said that the computation of the evolution kernels is performed in
Mellin space, where all the convolutions become simple products. Then one need
to have the Mellin transform expression of the splitting function matrix and of the
coefficient functions at LLz accuracy. To get them I added the small x resum-
mation option to the routines that compute anomalous dimensions and coefficient
functions at fixed order level. If RESUM_SMX has the assignement ”true”, then
the code accesses to the small x resummed calculation, which is described in the
next section.

4.2.2 Logics of the Fortran implementation

In preliminary studies, I have found the parametrizations (4.2) and (4.5) to de-
scribe the small x resummed corrections to the splitting function matrix and to
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the coefficient functions, respectively. Then, the idea of the Fortran implementa-
tion of small x resummation is simply to add these contributions to the already
implemented fixed order results. To actually put in practice this simple idea, there
are some tricky issues to solve, related to the value of aj.

In the code, the value of a,(Q?) is determined solving numerically the renor-
malization group equation (1.8). Hence, o can assume a continuous number of
values.

At the level of a perturbative fixed order calculation, the splitting functions and
the anomalous dimensions are computed using their analytic expressions, which
contain a well-defined dependence on a, and then vary continuously with it. At
a small x resummed level, we use the numerical method explained in Section 4.1,
which provides, on the contrary, an expression of the small x corrections for a
discrete number of values of ag. The first issue is then selecting the value of our
a, grid, nearest to the true one.

The routines I wrote take as input alphas, i.e. the true value of a,. The val-
ues of the a, grid are N,, = 57 and are stored in a vector (AS_GRID) of N,,
components. What we need then is selecting the component of the vector corre-
sponding to the adequate value of a,. To find it, I use the following algorithm.

1. Compare alphas with the lowest and the greatest value of AS_GRID: if it is
lower than AS_GRID(1) then AS_GRID(1) is the grid value nearest to alphas,
if it greater than AS_GRID(57) then the nearest value is AS_GRID(57).

2. If the previous conditions are not satisfied, then we search for the pair of
values of the grid, such that

AS_GRID (k) < alphas < AS.GRID (k +1). (4.7)

To choose between the two values one needs to compute the distance between
alphas and AS_GRID(k) or AS_.GRID(k+1) and take the component k, of
AS_GRID for which the distance is lower.

Once the correct component of AS_.GRID has been chosen, one has to find the
actual expression of the small z resummed correction.

For each quantities of Table 4.1 and for each value of AS_GRID, we have a set of
N, coefficients, which must be replaced in the parametrization’s Mellin transform
(4.3) or (4.6) to get the actual form of the N space small x resummed correction.
Thus now we need to select the right set of coefficients.

Provided that for each quantity of Table 4.1 there is one file containing the N,
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coefficients of the fit for all the value of ay, first we read all the coefficients for a
given quantity and store them in a vector of 57 - N. components. Then, defining

m=DN.-(ko—1)+1 and n=N,-k,, (4.8)

the components of the coefficients’ vector to be selected are the ones between m
and n.

In this way the small x resummation is fully implemented within the FastKer-
nel method. In the next section I will show the results of the check I made to
understand if the implementation is correct.

4.2.3 Checks and results

To check if the small x resummation is correctly implemented in the Fortran code,
we need to verify that the Mellin inversion of the resummed correction to the
anomalous dimension, as computed by the FastKernel code, has the same form
of the starting interpolations (see Figures 4.1, 4.2, 4.7, 4.8). The Mellin inversion
is performed with the Fixed Talbot algorithm [6], which is the same algorithm
implemented in the FastKernel code

For the splitting functions, this check gives a positive result. From Figures 4.13,
4.14, 4.15, 4.16, it is evident that the agreement is almost perfect.

Fortran inversion accuracy
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Figure 4.13: Left panel: APy (left) for o, = 0.2: original interpolation (red) and
result of the Mellin inversion of the resummed correction to the anomalous dimension,
as computed by the FastKernel code (red). Right panel: accuracy o, of the Mellin
inversion.

Also for the coefficient functions we have a very good result, as shown in Figures
4.17,4.18, 4.19, 4.20. All these checks confirm that the implementation of small x
resummed quantities is correct.
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Fortran inversion accuracy
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Figure 4.14: Left panel: AP,, for ag = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o, of the Mellin inversion.
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Figure 4.15: Left panel: AP, for oy = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o, of the Mellin inversion.

4.3 Future works

Once the small x resummed corrections have been correctly implemented in the
FastKernel code, the next step is perform the evolution of PDFs with the new
kernels computed at LLz accuracy and compare the results with the analytic
results of ABF [1]. After computing the physical observables, one can actually
perform a global parton fit and find a set of small z resummed PDFs.
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Fortran inversion accuracy
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Figure 4.16: Left panel: AP, for ay = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o, of the Mellin inversion.

Fortran inversion accuracy

0.35] '
030/ [
0.25- |
0.20; A ]
0.15 I ool |
0.10f ]
0.05} 1 o001} ]
000w ‘ ‘ ‘ ‘ ‘ ‘

0 2 4 6 8 10 12 14 1 10 100 1000 10 105

Figure 4.17: Left panel: ACY(left) for oy = 0.2: original interpolation (red) and re-
sult of the Mellin inversion of the resummed correction to the anomalous dimension,
as computed by the FastKernel code (red). Right panel: accuracy o, of the Mellin
inversion.
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Figure 4.18: Left panel: ACY for o,y = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o, of the Mellin inversion.
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Figure 4.19: Left panel: ACY for a,g = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o, of the Mellin inversion.
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Figure 4.20: Left panel: ACY for a,; = 0.2: original interpolation (red) and result of the
Mellin inversion of the resummed correction to the anomalous dimension, as computed
by the FastKernel code (red). Right panel: accuracy o,¢; of the Mellin inversion.
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