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Introduction

The last four decades of the twentieth century saw the ptgnand realization of sev-
eral particle colliders. They all were mainly constructedgtin introspection into the
“particle zoo” up to then observed and to re ne and test thgihly predictive theory that
is the Standard Model (SM). Their design allowed for leplgpton (as LEP at CERN),
lepton-hadron (as HERA at DESY), and hadron-hadron (as fi@vait FermiLab) col-
lisions. The huge information collected along the yearsighd to an extremely precise
determination of many Standard Model parameters and tossesament of perturbative
Quantum ChromoDynamics (QCD). The priceless experiencesdatuaring those years
Is the basis that made possible the construction of thedam®ed by far more precise
working machine that humanity ever built: the Large Hadrofli@er (LHC) at CERN,
near Geneva.

The two proton beams that cross each other in four pointseoRihkilometers-long
ring previously occupied by LEP are bended by more than 16p8rsonductive magnets,
each positioned with a displacement resolution of 50 miat@ms. Many features of the
LHC and of the experiments connected to it are achieved usiedatest technology.
The correct and harmonic functioning of all the component®lved implies a huge,
challenging effort of thousands of experts.

The large amount of data produced each yed@q petabytes) needs to be analyzed
into detail in order to test new theories and to look for ploleshints of new physics.
Indeed, an increased accuracy on experimental measureceg for a much stricter
control over theoretical uncertainties. The results ofgfesent work go in that direction.

At hadron colliders, even if the beams contain protons as the case for LHC,
what really interact during a collision are proton's consgnts: quarks and gluons. As
a consequence, all the measured hadronic observablesddepéhe behaviour of these
constituents, that cannot be isolated and accelerated agkitmwn energy before their
collision because of quark con nement. The strong couptingstant has an opposite
behaviour if compared to the coupling of Quantum Electrofigits (QED), i.e. it has
large values for low energy scales, breaking the pertwdatgime: large couplings
imply strong interactions that no more can be considerecesbations.
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However, one of the consequences of the non-Abelian nafu@Cd, asymptotic
freedom, allows for a perturbative treatment of the strantgraction for suf ciently high
energy scales. In fact, increasing the resolution theralue gets smaller. The observ-
ables factorize into a non-perturbative part, Parton igtion Functions (PDFs), and
hard-scattering matrix elements that can instead be detedifrom perturbation theory.
Parton sets must be extracted from data, and are then usechpute theoretical predic-
tions and to perform phenomenological studies.

These theoretical considerations, preceded by a briedrigat introduction, are pre-
sented into more detail in Chapfér 1. There, the main featfrpsrturbative QCD are
discussed. Special attention is paid to that features asld tm which mostly rely the
results here discussed, as are the Dokshitzer-Gribowaipaltarelli-Parisi (DGLAP)
evolution equations or the treatment of heavy quark effelttss very important, in or-
der to deliver a competitive parton set for precision LHCmtmaenology, to address all
theoretical and procedural issues that may introduce regfigible uncertainties on top
of the experimental ones. Indeed, these would affect alhtiayses that relies on such a
PDF set. All the efforts of the groups that produce PDF tsfravailable data attempt
to address these issues.

The various procedures followed to this extent by the varignoups are discussed in
Chaptef 2. The work presented in this thesis is realized mitie Neural Network Parton
Distribution Functions (NNPDF) collaboration and its nadblogy is presented in Chap-
ter[3. As it is not known which functional form may be suitafilethe correct description
of a set of parton distributions, the parametrization usadtrioe very exible. Commonly,
a polynomial functional form is used, but in this way the tlikely to be biased because
of lack of exibility. In NNPDF methodology, a combinationf &lonte Carlo sampling
in the space of data with a non-linear parametrization gbweneural networks is used.
In this way it is possible to use a much larger parameter seef times), minimized
through a properly tuned Genetic Algorithm (GA). To corhgdetermine the best set of
parameters, the t needs to stop its minimization beforerttigimum possible ? value
is reached. This is done using dynamical stopping based oosa-walidation method.
This avoids to enter the overlearning regime, i.e. the dgtof statistical uctuations of
datapoints.

In Chapter 4, at rst are discussed results relative to the NNRP1 NLO release,
and then also the LO and NNLO determinations. For the eregyie the performance
reached at the LHC, heavy quark effects must be included anidbact of the neglected
higher perturbative orders must be kept under control. iBri®ne through the compari-
son with results from the same NNPDF collaboration, usirgyipus releases @d hoc
modi cations of them made to assess the impact of each simglefeature introduced,
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but also through the comparison with parton sets from otheugs. This benchmark is
also performed computing predictions for a set of LHC statidandles in Chaptér 5. It
Is important to check consistency of the results computel eifferent parton sets, both
among them and with the rst available LHC measurements.
As one of the major sources of theoretical uncertainty ikished in the dependence on

s, an estimate of s(Mz) using NNPDF methodology is nally presented. A parabolic
t of the 2 pro le given by a set of PDF sets with varying,(Mz) values is performed.
The pro le is composed by the values for totat on the global t for each different

s(Mz) value and their errors. Also, the same kind of t is perfornwedsubsets of the
main global data as on single experiments. Hence, not oelpdst value for (Mz) is
determined but is also performed a complete study of thethaleeach single set plays
inside the t.






Chapter 1

Perturbative Quantum
Chromodynamics

In this Chapter, | will discuss the main properties of quanttlmomodynamics. In the
rst part the evidences that rst hinted at and then con rntbe existence of quarks and
gluons are presented. Then, the properties of asymptecérm and con nement are
introduced. In the second part of the Chapter, a general s8gmu on Deep-Inelastic
Scattering (DIS) is used to gain insight on parton model édniprovements, DGLAP

equations, and heavy quarks treatment. The discussiondegetoped follows mainly

the arguments presented in Refs.[[1-3], along with the ciééerences throughout the
Sections.

1.1 Quarks and Gluons

The second half of last century was characterized by thedsg of an astonishing num-
ber of new particles. This fact, together with the pecultearcture emerged in organizing
these particles (hadrons) into groups, suggested thatvieey not elementary: on the
contrary, they were composed by other more fundamentalitosists. A scheme that
grouped together particles with the same spin, the SU(3)sstny, was introduced in
1961 by Gell-Mann[[4] and Ne'eman![5]. Two groups of mesonishwpin-0 and spin-1
respectively, and two of baryons, with spin-1/2 and sp8spectively. The feeling that
this symmetry was the correct one was enhanced by the digcof/eew particles, pre-
dicted by this model. Gell-Mann [6] and Zweig [7] in 1964 rptoposed the existence
of smaller, three- avored patrticles inside hadrons: thargs. But still the ** baryon,
that accordingly to the quark model is composed of three w@grkguwith parallel spins,
showed that another ingredient was missing. Three iddrgicarks cannot form an an-
tisymmetric state, as is the case for a fermion. A year latar,HNambu, and Greenberg
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Figure 1.1: Left: ratio= o Vs @ for constant values of the invariant mass of the
recoiling target systetw = 2, 3, and3:5 GeV. Also shown is the elaste p scattering
cross-section divided byyor [9]. Right: 2MW; and W , for the proton as functions of

I forW > 2:6 GeV,f > 1(GeV/cy andR = 0:18[10].

solved this problem by proposing that quarks possess ati@ualiSU(3) gauge degree
of freedom: the color charge.

It took several years to experimentally prove the real erist of these approximately
point-like components of the hadrons. Deep-inelasticteday experiments performed
at SLAC [&] showed that electrons were hitting some kind afii@ore inside the target
protons. As discussed in Refl[9] and summarized in Ref. [1@), unexpected hints of
this were the weak? dependence of the ratis o for that process and scaling, where
o =2EEY1 cos ) is the momentum transfer of the proton wihthe energy of the
incident electronE °the energy of the scattered electron, arttle scattering angle.

It was clear that= o1 , With

Mott = ——_E ; (1.2)
2

decreased much more slowly wihthan the same quantity for elastic scattering (Eid. 1.1).
This was a similar situation to the one that brought Ernesh&trd to the discovery of
the atomic nucleus [11], where the probability of largedargpha particles scattering
from gold atoms was found to be far larger than anticipated.by Thompson's model.
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¥ ATLAS Jet Event at 2.36 TeV Collision Energy
2009-12-14, 04:30 CET, Run 142308, Event 482137

X P E R I M E N T http://atias.web.cern.ch/Atlas/public/EVTDISPLAY/events.html

Figure 1.2: Di-jets event detected inside the ATLAS expernit{13].

Moreover, introducing the general expression for the difféial cross-section for unpo-
larized electrons scattering from unpolarized nuclep% &%

d2 h |

m =  Mott W2 + 2W]_ tanz é ; (12)

whereW; andW, are the structure functions of the target, these two exjpessre ex-
pected to be functions of botit and , where the latter is the energy loss of the scattered
electronE  E° Bjorken suggested in a private communication that the digsitw ,
and2M p W, become functions only of the ratlo= 2Mp =q?2 in the limit of highg? and

, that is:

2MpW1(;g%) ! Fy(!) (1.3)
Wo(;9%) ! F(!) (1.4)

whereMp is the proton massM from now on). In later contributions tHe variable was
replaced by its inverses. The scaling behaviour of the structure functions is shawn i
Fig.[1.3.

Another important result is related to sum rules: it is plolesio write

F2(x) W 2(x) (1.5)

X Q2 up(X) + Up(x) + Q3 dy(X) + dy(X) (1.6)

where functionsl, d, u, andd are the momentum distributions of the up and down quarks
and the respectively antiquark distributions (more dstail these distributions will be
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discussed in the next Chapter), aQg, Qq are their electrical charges.
Considering the sum rule for neutrons and protons

Z1 d!
= Wo(!)— (1.7)
1 -
using charge symmetry it reads:
Z Z
1 1 2 + 2 1
> . [FY(x) + FJ(x)]dx = w . X[up(X) + up(X) + dy(x) + dp(x)]dx. (1.8)

If quarks and antiquarks carries the nucleon's total moomanthe integral on the right
hand side of Eq[(118) should equal 1. So, assuming thisoiildhbe

Z,

L FR00 + Fo= 2T Q- ]

2 >
0 2 2

18

4 1

9 + 9 = 0:28 : (1.9)
The evaluations of the experimental sum from proton androeuesults over the entire
kinematic range studied yielded

141

3, [FY(x) + FJ(x)]dx =0:14 0:005 ; (1.10)
thus suggesting that half of the nucleon's momentum is edrby neutral constituents,
the gluons, which do not interact with the electron. To idgrthe constituents of the
nucleon as quarks, some electron scattering results pkyedcial role during the mid
70s. Mainly, measurements of the ratio between longitudind transversal components
R = | = 1 (determining the spin 1/2 of the constituents), measurésnen ,= , ratio
between neutron and proton results (excluding purelyatifive models and discarding
identical momentum distributions for the constituentay avaluations of sum rules (that
con rms that the constituents has fractional electric geaand, as anticipated, that half
of the nucleon's momentum is carried by neutral gluons).

In that same period, among the facts that de nitely convihgleysics community that
quarks and gluons really existed it is worth citing the disey of J= particles in 1974
at Brookhaven National Laboratory [14], that cannot be @rpld without adding to the
up, down and strange quarks also a foutfarmaquark €), the observation in 1975 of
hadron jetsl[15] from high energy electron-positron caiis (detailed analysis indicated
that these jets were the footprints of individual spin-1&2tigles), the discovery in 1977
at Fermilab [[16] of thébottomquark @), and the observation of additional jets emerg-
ing from electron-positron collisions at DESY in 1979 [1iHat gave visible evidence of
gluons existence. In particular, the production and otz of multi-jets events has
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A EXPERIMENT

7 — ;.F,[ﬁ + 3 jets

Run Number 158466, Event Number 4174272
Date: 2010-07-02 17:49:13 CEST

Figure 1.3: A three-jets event detected inside the ATLASeexpent [13].

nowadays become a frequent and usual fact into LHC dete@mys.[1.2-1.8).

1.2 Asymptotic Freedom and Con nement

As introduced in the previous Section, the 70s have beenatryears for the develop-
ment of QCD. That years paved the way for high energy collidgsss of today. As a
matter of fact, without a precise and complete descripti@trong interaction it would be
impossible today to study complex events as, for examplaggdboson decay. A turn-
ing point in understanding and describing strong inteosctvas reached in 1973. Up to
that moment, one of the unanswered questions was about$k#jity of observing free
partons as R.P. Feynman called nucleon's constituents. Whatevenrtgy of collision
in the experiments, these particles were never directigvesl.

In the summer of 1973, D.J. Gross and F. Wilczek [18] and HdlitZer [19] demon-
strated asymptotic freedom for QCD. The coupling of strongrarction gets smaller in-
creasing the energy scale of the interaction and it is cleglr dsymptotic freedom and
qguark con nement are two different consequences gbehaviour. The strong interac-
tion, among the fundamental forces, has the peculiaritynofeiasing its strength with
the distance between partons. This explains why all thengtie of tearing apart a free
parton from a nucleon failed. As soon as the energy of thednt®n grows enough,
a quark-antiquark pair is generated. This mechanism alptai@s the phenomenon of
hadronization and jets are its detectable manifestation. If quark comeat makes it
impossible to have free partons, asymptotic freedom gteearthe possibility of a per-
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turbative approach to QCD for suf ciently larg@ scales.

In the following, asymptotic freedom is approached in a nawtailed way. QCD is
a renormalizable Lagrangian eld theory of the strong iatgion. It is the study of the
SU(3) Yang-Mills theory of color-charged fermions (qugrkad of a set of spin 1 gauge
elds (gluons) which mediate the interaction among quaksvall as among themselves.
The four-spinor describing the quark (antiquark) eld isndéed byq® (¢f). The index
j refers to avor while indexa to the three color degrees. A vector gauge d,
which transforms under the adjoint representation of SUs3htroduced to describe the
avorless colored octet of gluons. The indexs again a color index but this time it runs
over eight values instead of only three. The Feynman rulgsired for a perturbative
analysis of QCD can be derived from a Lagrangian density wisigiiven by

L = Lgiassical *+ Lgauge fixing T Lghost- (1.11)

The minimal locally gauge invariant Lagrangian density liegb by this SU(3) symmetry
IS

1 X
L classical = ZGa G, + qa(| D mj)abqb- (1.12)
i

These terms describe the interaction of spin-1/2 quarksasfsm and massless spin-1
gluons, where
G® = @A® @A?*+ gfa APAC (1.13)

isthe eld strength tensor derived from the gluon eAd, with f 4, the structure constants
of the SU(3) color group, and

D =@ ig% A2 (1.14)

is the covariant derivative, with the coupling constant of the interaction, that is unique
and universal, and with, the SU(3) color matrices:

[ a o] = ifanc c: (1.15)

It is impossible to de ne a gluon eld propagator without abgng a gauge. For this
reason is needed a gauge- Xing tetmgayge fixing that allows, for a speci c value of the
gauge parameter, to X the class of covariant gauges:

1
L gauge fixing = 2_(@Aa)2- (1.16)

To avoid that unphysical degrees of freedom propagate iar@w gauges, a non-Abelian
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theory such as QCD must be supplemented by a ghost Lagramdiah is given by
Lgnost = @ ¥(Dy, ), (1.17)
where 2 are massless elds that obey to Fermi statistics.

This is a renormalizable theory. As a consequence, a pHydisgrvable perturba-
tively computed also depends on the scakgt which the divergences of the perturbative
series are subtracted. Considering as an example a dimssghysical observable
which depends on a single energy sc@lewhen this is calculated as a perturbative ex-
pansion in the couplings = g?=4 the perturbative series requires renormalization to
remove ultraviolet divergences. So, in general, the oladde¥ also depends on the ratio
Q?= 2. Another consequence of this procedure is that also themedized coupling
depends on the choice made for the subtraction poifthysical observables must give a
description of the phenomenology independent of the metised to obtain them. This
means that they cannot depend on the choice of the renoahahzscale. It is possible to
express this condition in a mathematical way: given thas dimensionless, it can only
depend on the ratiQ?= ? and s, so it must be
" #

, @, ,@s @

@2 @2@s

2%F(Qz: 2; s) = F=0": (1.18)

To solve this differential equation, the running couplirapstant ¢(Q?) is introduced.
As a rst step, Eq.[(1.18) is rewritten in a more compact way as

! #
@ @ .4 -
at (9g. FE 9=0 (1.19)
de ning I
Q Q@s
t In = 5 () 2@2. (1.20)

Starting from Eq.[(1.20), the running coupling(Q?) is implicitly de ned as

Z (@) gy
_ - 2
t= s R s( ) (1.21)

and differentiating with respect toand ¢ the rst part of Eq. [1.211) it follows

@:(Q) _ (@) .
@ (9

@(Q) _ .
o0 = (@)

(1.22)
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Computing the observable in 2 = Q? it gives

F(e'; §)j 2=02 = F(L; s(Q%); (1.23)

and taking into account the expressions of Eq. (1.22) it$y éasee that this last expres-
sion of F, with all the scale dependence included in the running éongpis a solution of
Eq. (1.19).

In QCD, a way to determine the running of the coupling constatd expand pertur-
batively the function as[[18, 20]

@?&s- ()= buer e B0 Y (1.24)
@a
where
_11C, 2ny _ 33 2n¢
b = 5 = =0 (1.25)
17C2  5Can; 3Cen 153 19n
B = A ATl Pt - f 1.26
2 (11Ch 2n;) 2 (33 2n¢) (1.26)
90~ 2857C3 + (54C2  615C:Ca  1415C3)n; + (66Ck + 79Ca)N? L o7
B 288 2(11C,  2n;) (1.27)
77139 15099 +325n?
= (1.28)
288 2(33  2n;)
with 4
CF = :—% ; CA =3 (129)

as is the case for SU(3), amg the number of active light avors.
Contrary to what happens in the case of QED, in QCD the rst coeht of the function
Is negative fon; < 16, thanks to the gluon-gluon interaction of this non-Abeliaeory.
As brie y discussed here below, this is a crucial featurehaf theory.
If both ¢( ?) and ¢(Q?) are in the perturbative region, it is possible to truncate th
expansion in Eq[(1.24) and solve Hg. (1.21):
L@ gy 1 1 !

T e bJ® b3 (190

Recalling that = In( Q%= ?) it can be written

s( ?)

+(Q%) = 1+ o Dbt (1.31)

For largeQ?, t also grows and so this expression tells us thgQ?) decreases. This
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property is callechsymptotic freedorand it depends on the sign of theoef cient. In
QED the sign is the opposite and sggp 's behaviour is also the opposite. This means
that to a largeQ? corresponds a large coupling, thus leading outside theurbative
region. Then, of course, are sm@f that in QCD leads outside perturbative region.

The threshold at which the perturbative approach is spailgds easily introduced
with the parameter 2. When the term ¢( ?)bt' 1then ¢(Q?) is no more as small as
required by perturbation theory.

The parameter ? is de ned as

2= 2gl= o( D0 (1.32)

and it follows

(Q% = () = (% (1.33)
° 1+ 5( 9Bin & +In ) 1+ §( 2)bin%

2= 2
The value of 2 refers to the energy scale at which partons cannot be coeslides
free particles, and are strongly bound to each other forraihgdronic state. There are
several possible approximate solutions for the renormatdin group Eq.[(1.24) and an
alternative to the use of such approximated expressiomségdctly solve EqL(1.24) in
a numerical way. In these case$ is not de ned and in determinations of the strong

coupling it is a common practice to quotg at a given scale rather than xing a?
parameter. The typical scale fog is the mass of th& bosonM ;. Asymptotic freedom
is a fundamental property that allows for precision QCD pimesiwology. In the next
Section the case of deep-inelastic scattering will be ctamed and discussed to illustrate
the main features of the parton model and perturbative QCD.

1.3 The Parton Model

The parton model can be considered as the leading orderam@ation of perturbative
QCD. As represented in Fig. 1.4, the DIS process here comsidsra lepton-hadron
scattering. The incoming and outgoing four-momenta of épeédn are labeled by and
kO respectively. As a consequence, the momentum transferisk  k° . Assuming
to have as hadronic target a proton, its momentum is labele®d b The process here
considered is a high-energy scattering, and so lepton massebe neglected.
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kO

X
P
Figure 1.4:Diagram of a DIS process.
The standard deep inelastic variables are de ned by
Q? o (1.34)
P q
e (1.35)
and also
1 @
X = = o0 (1.36)
_qP__ E°
y = =1 & (1.37)

Notice that only two variables among y, andQ? are independent of each other as the
center of mass energy of the lepton-nucleon systesrisQ?=(xy) + M 2.

It is possible to determine a general expression for thesesestion of such a process
paying attention to some peculiarity. To write down a Feynmiagram and compute the
matrix element in this case is nontrivial as the interactiere is not between two point-
like particles as is the case for example in an electron-nsgattering. Here, instead of a
muon, a more complicated hadronic object has to be considere

In general it is still possible to write
d L W ; (1.38)

whereL represents the lepton tensor while  parametrizes the unknown form of the
current relative to the proton system in the matrix elemefd.L  is symmetric, the
hadronic tensor must also be symmetric. Moreover, the narstmgl form oW must
include terms constructed out @f and the independent momeriaanda.



1.3 The Parton Model 15

It is possible to write
F F F
W = Fug +M—22PP+M—42qq+M—52(Pq+qP); (1.39)

and as at the hadronic vertex must be veri ed, as for the l@ptpart, current conserva-
tion, that is
gW =gW =qgL =qgL =0; (1.40)

imposing these conditions AW  allows to expres$, andFs in terms ofF; andF,,
obtaining

In this expression thE; contribution is not considered: this term appears as ayparit
violating structure function, in the case in which the electis substituted by a neutrino.
In the present treatment electroweak contribution will b@tonsidered, as the result can
be easily generalized. Including the phase space factahéooutgoing electron and the

ux factor, the inclusive differential cross-section fdni$ process is obtained as

" #
1 4e* kO
4k P) ¢ - 2Eq2 )3’ (1.42)
where the leptonic tensor is easy to compute and it gives
h Q2 |
L =2 k K%+ k% -9 (1.43)

As for the hadronic tensor, terms associated with paritiation are neglected.
The4 factor that multiplies the electric charge appears becatifee normalization of
w
1 X
= -~  mjJYjXihXjJ jhi2 )* (Px k P): (1.44)
X

For small-wavelength virtual photons (large momentumdfar) the nucleon internal
structure is resolved. A simple model is considered, in Whie virtual photon scatters
off a point-like quark constituent inside the proton camgyia fraction of the proton
momentum, sothatp = P . Ifane*e ! qqprocess is now considered, crossing
symmetry relates it to the partonic process]! e g, so that is possible to easily write
the spin- and color-averaged squared matrix element sunavexdthe nal colors and
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kO

Figure 1.5:Diagram of a DIS partonic process.

spins in terms of the Mandelstan@mnvariants

X— 2
jMj 2= 2e§e492 :\2“ (1.45)
with
8 = (k+p?= Q%=xy (1.46)
f = (k k9= @? (1.47)
0 = (p kKY?=4(y 1) (1.48)
that substituted into the standard result for the mas@éss2 scattering gives
a2 2%
o7 = or L@ W (1.49)

An important consequence comes out of the mass-shell eamisfior the outgoing quark,
in fact

pE=(p+d’=F+2p q= 2P g(x )=0; (1.50)

from which it follows necessarily that =
In other words, the fraction of the momentum carried by thecét parton is equal to the

1The ~symbol is used for variables and observables thatséfahe partonic level of the process.
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Bjorken-x. Finally, it is possible to write

d2/\ 2

e (RICI L FC N RE (1.51)

Going back to Eq.[(1.42), this expression can be rewritténguthe results for lep-
ton and hadron tensors Eqs. (1.41)-(1.43) and introdudagdsird variables de ned in
Egs. (1.34){(1.37).

It reads

) #
? oy e, ., F,(x; Q2)
dxdQ2 = Q2dxdy 4Q4"y Fi(6 Q)+ (@1 y)—

2

#

Y(E, 2xFy) (152)

1
o L+ YR

and by comparison with Ed. (1.51) it follows that

B0 =28 x); (153)
Fa(x) 2xFi(x)=0: (1.54)

Partons inside the nucleon not always bring the same fraofithe nucleon momen-
tum. This fact is observed looking at experimental reswdtricture functions appear to
be distributions irx rather than a delta function. To take this into account

z
X 1

dfi()F()
.0
|
X 21 X
dfi()xef (x )= exfi(x); (1.55)

2xF1(x) = Fa(x)

i 0

wheref;( ) are probability distributions that give a weight to the dustructure func-
tions. The fact thaF, = 2xF, is directly related to the spin-1/2 property of the quarks
and is called Callan-Gross relation. It con rms that the libnginal structure function is
zero, as a spin-1/2 quark cannot absorb a longitudinallgrzsd vector boson. A spin-0
quark would not absorb transversely polarized vector b®sgiving as a consequence
thatF; =0 andF_ = F»,.
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1.4 Perturbative Corrections to Parton Model

As already said, the parton model is a leading order appratkim of QCD. Taking into
account next to leading order effects, gluons start plagrigndamental role. In fact,
while in the parton modedy is zero, if gluon radiation is considered this is no more.true
In this case it can be th@r ~ Q?, as the transverse momentum is not restricted to be
small. Thisis a direct consequence of a real gluon emisston fhe quark, before or after
its interaction with the virtual boson (Fig._1.6). Anoth@msequence of the inclusion of
next to leading order contributions is that structure fior lose their scaling property.
This feature here described for parton model is broken in QZDdarithms ofQ?. This
means that structure functions are functions of bothnd Q2. Let us reconsider the
expression of EqL(1.55): this relates the structure fonstide ned in the proton frame
with the ones de ned in the parton frame.

Introducing

X
— 1.56
2poq Yy (1.56)

as a new variable for the parton frame, it is possible to tewthie relation between the
structure functions in a more general way as
x £Z1 Z.
Fo(x; Q%) = dz  dyfi(y) (x 2zy)Fa(z;Q); (1.57)

i 0 0

whereF, andF, are used as an examplejs xed, z andy obey the constrair = zy,
andf(y) are the parton distribution functions for a parton of moraenp,.
Integrating over gives
Z
X 14
F2(x Q?) = POy Q) (1.58)

i X

from which it is easy to recover the result of Ei. {1.55) witeis computed at leading
order.

In this Section th€( ) corrections to the parton model are considered. The contri-
butions that need to be taken into account are representédsil.6-1.17. The tree-level
contribution, the one-loop correction, the real gluon eois, and the gluon-boson fusion
need to be considered. Divergences may appear due to softg(ue. almost zero en-
ergy gluons) and collinear gluons (i.e. gluons emitted Ipet@ the incoming or outgoing
qguark). The main aim of this Section and of the following osi¢o show how it is pos-
sible to “cure” these singularities. Dimensional regwation is a standard method used
to perform ultraviolet regularization in the context of oemalization, and is the same
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q q
q q
(a) g (b
q q
g
9 q

(0 (d)

Figure 1.6:The Feynman diagrams for the tree-level (a), the one-loop (b), anditbe gmission
(c-d) processes.

method applied in this case. Looking at the loop contribuyttbe gluon is simultaneously
soft and collinear. An effective vertex/[1] can be writtesdribing both the tree-level
g ! gandthe one-loop diagrams as

" 42 1 ) 2 3 2 i

i = ieg 1 4—ScF ¥ 2)—2+—+8+§+O() . (1.59)

whered = (4 2"). Itis possible to explicitly check that soft and collineargularities
at the origin of the double pole ihare removed by the real gluon contribution (Fig)] 1.6).
To do this, the hadronic tensor is considered in the form
Z
X 14 ,
W (Pig)= SHOWOP;a; (1.60)

i 0

whereW @ is the partonic tensor for the partonThis expression can be written thanks to
the factorization theorem [21,22]. It is useful to split tredronic tensor in its longitudinal



20 Perturbative Quantum Chromodynamics

and transverse components, writing

X Z _
Wr o= Ol%fi(y)wi”(yp;a) (1.61)

x Z

1 )
" ‘;—Xf WO P9 (1.62)

i 0

Using these expressions, the structure functions are

Fo(x;Q) _ 1 3 2"4x2
x o1 T
. 2
F1(x; Q) FZ(;)’(Q) = %WL : (1.63)

For massless fermions the longitudinal projection varssired the Callan-Gross relation
is recovered. The transverse component for the virtualridmnion is easily determined
from the expression of the effective vertex, and it is

( )

2 2
Wewn =0 D@ ) 1 pc A Bl 2 Shes o

Qe @ 2) 2

(1.64)
while, to obtain the real contribution for the transversenponent, the square amplitude
of the sum between the s- and t-channels of the process oY (Fig.[1.6) needs to be
computed. The result is

_ s~ 47 w @)
\A\/T;real - (eéZ_CF Q2 (1 )ﬁ |
2 3 7 11+ 2 2 logd )
Sty @) Spyorar ) S
) +
1+ 2 3 1 o
1 log 5(1 ), +3 + O(") : (1.65)
The plus-prescription is a distribution de ned as
YA 1
f@+=1f2 @@ 2 . df (): (1.66)

The double pole of the virtual contribution (that corresgi®to a soft and collinear singu-
larity) is exactly cancelled by an identical negative deutdle from the real contribution.
This fact is not accidental: suitably de ned inclusive oh&bles are free of singulari-
ties in the massless limit [28—25]. As can be seen immedgisel comparison between



1.4 Perturbative Corrections to Parton Model 21

Eq. (1.64) and Eq[{1.65), a single pole is still present.sThidue to the emission of a
collinear gluon. Before discussing how to get rid of this kofdsingularities, it is better
to look in a more detailed way at their physical origin.

A quark radiates a gluon before interacting with a virtuabtam. The region of in-
terest is the collinear kinematic one. In this region it carubed the Weizséker-Williams
approximation[[26]([2[7]. The fermionic propagator has maoien (p k). Let's call
this quantityp®. Then it is possible to write

B _ u(P)u(p? o

& = o 1+ O(jkrj?) : (1.67)
Because of the collinearity of the gluon the fermionic pragag can be approximated
with an on-shell fermion. Using the Sudakov kinematics faig is obvious: a four-
vector can be written on a basis composed by the momeptuarfour-vectom, and a
transverse vectder so that

pPP=n*=n kr=p kr=0; 2p n=1 (1.68)

with
p = (P;00;P) (1.69)
= (%;O; 0; %): (1.70)

So thek four-vector can be written as
k=p(1l 2z)+yn kr: (1.72)

Reminding thak? = 0, from the previous expression it follows

2
y = JlTJZ: (1.72)
Forjkrj?! 0, then, alsoy! Oand as
p k = zp yn+ky (1.73)
L
O W = zyjkp= 2 (1.74)

it is clear from the last expression that! 0.
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Thanks to this approximation the matrix element factorl#esthis:
M) © = M of” Z5IM qfF 1+ OGkr) (1.75)

Focusing on the partonic cross-section for this procesgntbe computed

Aoql q°g)=K1 (1.76)

whereK is the ux factor andd the one body phase space that can be written as

Bk dz
(2 )32Ex 22 )31 2)

d= dikrj?: (1.77)
The factorized matrix elements are easy to compute, anégagfthe results nally gives

Z gy oy 2 !

1
dz Po(2)€ (z  x)+ O(jkr}?)

AC gl d)
Q2
€% > Pqyq(X) log s + 1 (1.78)

wherePj (x) is a splitting function that can be considered as the pradibabif nding
a partonj with momentunxp inside a parton with momentump. This contribution is
not subject to the theorems already cited in this Sectionhdhminate the double pole
singularity of the one loop diagram. The linié:j> ! 0 corresponds to a long-range part
of the strong interaction which is not calculable in peratibn theory. After applying the
Weizsaker-Williams approximation, the divergent partsislated into thevl o4 term and
going back to the expression of EQ. (1.58) for the structunetions follows

( v " # )

B x . & et 2 Ze X paog & sc@ +i
a _q-qQCb 2020‘JZ ng
(1.79)
where the parton distribution functiag is considered as a “bare” distribution, that can
now be used to absorb collinear singularities at a factboaacale writing
s Z1 dz x " 2 7
aix; )= gp(x)+ 5 ?% ~ P(z)log o +C(z) +::: (1.80)

X

The factorization scale is introduced by simply splitting the logarithm in EQ. (1) %%

2 2 2
Iog% = log Q—Z +log W: (1.81)
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q
9 q
Figure 1.7:The Feynman diagram fog ! qqprocess.
It is possible then to write Eq.(1.79) as
[1] #
( s Z1 dz X Q? )
F06Q)=x & qix A+ 55 6 - P(@log =5 +C(2) +:::
aq 0

(1.82)

Looking at the result, it is clear that the unphysical seafehas been pushed inside the

PDF and now the structure function only presents the faratidn scale 2 in its right
hand part. In the next Section will be explicitly discussedindependence from this

scale.

The last contribution that needs to be considered is thenghittated procesg !

aa@.

To obtain the corresponding result, the procedure is pretitgh the same, and so for gluon

B3 QY = X

qq

S
S5

Pqgg(X) log % + Cy(x)

) !
(1.83)

Using the same arguments as before, the structure fundticthe MS scheme can be

written as
" #
2 X Zle X -
Fa(x; Q%) = X = ?q(E’Q) @a 2+ 2—Cq (2) + :::
qq X " 4
Z
@ 203 5CMS(z)+ 11 (1.84)
a5 7 9% 2 9 '
qq n #
X tdz x
. — . S
FL(X’QZ) = X q ) ?q(E,Qz) 2—2C|:Z+
qq n #
Z
@ 208 S4Tez(l 2)+ ::: (1.85)
q Zg Z, 2 R .

qq X
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with
VS log(1 2) 3 1
MS — b
C7@ = C2——— 517, (¥l 2
2 2 #
1+z 9
1 logz+3+2z §+ > @ 2 (1.86)
n #
I = Ta (1 2747 log “-° ef+8z 1:  (187)

Gathering the results obtained up to now and generalizitiggcase of the exchange
of any vector boson, the structure functidfjswith j = 1;2; 3 at NLO can be written as
Z

14 X e X, h . Q?

o f; ; 1 )+ > Pgo( ) log =

Fi (x; Q)

o |
~ + CjVI;MS( )

x

i=agq
- h 2 i
+ g"s X2 2—3 qulogQ—2+ c/Me() (1.88)

wheregy ; is the coupling between the vector boson and the quark.

1.5 DGLAP Equations

A collinear emission of the kind treated in the previous ®&ctan occur repeatedly
n times before the parton interacts with the virtual boson. aBse of the non-Abelian
nature of QCD, the parton that nally participate in the irgtetion may be the result
of a great number of previous splittings. The parton herdg@dowith a DIS process
seems point-like at low energy but as a short-range enenmgahed, the parton appears
itself surrounded by a cloud of other partons. These paitwiesed share the proton's
momentum and so, as rising the scale causes the number cfrgklemside the proton
to increase, a scale dependence arouses not only in sedanhations but also in PDFs.
Inside the evolution of these non-perturbative objectsfaliese collinear singularities are
absorbed, order by order, using the well-known DGLAP eaquti Even if perturbation
theory cannot be applied for PDFs determination, deperalendhe factorization scale
2 can be calculated perturbatively through these equatibasking at Eq. [(1.88) it is
clear that the structure function must be independent ftefdctorization scale?, and
so taking the logarithmic derivativ@=@g 2) of both sides of that equation gives a
differential equation for the? dependence af(x; ?2) that reads
YA 1
d Peo(; 99 5; 2+ Py 99 5; 2 (1.89)

X
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A more exact treatment based on the operator product expa[#i] and the renormal-
ization group equation [29] gives

! 7 0 1 !
X Py *; Pig *;
@ i q (X; 2) — 2_5 d_ @ ) ) S 9 ) S A q ( ; 2) ;
@og 9 X j=aq Pgi =5 s Pgg %5 s g
(1.90)
where s( ?), g is the generic quark distribution functioR; are the Altarelli-

Parisi kernels. Equationis (1]190) represent a systen;of 1 coupled integro-differential
equations, witm; the number of active avors. It is the generalization of Hf.80) to
higher orders in perturbation theory. The splitting fuons only depend on the scale
through the strong coupling constant, as it can be seen tnemN™LO approximation.
In fact, de ning as s=2 , it gives for the splitting function®; (x; 2)

m >(n k
PO = at( )PM(x): (1.91)
k=0
In the case here considered, the splitting functions aravkngp to NNLO and their
explicit expressions are found in Refs. [30-32].

In the following, to describe the solution to the DGLAP euan equations the dis-
cussion will refer to the treatment given in Ref. [33]. The Mespace is considered. A
theorem in fact states that given a function= g h, where the symbol refers to a
convolution as the one considered in Hqg. (1.90) between t@eéicient functions and
PDFs, it follows that the Mellin transform &f

YA 1
MIFIN)= d N () (1.92)
0

is given by the product of the Mellin transform gfandh as

M[f]= M[gIM[h]: (1.93)

From considerations based on charge conjugation and auongetry it is possible
to rewrite the system of equationis (1.90Pas 1 equations

"Gehs (6 9= Py ais(a ) (1.94)
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describing the independent evolution of the non-singlerkasymmetries

Ghsi = G G (9 )
)Qf
G @) (1.95)

i=1

s

and a system of 2 equations describing the coupled evoluatiaghe singlet and gluon
parton distributions
! ! !

@ Pqq P
2_2 (X, 2) — qaq a9 (X, 2) ; (196)
@ 9 Pyg Pyg 9
where the singlet combination,, is de ned as
)Qf
= (g+Q): (1.97)

i=1

AtLO P(2* = P2 = POV = P, AtNLO P2 = P{%" while all the other
splitting functions are different. Starting fro®( 2) all splitting functions are different
from each other.

The evolution of the individual quark distributions withetBcale can be computed by
introducing the following set of non-singlet distributgn

V = u +d +s +c +b +t
V3 = u d

Vg = u +d 2s
Vis = u +d +s 3c
Vou = u +d +s +¢ 4b
V3s = u +d +s +¢c +b b5t
T3 = u" d

Tg = u"+d 25

Tis = u"+d +s" 3¢

Toy = U +d +s"+c¢ 40
Tss = u"+d +s"+c" +b" 5t° (1.98)

whereq = g G, andu;d;s;c; b;tare the various avor distributions.

The combination®; andT; evolve according to Eq_(1.P6) wifP  andPy g respec-



1.5 DGLAP Equations 27

tively, while the total valenc¥ evolves with thePy g kernel.

To nd the solution of the DGLAP equations for the coupledget-gluon equations
and for the non-singlet ones, the structure of

X
g(x; Q%) = i(Xasa) q(xQd); (1.99)
j
is exploited, introducing the Mellin transforms for the @ions andP as
Z 1
i (N;as;a) = dxxM 1 (x;as; ao) (1.100)
Z;
j(N;ag) = dxx™ tagxPy (x; as) ; (1.101)
0

where j are the anomalous dimensions that can be written in a sdra&sas follows:

X (n)
i (N;as) = a g (1.102)
n=0

It has been pointed out before that the splitting functi@ml(therefore the anomalous
dimensions) depend on the scale only through the couplingtaat. It is then natural
to chooseas as evolution variable and rewrite the DGLAP evolution egrafor the
evolution kernels , in Mellin-N space, as

@ X
@a ! (N;as; ag) = Ric « (N;as; ag) ; (1.103)
& k

as

where the matribR has the following perturbative expansion
R=Rog+aR;i+ aR,y+ ::: (1.104)

with
Ry, — Ry — Ry i: (1.105)

where the stands for the matrix of anomalous dimensions.

The solution of the singlet evolution equation at leadindeoris then
duo (%; Q%) = L(as;a0; N)qio (X, Q3): (1.106)

The leading order evolution operatois written in terms of the eigenvalues of the leading
order anomalous dimension matrix
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q
_ 1 0 0 2
"2, aat go G 95 T4 dg g (1.107)
and the corresponding projector matrices
— 1 (0) .
e = (R ); (1.108)
in the following form:
(N) +(N)
as as
L(ag;ag;N)=¢e¢ — +e — : 1.109
( ) % 2 ( )

The solution of the evolution Eq_(1.103) is expressed asrtugative expansion
around the LO solutioh (as; ag; N)

! n # n # !
X 1

hs
(N:ag)= |+ alU(N) L(as;ag;N) |+ asU(N) (N; ap)
k=1 [ k=1 g

s(N; as; @) g (N;ap) :

(1.110)

TheU matrices introduced in the previous equation are de nedieyollowing com-
mutation relations

Uj;Ro = Rit+ U
UxRg = R+ RiU;+2U, (1111)
K 1
UiRo = Rg+ Ry Ui+ kUy Ry + kU
i=1
as h i
1 R R
U= - eRe +e Re + k& € R& (1.112)
Kk + k . k
where
K 1
Rk: Ry + Ry iU;: (1113)

i=1
Solving recursively Eqs[{1.112)-(1.113) and the NLO appration of Eq. [1.10b)

gives
Ry, — Rk bRy 1+ O(NNLO) (1.114)
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and the NLO exact solution for the evolution factor in thegéet case can be linearized
as

s(N)= L+aUiL alU;+alUsl aaUilU;+all(UZ Uy : (1.115)

Looking at the non-singlet combinations for the distribug of quarks, it can be seen
that Eq. [1.11I1) also holds in this case of a scalar evolubahas the involved objects
are no more matrices the right-hand sides vanish. Consdguérg possible to write at
LO the solution for the evolution factor as

; as
nao (Njas;a0) = — ; (1.116)
ao
and at NLO non-singlet solutions can be written down in a cachglosed form both as
an iterated solution

ns
R0

- u, ¥ 1+ bas as
N N:as; a) = ex 1 n = 1.117
NS,NLO( s; do) p by 1+ bra 2 ( )
or a truncated solution
_ . a; =~
wsno(Niasiao) = 1 Uy Y(as @) : (1.118)

Thex-space parton distributions are obtained by taking therge/#lellin transforms
of the solutions obtained in Eq. (1.110) which, making uséhefconvolution theorem,
can be written as

Z

s (X Q%) ao(Y; 8s; 80) s §; Q3 (1.119)
|

s(Y; as; @) g §;QS: (1.120)

X

tdy
y
Zl_y
y

(x; Q%)
g X
The evolution kernelq x) are de ned as the inverse Mellin transforms of the evolu-
tion factors introduced in Eq._(1.1110)
Z c+il dN
s(x;as; @) = >x N s(Njasiag): (1.121)
c il 21
Note however that all splitting functions, except the atigbnal entries of the singlet
matrix, diverge whex = 1. This implies that the evolution kernelsx) will likewise be
divergentinx = 1.
In the following is shown that, like the splitting functiartbe evolution factors can be
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de ned as distributions. To this purpose consider the gerexolution factor such that
(omitting the explicit dependence ofon the couplingas)

V4

Ld X
fxQ)=  Z(f QR (1.122)
x Y y
De ning the distribution
Z 1
+(X)=( x) 1 x); where = dx ( x); (1.123)
0
Eq. (1.122) can then be rewritten as
Z 1
d X
f06Q)= f(xQ+ () i}
le dy X ZX
= f (xQf) + v N y;Qé yf xQF  f(xQj) dy(y):
X 0
(1.124)

Due to the subtraction Ed. (1.723), all integrals on thesrdi.Eq. [1.124) converge
and can be evaluated numerically. This expression, thenpeaused to compute the
parton distribution functions ir-space, determining numerically from Eq.[(1.121) and

as
Zl Zc+i1 Zc+i1
N AN v ()= dN (N) .

- —_— 1.125
0 ci1 21 ciz 211 N ( )

In this singlet case, however, this prescription has begghtst modi ed because

(N) is indeed in nite. So Eq.[(1.124) is rewritten in another egient form. Let
N=1
us de ne

f W (x;Q% = xf (x;Q?) W(x;Q5 Q%) = x (x;Q5Q%:
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Thus
Q) (v A2 — .2_Zldy CA2. (2 X, ~2
fY(x Q%) = xf(x;Q9)= 7(y1QO’Q)Xf y,Qo
Z X
_ ld_y(l).2.2(l) X. A2
(y;Qp: Q) f ; Qo
2 Y y
= d%(”(y;Qé;Qz) o g;Qé yf @ (x: Qp)
zZ,
+ dvyy @ (y: Q2 Q%) O (x; Q)
yi
= d7y<”(y;Qé;Q2) (0008 yPaQ))
g Zl Zx
+ B (x;QF) ) dyy(y; Q3 Q% i y(y)
Zl
d 1
) f(xQ% = Vyy(y;Qé;Qz) yf §;QS yf (x; Q3)
X ZX
+ f(QF) (N;Q%Q% ) y (y;Q5: Q% (1.126)
N =2

that is, nally, a regularized expression free of in nite mmibutions.

1.6 Heavy Quarks: the FONLL Scheme

In this Section the FONLL scheme is introduced, paying paldr attention, as in previ-
ous Sections, to DIS structure functions and the impactttieinclusion of heavy quark
effects has on them. The case of neutral current (NC) interecwill be considered rst,

and subsequently the case of charged ones will be discusddidoa Then, the LO and
NNLO treatment of heavy quark mass effects is also discussed

1.6.1 Neutral Current Structure Functions

The idea behind the FONLL general-mass scheme is simple llvesdor a consistent
combination of terms from different schemes. The name sfrtiethod comes from the
original work [34], where a xed order calculation (seconrter) is combined with a
next-to-leading log one. But the method is general and a smmi feature is that it can
be used consistently to combine a xed order with a resumnadcltation to any order
of either. The FONLL method only relies on standard QCD faz#&tion and calculations
with massive quarks in the CWZ [35] decoupling scheme in whighhieavy quark is
subtracted at zero momentum (it decouples for scales muotv lits mass) and massless
quarks in theMS scheme in which the heavy avor is treated as another rassglarton
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and so itis included in the all-order resummation of cobinlogarithms up to a suitable
chosen logarithmic order. The method was generalized intfBéeep-inelastic structure
functions.

In this speci c case here studied, a Fixed-Flavor NumbeiNF§cheme massive term
up to order ¢ is combined with a NLO Zero-Mass (ZM) computation. This sokds
called FONLL-A in [36] and it is equivalent to the S-ACOT schei87]. As shown in
Ref. [38], this turns out to be identical to the S-ACQOT[37] stiee A near-threshold
suppression is also adopted for the subleading terms a<%j8¥3 through a damping
factor. A benchmark of this method against thecaling method is performed in [38].

The explicit expression for the,., heavy quark structure functi@"in the FONLL-A
scheme is given by the sum of two terms:

2 2
Mh

QZ
The rst contribution on the right-hand side of EQ._(1.123)the massive-scheme heavy
quark structure function & ( )

Z
Fi(x Q%) = x

FEONLL (x: Q2) = F(n')(x Q)+ Q@ m? 1 (d)(x Q%): (1.127)

1 e

y e gQ—ﬁ «(Q) g (y;Q%: (1.128)

The heavy quark gluon coef cient function is given by
2
C(nl) 7° _’ S(QZ) — S(Q )Z%C(”')l Z;g—ﬁ +0O 2 - (1129)

S

TheO ( ) coefcientis

2
cot zrcn?— = W2 4m} TR[(Z2+(@1 2)%+4z(1 3) 82z2)|ogF
h
+8z(1 z) 1 4z(1 2z)v]; (1.130)
where q
m2=Q% v 1 4m2=W2; (1.131)

and the partonic center of mass enevgy = Q%(1  z)=z

2See Ref.[[36] for the discussion on the FONLL expressionghfetongitudinal structure functions.
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The second term on the right-hand side of Eq. (1.127) is tifeetdnce” contribution
Z

td + X + +
Fin (6 Q%) = X 7y Cig ™ y (@) M)+ N (y: Q)
X
ay X x Q? .
oot X @ BY NY (@) ¢V yQd)
y y my

(1.132)

whereh; h are the heavy quark parton distributions. At rst-order i) B} is given by

89t 79 —2gcmot 2,2 (1.133)
g:h 'm 29 ‘mi |

and the massless limit of the massive coef cient function is

2 2
0 1
Ciot g, Q—Z =Tk (Z2+(1 2)dlog LZ.Z) +(8z(1 2z) 1) ; (1.134)
which in the limitQ? = mZ reproduces as required the usual massless scheme coéf cien
function.

It is possible to suppress the difference term Eq. (1.132xbee it is of higher order
near the threshold of the heavy quark and it is possible tolchieeasily as all terms in
Eq. (1.127) PDFs ands are expressed in the same = 3 decoupling scheme.

The expression in Eq(1.1I27) interpolates smoothly betvike massive scheme at
smallQ? and the massless scheme suitable at I@geAs an illustration of the differences
between various schemes for the heavy quark structureiéumsctin Fig[1.8 thd-,.. and
theF .. charm structure functions are compared for various scheAMsFONLL-A and
the FFN scheme as a function @f for different values ok. It is clear that FONLL-A
interpolates smoothly between the FFN scheme near thikahdlthe massless scheme at
largeQ? (also thanks to the use of a damping factor in Eq._(1.127)) tfie comparison,
PDFs and other settings, like the valuenof, are identical to those of the Les Houches
heavy quark benchmark comparison![38]. The comparisorh®idngitudinal structure
functionF_.. shows that mass effects are much larger thdfin so the ZM computation
is completely unreliable.

Further quanti cations of the impact of heavy quark mase&§ in DIS structure
functions are performed in [40]: for the phenomenologicatiore relevant case &%,
heavy quark mass effects can be as large d9% decreasing fast for increasigand
Q?. As in the case of Fid._1.8, the Les Houches heavy quark beathaettings have
been used.

The O ( s) massive scheme heavy quark coef cient function, Eq. (I)1@@s rst
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Figure 1.8:The charm structure functior.¢(x; Q) andF . (x; Q2) as a function ofQ? for
different values of fromx = 10 ®tox = 10 2 in various heavy quark schemes, computed
using the FastKernel method: FONLL-A, ZM-VFN and the FFN scheme.ADEs and settings
are identical to those of the Les Houches heavy quark benchmark dsomar

computed in Refs[ [41-43], while its Mellin transform is prated in AppendiX’A. The
accuracy of the FONLL implementation has been assessedutmgphe Les Houches
heavy quark benchmark tablés [38], showing that the acgusasuf cient for precision
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PDF determination.

1.6.2 Charged Current Structure Functions

The case of charged current (CC) structure functions is tlesteording to the FONLL-
A scheme. The coef cient functions needed are known up{os) and so other schemes
that need higher order computations cannot be implemented.

This treatment is necessary especially to describe neubis charm production.
In fact, in this case data lie in a region where the s€dds close to the charm mass
threshold.

The analytic computation of the Mellin transforms of t@g ) charged current
heavy quark coef cient functions [44] is given into detail AppendiX/A. For simplicity,
the assumption thaV,{ = 1 is made, and the rest of the CKM matrix elements are set
to zero. The generalization to realistic CKM elements isigttdorward. A single heavy
guark, the charm quark with masg, is also assumed. The factorization scale is set to
be equal to 2 = Q2. Finally, only neutrino induced charm production is coesétl, as
the antineutrino case is again straightforward.

In the FFN massive scheme, the charged current charm piodu%;f;cC structure
function for neutrino induced scattering has been computedspace inl[44,45] as

Fz(;f::I);CC (X, QZ) = 25 : Q 2
s (QZ) dZ (nl) 1 2. _-02
+ 2 > - Con(z;Q5 )s 2’ Q
+ CN@Qh g Q@ (1.135)
where
~ m2 Q*

In Eq. (1.135b), C(”') " includes the contributions in which the gluon splits inte and a
c quark, both of which contribute 1'5(”') € at NLO. The Feynman diagrams for the LO
and NLO gluon-induced subprocesses are shown in Eigé..1®-1

Thex-space expressions for tRe( ) charged current coef cient functions in EG. (1.135)
are given in Refs![44, 45]. The quark coef cient function daaseparated into a delta
function piece, a regular piece, and a singular piece régailaith the usual plus prescrip-
tion,
C(nl)l(z Q2 )= C(nl)( ) 1 2)+ C(nl)( z)+ hC(nl) .Z.Qz I © (1.137)
h; ' Z, (@
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Figure 1.9:Feynman diagram for the LO contribution IF(;;:');CC in the FFNS scheme. Thick
solid lines indicate a heavy quark (charm) and thin solid lines a light quadn(g).

Figure 1.10:Feynman diagrams for the NL@(( s)) gluon-induced contribution tEZ(;”C');CC in

the FFNS scheme.

Itis possible to write the explicit expressions for theeiéint pieces contained in EQ.(1.137).
For the delta term

1 2 1+

Ci()= Ceg 4+ >t gt 5 Ka (1.138)
Ka=(1 )In@ )=: (1.139)
The regular piece can be written as
(1+ 2z%)Inz

C: (1+2@2In@ 2) In@@ z)
#

() .
Ch;r (’Z) 1 z

22+2§+§121;
z z 1 z

+

(1.140)
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and nally the singular piece reads

1+ 22 2+ m2 2In(1 In(1
¢ izQ? = o I ZZ|nQQ2m°+2 n( Zi Z”( 2)
P
2 11tz . (1.141)

1 z 21 z)

where the rst term is the contribution that depends on tleédiazation scale and is pro-
portional to thegqgsplitting function. Separating the massive quark coefntitunctions
into the various contributions is important to properlylerzde their Mellin transforms, as
will be discussed below.

Finally, the expression for the FFN gluon coef cient furmstiis given. In this case
there are no singular terms and it reads

CMZ Q2 ) = 2 2 gtz o, @rme
(z;Q5 ) = T z2+(1  2) In(1 )Z+In Q2
+ Tt 2+@ 22 2n@ 2) In@ z) In2)
+ 8 18(1 )+12(1+ ) z(1 2z)+ 1 1
4 1 z
f (1 )zn—% 6 12% - (1.142)

@a )z

Again, the last term in the rst line is the scale-dependemmtdbution and is propor-
tional to P(o) Note that both diagrams shown in Fig. 1.10 contribute [4&halogous
expressions for the charged currdnt. and F .. structure functions can be found in
Refs. [44,45)].

As in the case of neutral currents, the massless limit of fié &ructure functions is
easily obtained. For the massikg$ structure function it has the structure

FZ(;T:';O);CC(X;QZ) = 2xS X;QZ
@ “d
s 9z ~(n:01,. 42 X. A2
+ ZX—2 - Con 7 (2;Q%5 )s Z,Q
+ CHOMzZ; Q% )g X0 : (1.143)

z

where

h i
ChPz @ )=c" a 2+ ci%@+ %@ (1149
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with 9 5
(ny;0) = 4+ .
Cpn Ce S+3 (1.145)
, #
. 1+ I
cMO@z)=C  @A+2)In( 2) %+3+22 : (1.146)
" #
. In(1 2) 3 1
(n;0) - e
Che” (2= Cr 2 —— 5 T 5 (1.147)
and for the gluon
o 1
COlz @) = 2Ty Z2+(1 2?2 Ih=—2+8z(1 2) 1
2
+ T 22+ 2)? InW: (1.148)

c

For completeness, the ZM Variable Flavor Number (ZM-VFN)awe quark coef -
cient functions for quarks and gluons is also provided,

+1) In(2 2) 3 1
1);1 _
Chi@=ce2 T 5 ¢, (@r2n@ 2
4
(1+ 2z%)Inz 2.9
L)l 3422+ (1 — 2 1.14
O Eesv2ze (1D o o (1.149)
n #

"y 1

CUV=Te 2+1 2 Ih=——2+@z1 2) 1) : (1.150)

Note that the above gluon coef cient function, EQ. (1.1158)de ned according to the
notation of [46], that is, it corresponds to the productida single quark or antiquark.

Comparing the FFNSO and ZM-VFN coef cient functions it foNls that for the gluon
piece holds the relation

2
ClOz; QA =2C ™ @)+ Tr 22+ 2)? In ot (1.151)
Cc
where the overall factor 2 is due to the fact that the ZM coieint function, Eq.[(1.150),
has been de ned for a single quark, while in Eg. (1]142) theoglcoef cient function
accounts for the production of two quarksgndc). Note also the presence of the usual
collinear logarithm. For the quark piece

Cin¥(z) = i Y(2); (1.152)
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w+ w+
C S
S Cc
Figure 1.11:Feynman diagrams that contributel—"téﬂ:' *D€C in the ZM-VFN scheme at leading

order. The NLO diagrams are the same as in the FFNS scheme.

without any collinear logarithm.

The de nition of the heavy CC structure function in the ZM sofeis not unique:
here it is de ned as the contribution to the structure fumetivhich includes all con-
tributions to the inclusive structure function which swaswhen all CKM elements but
jVes are set to zero. With this de nition, both the leading-orgeocessesW*! s and
cW™*! scontribute to it (see Fig. 1.11). This de nition coincideglwthe experimental
one because the struck charm antiquark must be accompayiad observed) charm
qguark, and it is free of mass singularities. The gluon itetiaBNLO contributions remain
those shown in Fid._1.10. The structure function in the nemsskcheme above charm
threshold is then given by

FZ(;”C'”) CC(x:Q?) 2x s x;Q? +¢ x;Q?

71
(@ dz _(n+1) 1 2 X, 2 X ~2
+ s ue 1+1); . . 2 + 2.
2x— > Can T(@Q% ) s iQ c 2iQ
X
(m+1):1,. ~2. .2 .
+ 2C2;g (z;Q% )g E’Q : (1.153)

The ZM-VFN massless coef cient functions have been de nedEps. [1.149)E(1.150).
Note the factor two in front of the gluon coef cient functipio account for the production
of two quarks in the two NLO subprocesses of Fig. 1.10.

Finally, the various schemes can be combined to constrecE@NLL-A structure
functions. As in the NC case, the FONLL structure functiodesed as

2

2
FZ(!:CONLL) ;CC(X;QZ) Fz(;ry);cc(X;Qz)_'_ Q? m? 1 % Fz(?c);CC(X;QZ)

(1.154)

P Q%) = FUM Q) Fi P (@) (1.155)

where the damping factor is used as default threshold ppgiser.
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Using the explicit expressions derived in the previous iBador the difference be-
tween the ZM and FFNSO coef cient functions, Eds. (1J152) §a151), the difference
term can be written as

Z
_S|n(g_2 .
2 m?2

c X

Fag®©=2xc x,Q%  2x %Tf Z2+(1 2% ¢ E;Q2 +0( 2);
(1.156)
where the fact that the heavy quark distributiof©ié s) has been used. Now, it is easy
to see explicitly that, in the region whete  In Q?=mZ is not large, the difference
term is of orderO( 2): to rst order in ¢ the FONLL expression coincides with the
massive-scheme one also for charged current scattering. usé of the leading-order
QCD evolution equations immediately leads to
$(Q%) . Q° ‘1 dz 2 2y X.A2 2
> Nhz S N@r@ 299 Q7 +0():
(1.157)
Inserting this expansion in Ed. (1.156), it is trivial to ckethe explicit cancellation of
the O( ) terms, that is, near the heavy quark threshold the differeéein is of order
Fi'™" = 0( 2.

c(x; Q%) = c(x;Q%) =

The nal FONLL-A expression for the charged current charmogurction structure
functionF < is given by

2

M ) =2 Q7+ @ mE 1 & e xQ
!
+ 2 52(Q2) Zl% CiVHz; Q% ) s E;QZ + Q@ m? 1 g—g 22xc E;Q2
+CiVNz, Q% )g Q7 (1.158)
¢ m o1 T SéQZ)Z:%Tf(z%(l 299 %@

It can be easily veri ed that Eq[(1.1b8) reduces to the FFNesee Eq.[(1.135) at
the heavy quark threshol@?> = m2, and to the ZM-VFN expression Edq.(1.153) in the
asymptotic regio@?>  m?2,

The above derivation generalizes straightforwardly todtieer relevant charged cur-
rent structure functionsF {5 andFSS, as well as to the case with a general CKM quark
mixing matrix. Note that in all the results shown below thenstard CKM mixing has
been assumed, with the CKM matrix elements set to their PDGegdU7].

Now that the FONLL-A General Mass (GM) scheme has been defoeadharged
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current structure functions, it is possible to compare taeous schemes (ZM, FFNS,
FONLL-A) in the kinematic region that is most relevant in thmbal PDF analysis,
namely the region covered by the NuTeV dimuon measureméfis [n Fig.[1.12 the

results of such a comparison between various schemes fangraduction in neutrino-

induced charged current scattering are shown. Results anpared at the level of the
phenomenologically relevant charm production reducedszsection, de ned as [49]

_ 1 g2 e
~ ()t v N2 el A2
xy:Q9) £ axdy (xy; Q%)
GZM 2M 2 x2y?
"2 (1+FQ2:NMVZV)2 Yo NQz ' +y? Fo (xiQY)

=
VL (6QY) Y XFal'(x Q%) (1.159)

with Q2 = 2MyE xy andY =1 (1 y)2 This expression for the NuTeV dimuon
cross-section has been corrected with respect to Eq. (Rgbf40]. A spurious factor
of (1 + m2=Q%) was present there, and it was pointed out by S. Alekhin. Thzaegn
of this correction was studied in Ref. [50] and found to be mt¢vant. In Fig[_1.12 the
various schemes are compared in some representative bihe dluTeV dimuon kine-
matics [48]. Parton distribution functions and other sgf$iare those of the Les Houches
heavy quark benchmark comparison![38]. It is observed th#te kinematic region of
neutrino data (both inclusive CHORUS data and dimuon NuTetd)dahe FONLL-A
result is very close to the FFN scheme computation, and yt begins to differ from it
at the highest energies, where resummation of charm madsseeollogarithms begins to
become relevant.

Even if the differences between the FFN and FONLL-A schermoesHtarged current
scattering in the NuTeV kinematic region are moderate, as/shn Fig.[1.12, they be-
come rather more important at smalknd medium-larg&®?, where the charm and gluon
PDFs become larger. To illustrate this, in Hig. 1.13 the gbdrcurrent charm structure
function F5< as a function 0fQ? is compared for two different values &f Notice in
particular that at very smak-the FONLL-A expression is essentially the massless result.
However, producing dimuons at 10 3 andQ? 10 Ge\?, where differences are
larger, requires a xed target neutrino experiment with atrieo beam with energy in the
multi-TeV range, which is not foreseen in the near futureeréfore one can conclude
that any reasonable general-mass scheme for chargedtcoattering will be very close
to the FENS in the region of experimental data.

The FONLL-A calculation of charged current structure fumes has been imple-
mented in ax-space code, FONLLdisCC, that will be used for benchmarkimpqees.
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Figure 1.12:Comparison of different schemes for charm production in neutrinociedDIS.
The kinematic range is representative of the NuTeV dimuon data range.ZNR¢FN, FFN
and FONLL-A schemes are compared at the level of the neutrino indinegchgroduction cross-
section, Eq[(1.159). The settings are the same as those of the Les Hbeakg quark benchmark
comparison[[38].
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Figure 1.13:Comparison of different schemes for charm production in neutrinociedDIS.
The FZCCC structure function in the massless, massive and FONLL-A schemes is shottris
case the FONLL-A expression is given by Hg. (1]158). The settingtharsame as those of the
Les Houches heavy quark benchmark comparison [38].

This is the analogue of the FONLLdis code for neutral cusdBil], however is rather
simpler since the unknow®@ ( 2) massive coef cient functions do not have to be imple-
mented. The NNPDF implementation of the FFNS calculaticass lieen benchmarked
with the corresponding results of the MSTWO08 codel [52], rgliperfect agreement.
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The FONLL-A and MSTWO08 general-mass schemes for chargedmisrhave been also
compared, nding qualitative agreement but some quantéatifference.

In Ref. [53], where a LO and a NNLO PDFs sets are presented giineylquark mass
effects are included using the so-called FONLL-C GM-VFNesole of Ref.[[36]. The
main idea is the same of FONLL-A but combining NNLO masslestypbative evolu-
tion with the O( 2) massive coef cient functions. The FONLL-C scheme integtes
smoothly between th® ( 2) massive scheme (FFN) near the heavy quark threshold, and
the O ( 2) massless scheme (ZM-VFN) at lar@®. Mass effects are much larger for
the longitudinal structure functiof_.. than forF,., as shown in Ref[[53], so there the
ZM-VFN computation is completely unreliable. A benchmagagust different GM-VFN
schemes was performed in Ref. [38] for DIS structure funstievith common input toy
PDFs and common choices of all other settings. This treatmepplied to neutral cur-
rent structure functions, while in the case of charged cuifitgS a full implementation of
this scheme cannot be performed because only the asymPfatic limit is known [54]
for the massived( 2) heavy quark coef cient functions. For this reason in therged
sector of FONLL-C GM-VFN scheme th@( 2) massive contribution is set to zero and
the other components (PDFs, ZM structure functions, ag)dare evaluated at NNLO.
The computation of the neutral current massive coef ciemictions in the Mellin space
atO( 2) is given in AppendixB, while benchmarking of the numericat@acy of the
FONLL-C implementation is discussed in Appendix C. In thapapdix, also a compar-
ison with the FONLL-B scheme (that combin®¢ 2) massive contribution with a NLO
massless perturbative evolution) is performed.

The case of LO QCD is much simpler as here both neutral andetiargrent massive
coef cient functions for DIS vanish and the only differenath a standard ZM scheme
Is the presence of the damping factor. The only massive ibotibn present in this case
is for a heavy quark produced from a struck light quark. ThenRONLL expression is
reduced to the parton-modeéd( 2)) massive coef cient function.
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Chapter 2

Determination of
Parton Distribution Functions

The introduction of parton distribution functions was neeggince the rst steps in the
formulation of the parton model and modern QCD, as seen inrénaqus Chapter. The
inclusion of a PDF set in a speci ¢ analysis is necessarytferstudy and prediction of all
that observables based on some hadronic initial state asoalsave reliable results from
the Monte Carlo event generators commonly used for expetahsimulations.

Looking at the last forty years before the Large Hadron Cell{@dHC) of Geneva was
operative, it is possible to distinguish three main “sea8éor parton tting: the rst one
was intended to demonstrate the compatibility of the pactortierpretation of rst QCD
processes with experimental datal[55-57], the second wdisaded to the extraction of
parton sets from the rst hadron colliders data availablleyang for qualitative QCD and
slowly progressing towards the third stage, which maingntts to DIS NMC[[58,59] and
HERA [60] data has permitted QCD precision physics. Nowadagske facing a new
era, strictly related to new physics [61] 62] at the LHC.

In this Chapter the main elements needed for a PDF set detsiomrare sketched.
After introducing the general strategy for extracting a@aset from data, the error deter-
mination technique is discussed focusing in particularrentteatment of multiplicative
uncertainties as for example normalization uncertain@sally, the main tting strategy
Is analyzed.

45
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Figure 2.1:A gluon PDF estimate of 1984 [63](left) and a comparison between gluors RD
NNPDF2.3[50] and NNPDF2.1[40] analyses (right).

2.1 General Strategy

Parton distribution functions, as already stated, arepenturbative, universal quantities,
because of their general independence on the speci ¢ psode®rder to release a PDF
set, experimental data involving hadronic initial states maeeded, as these quantities
only may be extracted from data. Thanks to their univengatiis possible to use data
from different processes to better determine PDF's behavionly in recent years these
guantities started to be released together with an esbmafithe experimental error they
may be affected by. Before then, the determination of the cahral value was enough
for the level of precision of the rst QCD analyses (Hig.12.It) fact the impact of PDF's
errors was widely considered to be negligible in comparigothe uncertainty due to
contributions from other theoretical and experimentakses.

The determination of a set of parton distribution functiena rather delicate exercise.
Several theoretical, experimental, and statistical issweed to be addressed in order to
provide reasonable results. From a theoretical point e, Meecision physics of modern
colliders as Tevatron and LHC requires the implementatidreod scattering matrix ele-
ments and evolution kernels for DGLAP evolution equatiomsputed at the appropriate
perturbative order. Heavy quark mass effects has to be @emresi and also the choice
of the parametrization used in the t may affect the nal résuOn the experimental
side, even if a wide number of different experiments areuidedt in a global analysis,
some distributions may be poorly constrained because kfdaexperimental informa-
tion and also cuts must be performed on some kinematic regibnfact, where theory
loses reliability it is not possible to compare predictiavith data. Moreover, a proper
use of the uncertainties and correlations delivered by raxgatal groups together with
the development and application of re ned statistical omle necessary.
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Figure 2.2:The upper gure schematically represents how each calculation with ausatber

of avors Ng has a region of applicability. The transition from tN¢ 1 scheme to th&g

scheme should be in the vicinity of tmey . mass, but need not occur exactly at my. . The

lower gure illustrates that multiple PDFs can coexist for my,. with matching performed at
= my, . Image taken from Ref._[64].

The general strategy for extracting PDFs from data it is alntlee same for all col-
laborations involved in parton tting: thanks to factortean theorem, the observables are
computed theoretically at a certain initial sc&@gas the convolution between coef cient
functions and PDFs. The coef cient functions are pertuxeabbjects computed directly
from partonic Feynman diagrams. For all relevant procetis®s are available at LO,
NLO, and in some cases also at NNLO perturbative orders. ©madhtrary, PDFs are
parametrized and randomly initialized. Each observabsatsaown de nition in terms of
a linear combination of partonic distributions and for tl@ason a speci c observable can
constrain or disentangle some distributions and not aheit. Several different observ-
ables are needed to determine all Bme + 1 independent parton components inside the
nucleon. This lack of information forced for a long time tokeayeneral assumptions on
the unconstrained PDFs.

As each data point is measured at a physical SQaJéo compute the error function
that then will be minimized in the titis necessary to evolie observables to that scale
solving the DGLAP evolution equations. Again, the solut@ithese equations can be
performed with different methods and at different perttiveeorders of the evolutive ker-
nels. Also, the error function, that contains the covaramatrices, the measured observ-
ables and the same observables computed as explained abeimized accordingly
to different techniques (mainly log-likelihood minimizan but also genetic algorithms).

On top of the general tting strategy described above, otbgues has to be consid-
ered. One of these is related to nuclear corrections: evircdin be assumed that the
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scattering with individual partons inside the nucleus isolmerent, corrections may be
needed for different targets in some experiments. Theseamns are model-dependent
and may affect theoretical calculations. Another issuédésimplementation of heavy
quark mass effects. Different schemes may be used to take itite account. In the
following | brie y describe the main characteristics of éagscheme.

The theoretical framework proposed by Collins-Wilczek am@ Z35, 65] is the basis
for the schemes considered here. Due to kinematic and dgaarssues it translates in
different schemes. The simplest one is the xed avor numbereme: the heavy quarks
are considered in the massive coef cient functions with adumber of light avorsy,.

All the avors below the heavy quark mass are treated as rasssIThis scheme becomes
increasingly unreliable for scales larger than the heawrlqmass threshold and so the
most reliable results are: fay = 3 whenQ m¢, forn; =4 whenm, Q  my,
fornp =5 whenm, Q m, andforn, =5 whenQ m,. On this basis it is ide-
ally straight-forward to de ne a variable avor number sche by matching the previous
schemes in their respective regions of validity, but astiagching can be performed in
slightly different ways there are several possible eqenakchemes deriving from this
one. Since a few years ago the most commonly implemented Wr&$She ZM-VFNS.
All quarks are massless and the heavy quarks are radiaeglgrated only above the
my threshold. The number of light avons; changes going through thresholds, chang-
ing as a consequence the anomalous dimensions and the @@idtion. The ZM-VFNS
lose accuracy near threshold because it neglects termertimyal to powers om? =Q?
and also the approximate treatment of phase space intrethwansistencies. A solution
is proposed in Ref[ [39] with the Improved-ZM-VFNS (I-ZM-VEN by de ning a new
lower integration limit in PDF convolution with hard scaitey matrix elements as:

(x; Q%) = x(1 + M#~=Q?); (2.1)

whereM? is the total mass of the nal state.

Schemes as the ACOT, the Thorne Robert (TR), and the FONLL ¢(Blie&roduced
in the previous Chapter) are also called general mass VFNSVYENS) as they all ex-
ploit the accuracy of the FFNS near threshold and of the ZMNSFat largeQ?. They
combine the two schemes going smoothly from a FFNS treattoeatZM-VFNS one
as the scal®? is increased. The ACOT scheme [66] introduces the subtratdion to
remove double counting due to LO and NLO contributions @aggrgiving an inclusion
of mass effects at all energy scales. On this are based taaarthe S-ACOT [37] and
the ACOT- [67,68] schemes. The TR schermel[69] is similar to ACOT (a caiepa is
performed between the two schemes in Refl [64]) with more esiglon matching con-
ditions treatment. A generalization is represented by TB].[For details on the FONLL
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Figure 2.3:Calculation of DIS heavy quark production for a variety of schemes. émaken
from Ref. [64].

scheme see Section11.6.

Among the collaborations that actively produce global gt sets of distributions it
is worth citing the CTEQ-TEA[[71-76], MRST-MSTW [7[7=82], NNFJ83-:88] [40],
and Alekhin-ABKM [89-+92] groups. The CTEQ collaboration use@M-VFNS for
several analyses and the ACOT scheme [66] for speci ¢ studitsheavy quarks [93]
and also in[[7B8]. The MRST global analysis used the Thorne Relf€R) scheme [69]
up to MRST 2004([79], then the TR' scheme [70] began to be usedartRST 2006
releasel[80] and in all the MSTW analyses. The ABKM collaboratises a FFNS with
n: = 3;4,;5[94]. Finally, the NNPDF collaboration uses the FONLL GM-NEcheme
[34,36] already introduced in the previous Chapter sincéNlN®DF2.1 release [40].

2.2 Statistical and Systematic Errors

Monte Carlo Sampling

To determine PDFs error from experimental information aored in covariance matrices
nontrivial. The attempt here is to extract from a nite numbédata points the necessary
information to describe the error on a set of functions, #inatin nite dimensional objects.
A way to solve this dif culty was proposed in Ref. [95] and déyged in Ref. [96]. It
is necessary to build a probability density in the space ot€fions, in order to give an
estimation of a generic observaliethat depends on a PDF ddtg as

Z
Firg =  FrigP[ffgID[f] (2.2)

whereP[ff g]DI[f ] is the density probability measure in PDFs space. Of cotingeset
ff g depends on a set of parametars (a;; a;:::;a,) with n the number of parameters
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that determind f g given the xed functional form used in the t. The main ideatis
reduce Eg. (2.2) to a sum over a number of replicas generatéddmte Carlo (MC)
sampling of the parameter space obtaining a randorhaggt) of sets of parameters. To
this numbem ¢, of random parameter sets corresponds an equal number ohats
ffg®, withk =1;2;:::; Nep and it is possible to write

1 X

Nrep i_,

Frig Frigo: (2.3)
A problem with this approach is that in several directionpanameter space there are at
regions, thus a problem when generating MC replicas risesdlasv directions are related
to almost unconstrained parameters, and this results ynlaeye values in the samples of
replicas. The NNPDF collaboration also uses the MC sampdéiognique, but at the level
of experimental data, avoiding this problem (Sect. 3.2).

Hessian Approach

The Hessian formalism [77,97], among the PDF- tter colledimns, is the most com-
monly used method for PDF error determination. THefunction is quadratically ex-
panded about its global minimdimit can be written as

xd xd
2= 2 2= Hij(a a)(a a]Q) (2.4)

i=1 j=1

with 3= 2(Sp), falg respectively the 2 and the set of parameters corresponding to
the best estimatg&, for the PDFs setf g. The valueH; is the Hessian matrix element
de ned as:

_ @ *(a).

Hy = ;

' @a@p

Moving the parameters around their best value, a shift ieoesl in the 2 function,
2, and can be de ned

(2.5)

2 T2 (2.6)

as the region of “acceptable ts”, with the tolerance parameter: all uncertainties are pro-
portional to this parameter. Going back to the Hessiandhtced in Eg. (2.5), this matrix

1To avoid the quadratic approximation the Lagrange muéipinethod can be applied [98, 99].
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Figure 2.4: Distribution of eigenvalues de ned in Eq. (2.7) of the Hessian matrix, takem f
Ref. [97].

has a complete set dfy,, orthonormal eigenvectosg, with eigenvalue$y de ned by

xd
Hij Vik = "kVik (2.7)
j=1
Xd
VilVik = k- (2.8)
i=1
Each eigenvector determines a direction in parameter sglang which the 2 variation
can be quick or slow, and as a direction can be far quicker #&mather a consequence
is that the eigenvaluek are distributed over a wide range that covers many orders of
magnitude (Fig. 2.4).
The eigenvectors can be related directly to the variatitm time space of parameters

by

e
a a-= Vik Sk Zk: (2.9)

k=1
P
The normalization of, suchthat 2= {_ z2is obtained through the introduction of
sk factors. Thanks to the transformation of Eq. (2.9), graplhydllustrated in Fig. 2.5, it
is possible to notice that the region of acceptable ts atbtire global minimum is con-
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2-dim (i,j) rendition of d-dim (~16) PDF parameter space

2
contours otonstant global

u,: eigenvector in the I-direction
p(i): point of largest awith tolerance T 4
p(i) S global minimum

p(i)

diagonalization and

rescaling by T
the iterative method
- - Hessian eigenvector basis sets
(@) (b)
Original parameter basis Orthonormal eigenvector basis

Figure 2.5:Representation of the transformation of Eq. (2.9) from the original pasarbasis to
the orthonormal eigenvector basis, taken from Ref. [97]. To each poihe graph corresponds a
set ofNpar parameters associated to a PDFs set.

tained inside a hypersphere of radﬁJs_2 and in case of an ideal quadratic behaviour
of the 2 function the scale factots would be equal to 1=".

Coming back to the generic observaBlethe error on it and on the PDFs on which it
depends can be estimated using the formula

X
F= (F(S) F (§))° (2.10)

whereS, are the2N,¢, sets of PDFs computed at the two points de ned by

z =

T
5 (2.11)
on the edge of thdl¢,-dimensional hypersphere in thgparameter space. Together with
So they form a set 0PN, + 1 sets of PDFs, that are the ones needed to compute PDFs
errors onSy, besides observables error from Eq. (2.10).

However, the tolerance criteria far® > 1 lose a statistically rigorous interpretation
and together with the assumption of the validity for linead approximation in error
propagation introduce weaknesses in the error treatmemigh the Hessian method.

2.3 Normalization Errors

In this Section the normalization uncertainties introdliceEqg. (2.43) are discussed. Af-
ter a rstintroductory part which brie y explains the Hessi and Monte Carlo methods,
the discussion moves towards the issues at the origin ofiflses [100-102] associated
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with overall multiplicative uncertainties as normalizatierrors in global ts. Finally two
methods for the de nition of the covariance matrix are prded: thepenalty trickand
thety method.

Hessian and Monte Carlo Methods

Given a numben of experimental measuremems, one may want to extract from them
the expectation value and the variance of a theoreticaltgyaninformation about exper-
imental uncertainties is contained into a covariance m&tov); that takes the common

form
xXn

(cov)j = 2+ kK (2.12)
k=1
The uncertainties are supposed to be Gaussian. The valaed  are referred respec-
tively to the uncorrelated and correlated uncertaintiédollows that, using a Hessian

approach, the best value foafter the minimization of the 2 function is

n 1
vio— (COV )ij m;
t= P2 (2.13)
ir;j -1 (COV 1)ij
and its varianc&/; is
@2 1 1
Ve = 3 =P ; (2.14)
tt 2 @% :7] - (COV l)l]
fora 2 function de ned as
X
2(t) = (t my)(cov Yt mp): (2.15)

ijj =1

An equivalent method, that is particularly useful in theecewswhich thet quantity is con-
nected to another underlying theoretical quantity like BOE the Monte Carlo method.
Each data point is related to a random varidtdlethat gives a Gaussian distribution cen-
tered inm; and spread around this value according to the covariana&n(edv); . From
thesen random variables it is possible to generhblig, replicas of the original set of
data points. Calling Tg the ensemble of replicas generated in this way, it is passibl
to determine for each of them the best value minimizing theesa? function given in
Eq. (2.15) forT and obtain

b (cov My

T=-_p=t 2.16
ir;]j =1 (COV 1)ij ' ( )
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and given that

E[t]= hTi; Var[t]= hT% h Ti? (2.17)
it follows
n
c_y (cov Hyym;
== = 2.18
[ ] Inj =1 (COV )Ij ( )
Varlt] = et =1 (Cov ) (cov B (AMMyi h M;ihMi)
B 2
ir?j -, (cov b
1
=P : 2.19
b =1 (cov 1) (2.19)

This is the same result found with the Hessian approach divéigs. (2.13)-(2.14) Of
course the results depend on the choice of the error funtdiarinimize.
D'Agostini Bias

As studied into detail in Ref. [103], normalization uncemtaes can be added to the simple
case considered above to illustrate the Hessian and Monte @athods. Considering
the MC method, it follows that the results for a single expenmt read

P n
1
g =1 (COV )ij mj

E] = oo D, (2.20)
vart] = P 5,- 11 (+c§\2/ 5ot SPE[t]? (2.21)

as expected, whesgis the overall normalization uncertainty of this single esiment. On
the contrary, considering a case in which each measuremeabmes from a different
experiment along with its independent normalization utaiety s;, gives the results

X m
Et] = 2?2 — (2.22)
i=1 i
Var[t] = %2+ 4 $(mP+ H=? (2.23)
i=1
with 0
1 1

It is clear that the result of Eq. (2.22) cannot be correds thasult does not depend on
the normalization uncertainty;, and if is imagined a single data poim; having a huge
value ofs; its effect would not be taken into account by the expresseare kdetermined.
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Here the realistic situation in which correlations betweéiferent measurements from
independent experiments are not available is assumed. \r¢owreeir inclusion does not
affect the resuilt.

Considering now the Hessian method, things goes still wagain, an error function
that includes normalization uncertainties is used, withdimple choice

xXn
A (t) = (t  m)(cov, )y (t my) (2.25)
iij =1

where
(covm)ij = (cov) + s®mim;: (2.26)

For the simple case of a single experiment with only two datatp the covariance matrix

is !
2+ s?m?  s?2mym
(Covm)j = * ! v (2.27)

s?mim, 2+ s’m3
and as a consequence theEq. (2.25) is

(t m)?( 3+ m3s?)+(t mp)?( 2+ mis?) 2(t my)(t my)mim,ys?

2(t) =
" 22+(m2 3+ mj 2)s?

(2.28)
The result of the minimization of this expression with regget is

- 2 - 2

t= :
—24+1=2 — 22
=i+1l=3+(my mp)?s’=1 3

(2.29)

That this expression is biased can be better seen by asstimisgnple case; = ; =

. Then, de ningm  1(m; + my) andr mmZ, the above expression foreduces
to

= m
T 1+ 2r2s2m2= 2

It is possible to notice a downward bias, also present in #namce fort

=m( 2r?s’m?= 2+ O(r%): (2.30)

1+r2s2w2= 2 ' (2.31)

Vie =

where

w (2.32)

2)@ m;
_2.
i=1 !

It is common to refer to this as th@&Agostini bias from the name of the author of

Ref. [100, 102].
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Penalty Trick and t, Method

As already seen, to use the most intuitive error functiortaiomg normalization uncer-
tainties leads to biased results. A new function to be mingaithat could at the same
time take into account multiplicative errors and produceiased results has to be de-
ned. Considering the Hessian method, a standard way ofigdigjtsolving the problem
Is to include as parameters into the t also the normalizagiof the datan;, and to add
penalty terms in the error function to x the estimated vabi¢hese parameters close to
one and their variance closesp.

In the simple case of a single experiment vgtithe variance of its overall normaliza-
tion uncertainty, the error function in the penalty trickpagpach is de ned as

X' (t=n m)2 (n 1)
EHess(t; n) = ( 5 I) + ( 2 ) :
i=1 i

(2.33)

The last term is the penalty term: minimizing with respedt ivest = nw, wherew is
de ned in Eqg. (2.32), while minimizing with respect togivesn = 1 and inverting the
respective Hessian matrix it follows that the covariancérixa

Ve = 2+ s2w? (2.34)

is the same as the result easily obtained from Eq. (2.21)avtbnte Carlo approach by
considering uncorrelated uncertaintiggapart from a negligible term of cross-correlation
between variances). The result for a single experiment lisased, but considering the
case of more data points from different experiments withepehdent normalizations
ni =1 s?things again goes wrong. In this case

X (t=n my)? N (i 1y

Eness(t; ni) = > 2
i=1 i i=1 i

; (2.35)

and the minimum for this more complex error function is detieed byn + 1 equations
for t andn;:

P noomi_
i=1 n; 2
t = p ol (2.36)
=7
_ sttt .
n = 1+ n2 2 n—l m; (237)

These equations cannot be solved easily because of theplexity and non-linearity. In
certain special cases, solutions can be found [103]. Ieiardrom these special cases that
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Figure 2.6:Dependence of the central valtien the ratio of normalization uncertainties and
s, for a pair of measurements with central valoes= 0:9, m, = 1:1 and negligible uncertainties
i. The unbiased result must be symmetric about the ot (i.e.s; = sp): only thetg curve

is unbiased. The image is taken from Ref. [103].

both the central value and the variance are again biasedunimary, with the penalty
trick the problem is only solved for the case of a single expent.

In Ref. [100] d'Agostini proposed an alternative method louReef. [103] it is shown
that also this method, in the case of more than one experjmebiased. There this
method is called self-consistent covariance matrix metiaod relies on a de nition of
the covariance matrix that reads

(cow); = (cov); + s%t?: (2.38)

As for the penalty trick, for a single experiment everythimgrks ne, but for several
experiments biased results and also multiple solutionoaned.

The main problem is that including tadependence inside the covariance matrix or
anyway adding terms that make the error function no more rqtiadn t brings as a
consequence that the distribution {exé 2(t)] is not a Gaussian. Also the self-consistent
covariance matrix method, while ttieparameters inside the covariance matrix varies,
present this problem. Considering here once again the Heapjaroach, in Ref. [103]
the so-calledo-method is discussed for both the Hessian and the MC metAddsidea
is to X the covariance matrix by xing itd dependence to an arbitrary valie

(cow, )i = (cov)j + t3s%; (2.39)
in the case of a single experiment or

(cov)j =( 2+ st3) i (2.40)
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for several ones and then to determine iteratively the nighie oft, that gives stability
over subsequent iterations. In this way the problem is shibath for a single experiment
and for more experiments. In all cases the results are wbiast and for its variance.
The procedure converges quite quickly: in a couple of itenat as shown in Ref. [103],
stability is achieved. The dependencetgis quite weak (it determines uncertainties and
S0 a variation of it can be considered a second order effadtsa even with a bad rst
choice of its value the impact is mild. In the same refererm®/a this is quantitatively
proven. In Fig. 2.6 an interesting comparison among thelpers&lf-consistent matrix,
andty, methods is shown.

2.4 PDFs Fitting

A rstdif culty in performing a tis represented by the totagnorance on the shape each
PDF has. When tting a set of data points that obeys a knownipaisaw, the problem of
determining the best function that goes through the pogntsduced to the determination
of a nite set of parameters. In the present case it shoulo®'tlecidech priori a xed
functional form, because actually which is the best formdqurarton distribution is not
known. For this reason parton distributions need to be destwith a suf ciently loose
parametrization, in order to reduce as much as possibleidiseoh results introduced by
xing a functional form. Practical reasons don't allow fort@o large set of parameters,
and so what almost all the parton- tter collaborations d@pproach this problem is to
exploit some well-known property a parton set must satisfy.

The usual parametrization for a single parton distributiaa the form
fi(x;Q3) = ax(1  x)°P(di;dy;:::;X) (2.41)

where Q3 is the initial scale at which PDFs are determined. The désieleQ? at
which PDFs are convoluted with coef cient functions to camgptheoretical predictions
is reached using DGLAP evolution equations, as alreadyedeal he parameteis b; c
are somehow constrained respectively by imposing momeiatuginvalence sum rules,
by Regge interpretation at small-and by constraining to zero parton distributions at
x = 1. In general, a Padé expansion [104] is used to derive Egl)2.Bhrough this
technique it is often possible to approximate a functiorhvaitrational function with a
better precision than with a truncated Taylor expansione H{d; x) expression above
is a smooth polynomial and the numberdparameters in the t must be high enough
to avoid any possible functional tension but at the same tinsannot be too high for
practical reasons. A radically different approach to thishtem has been developed
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inside the NNPDF collaboration. More details on this arespreed in the next Chapter.

A gure of merit is de ned to determine the best set of paraemstassuming that all
the uncertainties are Gaussian. The quality of the t candmedbed using a? function

dat
2 = X (F&  F™[cov (Fj(ex") F): (2.42)
ijj =1
This function is minimized during the tting procedure, artd dependence on the set
of parameters is all contained into the theoretical préatistF”. The indices and}]
run over theN g,; Nnumber of experimental points in the E” are the measured central
values of the observables. If in the case of a polynomialmatezation to a smaller?
corresponds a better t, in the case of a parametrizatiooutiin arti cial neural networks,
as for NNPDF analyses, things are different. The best t doescorresponds to the
smaller possible 2, and as discussed in Sect. 3.6 a stopping criterion must hedieo
determine the best set of parameters. The covariance nagenerally de ned as

Xe Xa X ,
[covjy = ot in jn + i gt i FOORTY O (2.43)

i =1 i =1 =1
where ;, are theN. correlated systematic uncertainties, the N, (N;) absolute (rel-
ative) normalization uncertainties, angs are the statistical uncertainties. In Sect. 2.2
the treatment of normalization and in general of multigie&auncertainties was already
discussed. A proper inclusion of these contributions thratds systematic biases is in
fact nontrivial.

The lack of experimental data that could constrain and téseyte the various partonic
components may call for the introduction of some assumptidine number of indepen-
dent components i&n; + 1), to be extracted from experimental data involving linear
combinations of PDFs. However, in several nowadays obsalealysis the assumption
u = d was used, due to the impossibility of disentangle the twtribtigions for lack of
information. Also, not so long ago, the assumption of sgttmzero the strange valence
distribution was commonly imposed in parton ts. Nowadaligtee (2n; + 1) compo-
nents can be determined separately, with different degreasnstraint depending on the
considered PDF. This is achieved thanks to the universaliBDFs: this feature allows
for a global QCD analysis where, as anticipated in Sect. Belrésults proceeding from
many different experiments are combined into a same asagsidescribed in a more
detailed way in Sect. 3.1.

A very important role in PDF determination is played by banalks against results
obtained using different techniques and methods. To thenéthere is a constant effort
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Figure 2.7:Cross-section predictions at 7 TeV for a Higgs boson (gg fusion) Ftiggs mass of
120 GeV (left) and 180 GeV(right). Plot by G. Watt [112], PDF4LHC.

within the scienti c community that was translated in theiss of HERALHC [105]
workshops between years 2004-2008 and nowadays in the rapgF4LHC series
[106, 107] that since 2008 is intended not only to performdbemark exercises but also
to provide guidance on PDFs to LHC experiments and phenologyo

Another important contribution to the development in parttiing is represented
by the Les Houches Accord PDFs (LHAPDF), rst conceived ir02Q108-110], that
provides a library with all the main and most recent PDF seimfall the delivering
collaborations [111], along with precise instructions ba tisage of each set, and which
has favoured useful discussion among different groupstebhksh baseline standards to
PDF determinations (data inclusion, methodology, thémakissues).

More details regarding the NNPDF approach to parton ttind apeci cally on PDFs
determination are extensively given in the next Chapter.

2.5 Summary of Available PDF Sets

Several parton sets have been delivered during the yeg@ersading obsolete ones. New
sets are usually updated with the inclusion of new data réteal or statistical features.

In this Section, the main characteristics and the statuseofrtost commonly used PDF
sets are discussed and compared to each other, leavingtussion around NNPDF sets
for the next Chapters.

ABM11

The ABM11 PDF set [113] is based on a dataset composed by & ££iS inclusive
data (HERA [114, 115], BCDMS [116, 117], NMC [58], SLAC [118—1pDrell-Yan
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data (E605 and E866 [123, 124]), and DIS dimuonic data (Nude¥ CCFR [115]).
The parton set is determined both at NLO and at NNLO QCD peatiwd orders for
six independent PDFs. The parametrization is obtainedugir@ polynomial function.
The whole set of PDFs is determined tting 25 parameters,rapwhich the g coupling
constant is also tted. Several sets are delivered wiftvariations: the strong coupling
is varied between = 0:110and s = 0:1300ver 21 members (steps of ¢ = 0:001).
The heavy quark mass effects are treated in a xed avor nungoheme, delivering
sets corresponding tg = 3; 4; 5 for both NLO and NNLO. The ¢ variations are instead
performed only fon; = 5. To determine the errors over PDFs, experimental unceieain
are treated through the Hessian method, setting a tolefahee 2 =1.

These sets are publicly available, and for each ABM11 set gifcess are delivered:
the central value plus 28 replicas to compute the errorshdrcase of ¢ variations the
delivered replicas are respectively 21 (20+1) at NLO andlB#1) at NNLO.

CJi12

The CJ12 PDF set [125] is based on a global dataset composd®luaix (BCDMS [116],
NMC [58,59], SLAC [126], JLab [127], HERA [128]), Drell-Yanada (E866 [129]), W
asymmetry (CDF [130-132], DO [133, 134]) and Z rapidity (CDB%1136]) data, jets
(CDF [137,138], DO [139, 142]) and photon-jet (DO [143]) dafehe CJ12 parton set
is only available at NLO. The parametrization is given usdfgparameters for the t-
ting of 5 independent PDFs through a polynomial parametazaa The value for ¢ is
xed from an external tat s = 0:118 The heavy quark effects are not treated, as the
implemented scheme is a zero-mass variable avor numbe¥mseh The masses of the
heavy quarks only have a role in de ning the thresholds atcwlihe number of active
avors is increased. The errors on PDFs are determined ubmdiessian method with
T2=  2=100. The analysis includes target mass and higher twist ciorecheeded
for the description of deep-inelastic scattering data mfela and lowQ?, and nuclear
corrections for deuterium targets.

Three different parton sets are delivered, determinecertisely with three different
methods for implementing nuclear corrections. Each seahaentral value replica and
38 replicas for the computation of errors.

CT10

The CT10 PDF set [76, 144] is based on a global dataset thamigsalequivalent to
the one on which is based the CJ12 set. The main differencethair€cJ12 doesn't
include NuTeV data, while CT10 doesn't include SLAC, JLab, phdton-jet data. This
parton set is available at three different perturbativeesd LO, NLO, and NNLO. Six
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independent PDFs are tted using 26 parameters that x ampatyial functional form
used to parametrize the parton functions. The heavy quask efects are treated through
the implementation of the S-ACOT [37] general mass schentydaced in Sect. 2.1.
The propagation of experimental uncertainties from daf@Dé&s is performed using the
Hessian method with tolerande& = 2 = 100. The value of ¢ is xed from an
external t to the value ¢ = 0:118 A series of sets is delivered both at NLO and
NNLO, including or excluding the W asymmetry data, and vagythe value of the strong
coupling constant, witl):112 < ¢ < 0:127for the NLO analysis and witl®:110 <

s < 0:130for the NNLO analysis and step s = 0:001in both cases. Also, sets with
n; = 3;4 are produced. Each set is tted using the standard CTEQ PDkitewo but
using the HOPPET ¢ running solution.

The CT10 sets are delivered to the user as a 52 eigenvectdgtvgetsigenvectors for

each tted parameter) plus the central value in the standaalysis, as a single member
in the varying ¢ studies, and as a two-members set in the cases ofnxed

HERAPDF1.5

The HERAPDF1.5 PDF set [145] is based on preliminary HERA |1t4g] combined
dataset. Both NLO and NNLO sets are available, as the resalfbolynomial parametriza-
tion of 5 independent PDFs. The set of parameters xed ta thest- t values is com-
posed by 14 elements. Uncertainties from experimental al@gropagated to parton
functions through the Hessian method with a tolerafiée= 2 = 1. Heavy quark
mass effects are treated using the Thorne Roberts (TR) [6@rgemass scheme intro-
duced in Sect. 2.1. Thes value is xed from an external t to the values = 0:1176
Also a series of sets with varyings is produced: variations are produced over 12 val-
ues of ¢, between ¢ = 0:114and s = 0:122with step s = 0:001and then for

s =0:11560:1176 0:1196both at NLO and NNLO. An analysis is also performed for
varying parameters, as for example heavy quarks mass values

While the standard sets are delivered for NLO and NNLO as eg&ar sets of re-

spectively 20+1 and 28+1 members, for parameter variagtsthe members are 12+1 at
NLO and 10+1 at NNLO. For varyings the eigenvector sets have 12 members, both for
NLO and NNLO.

JRO9

The JR09 PDF set [147,148] is based on the HERA electron-progasurements [149—
153], xed target SLAC data [126], BCDMS [116,117], E665 [18585], NMC [58, 59],
and Drell-Yan dimuon data E866/NuSea [124, 156]. The pastins available both at
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NLO and at NNLO. Its parametrization is obtained using 15apseter to x a polyno-
mial functional form for the 5 independent PDFs tted in theadysis. The ¢ coupling
constant is also tted. The errors for PDFs are determinéagute Hessian method with
toleranceT ? = 2 = 1. While the NLO parton set is obtained only in the FFN scheme
with ny = 3, the NNLO parton set is obtained both in the FFN scheme anideVEN
scheme.

The JR09 parton sets are delivered as a central value plug@@veictor sets for error
computation both at NLO and at NNLO.

MSTWO08

The MSTWO08 PDF set [81,82] is based on a global dataset cordinyselS data, Drell-
Yan data, W asymmetry and Z rapidity data, and jets data. Arge®n of each compo-
nent of the dataset is given in Ref. [81]. This parton set islabvie at LO, NLO and at
NNLO. To determine the best t a polynomial functional forswused for each PDF. The
independent PDFs that are tted are 7, with a total of 20 free@meters to be determined
during the t. The s coupling constant is also tted and sets with variations are
delivered. The errors are determined through the Hessidhatieimposing a tolerance
T2= 2 25. The heavy quark mass effects are introduced using the T&glemass
variable avor number scheme.

The MSTWO08 parton sets are available as 40 eigenvector sett far each mini-
mized parameter for each direction of variation) plus amengalue set. the ¢ variation
sets are instead given as a best-t central set with= 0:12018plus 21 sets with
varying between 0.110 and 0.130, with steps = 0:001
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Chapter 3

NNPDF Methodology

In this Chapter the strategy followed by the NNPDF collakiorais described. While the
general strategy has already been discussed in Sect. Zelthieediscussion will treat the
radically different ingredients developed and implemdntéhin the NNPDF framework.

An alternative to standard methods in error determinasdvionte Carlo sampling in
data space. This method was presented in Ref. [157]. It waessiully combined with
an arti cial neural network parametrization in Ref. [158]edtal networks are universal
unbiased interpolators and can be trained on each set ofejaieas generated through
MC sampling. The exibility and robustness of this approdws been developed and
tested in a series of different cases (structure functi@b®][ spectral functions for
decays [160], energy spectra of B decays [161], and cosmiceatrino uxes [162])
and is at the basis of all NNPDF parton releases. To go frond#ta to the parton
parametrization rsiN,e, pseudo-data replicas are generated for each data poirg it th
In this wayN e, replicas of the original dataset (that is identi ed with liepie, = 0)
are created.

The construction of physical observables to compare to déhesponding data point
IS a nontrivial step: it implies to parametrize PDFs with rauets at a reference scale
Q3, evolve at the physical scal@® and convolute the result with hard partonic cross-
sections. The physical observable obtained is then usednpute the error function
to be minimized. Minimization is obtained through a genefigorithm that acts in the
selection of the best set of parameters that determine tireme of the networks iteration
by iteration during the training. The optimal t is obtainég dynamical stopping using
a cross-validation method.

network is trained, so that at the end are produleg sets of PDFs that are a Monte
Carlo representation of probability density in the spaceastqn distributions. From this
representation it is straightforward to determine cenales, errors, and correlations of

65
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Figure 3.1:Schematic representation of the NNPDF approach.

any function depending on PDFs.

In this Chapter the experimental data and Monte Carlo samplie@t rst discussed
(Sect. 3.1, 3.2). The central part of the Chapter is dedidatélge minimization process
and some related features including the structure andrissatii the neural networks used
for the parametrization, the genetic algorithm and the dyinal stopping (Sect. 3.3).
The FastKernel framework is then introduced (Sect. 3.7) aallly an important feature
to include new datasets is discussed: the reweighting rd€®ect. 3.8).

3.1 Experimental Data

In this Section, a detailed discussion of kinematic cutshwieir respective motivation,
and the kinematic coverage of the dataset used for the NNADFK2, NLO and NNLO
parton distribution function analyses is performed. Ratér emphasis is given to the
inclusion of new charm structure function data in the globaés to correctly t this
observable a general mass scheme is needed. The originaktaare the basis for the
Monte Carlo sampling method used to generate pseudo-ddieasepThe second part
of the Section reports and brie y illustrates the detailedlgises of data performed in
Ref. [84,87]. Finally, also positivity constraints are dissed, paying attention to the
different methods used for different perturbative appmadions.
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Figure 3.2: Experimental datasets which enter the NNPDF2.1 analysis. The kinematiest co
age of each dataset is summarized in Table 3.1.

Kinematic Cuts

First is considered the NNPDF2.1 NLO dataset. The kinenwatts are performed in
variablesQ? andW? = Q?(1 x)=x. While the cut inW? is the same as in previous
NNPDF analyses and set W2, = 12:5 GeV?, the one inQ? is now slightly higher,
going fromQ2,. = 2 Ge\? for DIS data [87] in NNPDF2.0 t®?2,, = 3 Ge\? in the
present NNPDF2.1 NLO analysis [40].
The cuts here discussed are motivated by the fact that adseavy quark threshold

5 predictions from the general mass scheme here implemeniggut fve affected by
instabilities. The cause can be found in having data ponutssing the heavy quark mass
threshold while varying its value in different ts. This sgests to use a value ¢, at
least as large as the maximum value of the charm mass thatacanbidered acceptable.
Then, Q3,, = 3 Ge\% is a reasonable choice since the® 1.7 GeV. Another
motivation can be found in Ref. [163, 164]. Possible deviaifrom NLO DGLAP in
the smallx andQ? HERA data can affect theoretical uncertainty in the PDFs ad@ L
observables related to their inclusion in the global t in aderate way compared to
PDF errors and other uncertainties, but removing the HERAtpdielowQ?2.. reduces
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these theoretical uncertainties even further. The prigeatofor this reduced theoretical
uncertainty is an increase in statistical uncertainty.

While the kinematic cuts discussed above apply to all DIS expnts included in
the global t, on HERAF; data additional cuts are performed. Concretely, HEHRA
data withQ®> 4 Ge\? and data wittQ®> 10GeV? forx 10 2 are removed from the
t. The motivation for this is that the FONLL-A general massheme for heavy quarks,
as discussed in [36], provides a poor description of the oathe smalles and Q?
bins due to missing larg® ( 2) corrections. This is true for any heavy quark scheme
that does not include th® ( 2) corrections, like for example the S-ACOTused in the
CTEQ/CT family of PDF sets. Only the FONLL-B scheme can curs giioblem since
it includes consistentlD ( 2) corrections inF$ into a NLO t, as can be seen in [36].
These cuts ensure that &} experimental data included in the t are well described by
O ( s) theory.

Kinematic cuts on the invariant ma¥g? and the scal&? of the DIS nal state
W2, > 125GeV? andQ? > 3 Ge\” are the same for NNPDF2.1 LO, NLO and NNLO
datasets, while thE&$ data are subject to the further ci@8 > 4 Ge\V? andQ? > 10
GeV? if x < 10 2 only in the LO and NLO analyses, due to the fact that in thisareg
NNLO massive corrections are so large that a NLO approxonasi not acceptable (and
consequently at LO). These cuts will be removed for the NNItOn which theF; data
will only be subject to the cuts which are common to all oth& Data. The charm struc-
ture function data included in the NNLO t are listed in Tal8e all other data are the
same as in the NLO t, Table 3.1. The total numbers of datagsaised at LO, NLO and
NNLO are also given in Table 3.2.

NNPDF2.1 Dataset

The NNPDF2.1 NLO dataset includes NMC [165,166], BCDMS [116)-and SLAC [126]
deep-inelastic scattering xed target data; the combinE&RH-I DIS dataset[114], HERA
F_ [167] andF; structure function data [168-174], ZEUS HERA-II DIS crosst®ons [175,
176], CHORUS [177] inclusive neutrino DIS, and NuTeV [11581dimuon produc-
tion data; xed-target E605 [123] and E866 [124, 156, 179¢DIvan production data;
CDF [132] W asymmetry and CDF [135] and DO [13&] rapidity distributions; and
CDF [138] and DO [142] Run-Il one-jet inclusive cross-secsioi\ scatter plot of this
data in thex; Q? plane is displayed in Fig. 3.2, with the valuesxofiletermined using LO
kinematics.

The dataset is slightly different in the case of LO and NNL®. At LO theF, struc-
ture function data are removed, since this observable asiat this perturbative order.
At NNLO two modi cations are present: rst, the E866 data,ijhghed asxg distribu-
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tions, have been converted into rapidity distribution$ofeing the procedure discussed in
Ref. [180], since the use of rapidity as kinematic variabl&esathe inclusion of NNLO
corrections simpler. Second, instead of including the NM@gn data as data for struc-
ture functions they now are included as data for reducedsesestions. This decision
was taken after that in Ref. [181] was shown that the impachisfdifferent treatment
is almost negligible at NLO. The use of cross-section data inciple preferable, as
they are closer to what is actually measured. In Ref. [182i$ wlaimed that the treat-
ment of this data may have a signi cant impact on NNLO PDFeuth this claim is not
supported by investigations with NNPDF2.1 NNLO [183], otmiMSTWO08 [184] PDFs.

All the relevant data from H1 and ZEUS experiments at HERAMHerd¢harm structure
function F$(x; Q?) is included [168-174]. This inclusion of new data points INRDF
analyses introduces more information that helps constigiithe smalix gluon PDF and
moreover the included datasets are sensitive to the valtleeo€tharm mass.. The
kinematic coverage of all the datasets included in NNPDE2summarized in Table 3.1
and in Fig. 3.2.

Now in turn the features of the variofs(x; Q?) datasets included in the t are de-
scribed:

The ZEUS 96-9D  analysis [168].
In this analysig=; is extracted from the measurementof mesons reconstructed
via their hadronic decays using data collected in the 19661887 running periods.

The ZEUS 98-0@ analysis [169].

As in the previous casé&; is extracted from the measurementdf mesons re-
constructed via their hadronic decays, and uses data tadl@cthe running period
between 1998 and 2000.

The 04-05 ZEUD ;DP° analysis [170].

In this analysis, based on the HERA-II running period of 200d 2005D mesons
are reconstructed via their hadronic decays. An improvetipion is obtained
reducing the combinatorial background to iheneson signals by using the ZEUS
micro-vertex detector to reconstruct displaced secondamyces.

The 2005 ZEUS muon analysis [171].

This dataset is based on the measurement of muons that ageatgzhin charm
production from their semileptonic decays. Data was ct#@auring the 2005
HERA-II running period.

The H1 96-9D analysis [172].
This analysis, based on the 1996-1997 running period, useiths reconstruc-
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Deep-inelastic scattering ]

Experiment Set [ Ref. [ N gat [ X min X max [ Qrzmn [GeVZ] [ Q ﬁwx [Gevz] ]
NMC-pd 260 (132)
NMC-pd [165) 260 (132) 0.0015 (0.008) 0.68 0.2 (3.5) 99.0
NMC 288 (221)
NMC [166] 288 (221) 0.0035 (0.009) 0.47 0.8(3.2) 61.2
SLAC 422 (74)
SLACp [126) 211 (37) 0.07 (0.1) 0.85 (0.55) 0.58 (3.0) 292
SLACd [126) 211 (37) 0.07 (0.1) 0.85 (0.55) 0.58 (3.2) 291
BCDMS 605 (581)
BCDMSp [116) 351 (333) 0.07 0.75 75 230.0
BCDMSd [117] 254 (248) 0.07 0.75 8.8 230.0
HERAI-AV 741 (592)
HERA1-NCep [114] 528 (379) | 6:210 ' (4:310 °) 0.65 0.045 (3.5) 30000
HERA1-NCem 114 145 1:310 3 0.65 90.000 30000
HERA1-CCep 114 34 0.008 0.4 300.0 15000
HERA1-CCem 114 34 0.013 0.4 300.0 30000
CHORUS 1214 (862)
CHORUSNu [177] 607 (431) 0.02 (0.045) 0.65 0.3 (3.0) 95.2
CHORUSNb [177] 607 (431) 0.02 (0.045) 0.65 0.3 (3.0) 95.2
FLH108 8
FLH108 [167] 8 0.00028 0.0036 12.0 90.000
NTVDMN 90 (79)
NTVnuDMN [115,178] 45 (41) 0.027 0.36 1.1(3.1) 116.5
NTVNbDMN [115,178] 5 (38) 0.021 0.25 0.8 (3.1) 68.3
ZEUS-H2 127
Z06NC [175] 90 510 2 0.65 200 310°
Z06CC [176] 37 0.015 0.65 280 310°
HERA charm structure function data
ZEUSF2C 69 (50)
ZEUSF2C99 [168] 21 (14) 510 ° (310 %) 0.02 1.8(7.0) 130
ZEUSF2C03 [169] 31 (21) 310 ° (1:810 °) 0.03 2.0(7.0) 500
ZEUSF2C08 [170] 9(7) 2:210 *(6:510 %) 0.032 7.0 112
ZEUSF2C09 171 8 810 2 0.03 30 1000
HIF2C 47 (38)
H1F2C01 [172] 12 (6) 510 4 3:210 3 15 (12) 60
H1F2C09 [173) 6 2:410 4 0.025 120 400
H1F2C10 [174] 26 210 *(3:210 %) 0.05 5.0 (12) 2000
Fixed Target Drell-Yan production
Experiment Set Ref. N gat y=x i y=x B [Xmin ;X max ] M2, [GeV?] M 2. [GeV?]
DYEG605 119
DYE605 23] 119 [ 0:20; 0:40] [0:14; 0:65] 505 286
DYE866 390
DYE866p [156,179] 184 [0:0; 0:78] [0:017; 0:87] 19.8 251.2
DYES66r 124] 15 [0:05; 0:53] [0:025; 0:56] 212 166.4
Collider vector boson production
Experiment Set Ref. N gat [Ymin ;Y max ] [X min 5 X max ] M r%ﬂn [GeVZ] M %ax [GeVZ]
CDFWASY 13 b ;
CDFWASY [132) 13 [0:10; 2:63] 2:910 3;0:56 6463 6463
CDFZRAP 29 b ;
CDFZRAP [136] 29 [0:05; 2:85] 2:910 3; 0:80 8315 8315
DOZRAP 28 " ;
DOZRAP [140] 28 [0:05; 2:75] 2:910 3; 0:72 8315 8315
Collider inclusive jet production
Experiment Set Ref. N gat [Ymin 3 Y max ] [Xmin X max | p%; min [GeVZ] p%; max [GeVZ]
CDFR2KT 76 b i
CDFR2KT [141]) 76 [0:05; 1:85] 4:610 3;0:90 3364 3:710°
DOR2CON 110 b i
DOR2CON [142) 110 [0:20; 2:20] 3:110 3;0:97 3000 3:410°
Total
Experiment | [ [ Nga | X min X max [ Q2. [GeV’] [ QZ, [GeV?]
TOTAL | | | 4520 (3415) | 3:110 ° | 0.97 | 2.0 | 3:710°

Table 3.1:Experimental datasets included in the NNPDF2.1 global analysis. For PEiments
in each case the number of data points and the ranges of the kinematichlesadee provided
before and after (in parenthesis) kinematical cuts. For hadronic datartbes of partor covered
for each set determined using leading order parton kinematics are sNotethat hadronic data
are unaffected by kinematic cuts. The valuexgf, andQ2,, for the total dataset hold after
imposing kinematic cuts.
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[ Experiment | Set [ Ref. [ Ngar | Xmin [ Xmax | Q%, [ Qfax
ZEUSF2C 69 (62)
ZEUSF2C99| [168] | 21 (18) | 510 ° (1:310 %) 0.02 1.8 (4) 130
ZEUSF2C03| [169] | 31(27) | 310 °> (710 ®) 0.03 2.0(4.0)| 500
ZEUSF2C08] [170] 9 2:210 4 0.032 7.0 112
ZEUSF2C09| [171] 8 810 4 0.03 30 1000
H1F2C 47 (45)
H1F2C01 | [172] | 12(10) | 510 ®(1:310 %) | 3:210 ° | 1.5(35)| 60
H1F2C09 | [173] 6 2410 4 0.025 120 400
HI1F2C10 | [174] 29 210 4 0.05 5.0 2000
LO Total 3330
NLO Total 3338
NNLO Total 3357

Table 3.2: Charm structure function datasets included in the NNPDF2.1 NNLO analpdis.
other data are the same as in the NNPDF2.1 NLO analysis, given in Table [Belnumber of
data points after kinematic cuts are shown in parentheses. In the last tle®éslgiven the total
number of datapoints included in the NNPDF2.1 LO, NLO and NNLO ts.

tion strategies as the corresponding ZEUS analysis, nathelyeconstruction of
D ! D° *usingtheD DO°mass difference method.

The H1 largeQ? 04-07D  analysis [173].

This analysis determinds; via identi ed D mesons produced at large virtualities
Q? 100GeV?, and is based on data collected in the HERA-II running period
2004 and 2007.

The H1 lowQ? 06-07D  analysis [174].

This is analogous to the previous measurement, but now iogvére small and
mediumQ? region. It is based on data obtained in the HERA-II 2006-2@®ihing
period. Events containing heavy quarks are distinguisheh fthose containing
only light quarks using variables that are sensitive to dmgeér lifetimes of heavy
avor hadrons, like the transverse displacement of tracgmfthe primary vertex.

The datasets here above described are not all the publishetERA datasets. The
reason to exclude all the other ones is that in comparisdmtivé ones included they are
obsolete and, moreover, the measurements used in the hareasis for the combined
HERA F dataset.

In several analyses for the determination of PDF defsdata are excluded for the
fact that the wayFJ is usually de ned experimentally is affected by mass siagties.
Usually FS is de ned as the contribution t&, with at least one charmed quark in the
nal state, and the result is not nite in the limit in whicim.! 0. Here a de nition of
FJ as the contribution té5 when only the charm electric charge is nonzero is adopted,
which is free of mass singularities. The deviation betwdgsnde nition and that which
is used to de ne the experimental observable is estimatelfeh [36] by means of a
suitable resummation method, and shown to be negligibléenrégion of the HERA
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F2°(x Q%)

D hNep ] 10 100 1000
PE FGY 20% 6.4% 1.3%
r F@m 0.97 0.99 0.99

v @ [6110° 1910° 6710°

PE @9 33% 11% 3%
@) 0.011  0.011 0.011

ro @ 0.94 0.99 0.99

v oeno 010 9410° 1.010°
@ 0.182  0.097 0.100

r @ 0.47 0.79 0.97
V ocow® - [5510° 1710 5710™
covt 1310° 7610° 8110°

r covanm 0.41 0.81 0.98

Table 3.3:Comparison between experimental and Monte Carlo data. The experimatadiave
(@) . =0:011, ©®  =0:107and co®® , =8:610 °.
Table taken from Ref. [83].

data. Also,F; is affected by theoretical uncertainties related to theagdiation from
the experimentally accessible region (restrictegdrand ) to the full phase space. This
theoretical uncertainty is estimated using QCD exclusivéop& calculations and added
as an extra source of systematic uncertainty in the expatahanalysis.

3.2 Monte Carlo Generation

Through Monte Carlo generation, starting from the orginagaget composed by théy,
central values measured in the various experiments caesidé,., sets of pseudo-data
are produced. Considering®® as a general individual measurement, it follows:

!

We
FOO0 = SWECD 140 1 e @)
p=1
with N v r
sk = 1+rly i 1+r i (3.2)
n=1 n=1
kzl;”:;Nrep ’ |=1;“';Ndat

Independent univariate Gaussian random numid&rsire used for each independent
error source. These sources of error are the same introdiutkd de nition of covari-
ance matrix in Eg. (2.43). Each Monte Carlo replica of theindfexperimental data is
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generated according to a multi-Gaussian distributionezextin the original point (and so
with expectation value equal to the data point value) anal @md covariance equal to the
corresponding experimental quantities. In this way it ispble to generate a sampling
of the probability measure for each experimental data pdkstthe number of replicas
N,ep is arbitrary, can be decided with which accuracy the geedrpseudo-data would
reproduce the original statistical properties of the dztas

In order to correctly determine a set of replicas, the deomtof some statistical es-
timator is needed: a set of them is de ned in the Appendix of. [RRS]. It is possible to
check that averages, variance and covariance of the pskatdaeproduce central values
and covariance matrix elements of the original data. Refulis single observable were
determined in Ref. [83] and are presented in Table 3.3. lbfasithat withN e, = 1000it
is possible to ensure average scatter correlations of 99P&aeruracies of a few percent
on central values, errors and correlations.

3.3 Neural Network Parametrization

The parametrization used in all NNPDF analyses is givenrnimgeof neural networks.
This choice allows for an unbiased t with a very large andwedant set of parameters.
The tting strategy is very important, as the dependencenefdbservables on PDFs is
nontrivial. To minimize the error function for each neuratwork a genetic algorithm
is used. The redundancy of the parametrization implies despooblem: surely the
underlyingtrue distribution given by data can be much better determinetthaue is the
possibility of minimizing the gure of merit beyond the bespoint. In this case would
be tted not only the physical law, but also statistical wettion of data. The solution to
this problem is given using a cross-validation method tp st t before entering this
overtrainingregion. These three ingredients (neural networks, geakgarithm as tting
tool and cross-validation) are discussed respectiveig $ection, in Sect. 3.5, and in
Sect. 3.6.

The exibility of a neural network depends on its size. An mite size, as a limit
case, corresponds to a neural network that can reproducecamiynuous function. Of
course, it is not possible to deal with such an in nite-sinediral network and a structure
needs to be xed. A neural network is a nonlinear map betwaguiti i(l) and output

i(L) variables. For a correctly chosen structure, they can gnesalt free of functional
biases. The standard methods, by xing a functional forrm éwample polynomials of
xed degree) are likely to be affected by this kind of bias.

The structure of the neural networks used in NNPDF's ts i®dkin a 2-5-3-1 ar-
chitecture. This result is achived through a series of ktaltests: as is not knowm
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Figure 3.3:Schematic diagram of a feed-forward neural network.

priori which complexity is needed to correctly describe a PDF betsize of the net is
increased until independence of the results upon its vamias reached. Then the ar-
chitecture is xed slightly above the critical size that g#/stability. A detailed study is
performed in [83]. The neural networks used are multi-laged-forward neural net-
works. A schematic representation is given in Fig. 3.3. Mesrare disposed in layers,
each one witm; neurons. The number of neurons changes with the layers, csais
looking at the 2-5-3-1 architecture implemented. Each oeueceives input from the
neurons of the previous layer and feeds output to the oné®iaubsequent layer. These
inputs are combined linearly with a weight each and a gloashold, generating the
output j(') (j -th neuron of the-th layer) given by a nonlinear activation functig(x)

i(')=g hi(') ;i =1inn; =250k (3.3)
which has as argument the linear combination

5( 1
M — M a D
him = 17

=1

i (3.4)

where! ; (weights) and; (thresholds) are free parameters to be determined by timg tt
procedure, and(x) is taken to be a sigmoid in the inner layers,

g(x) = m ; (3.5)
and linearg(x) = x for the last layer.

In order not to have the neural network de ned by weights #pEtn many orders of
magnitude, it is a common practice to rescale both the inpdtlae output of the neural
network betweel® andl. Independence with respect to variations of this rescdiage
been checked in [83].
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The neural network outputs the valué§’ as a function of the input values” and
the parameters;;, ;. The training of the neural network consists in the deteatim
of the best- t values of these parameters given a set of Hopighut patterns (data). As
the same 2-5-3-1 architecture for all the neural networksegmt in the analysis is given,
the number of parameters that need to be determined is ofrarmpters for each PDF,
that means a total of 259 parameters. A standard xed funatiform t has usually
less than 30 parameters. In Sect. 3.5 the genetic algorigedead for the training will be
discussed.

Preprocessing

To speed up the tting procedure, a preprocessing of the idgparformed. As already
said, a neural network can accomodate any functional forovigled that it has a large
enough size and that it is trained for enough time. Howeves, common to factorize
with preprocessing the asymptotic behaviour that the padistributions may have for
x ! Oandforx ! 1. The parametrization of the basis of PDFs implemented intthe
reads

(x;Q3) = (L x)™ x " NN (x);
V(XQ3) = Ayl x)™x ™ NNy(x);
T3 Q5) = (L x)"Tex "sNNry(x) ; (3.6)
s(xQ%) = A (1 X)™sx "sNN (X);
gx;Q3) = Ag(l x)Mx "9NNg(X) ;

sT(xQ3%) = (1 x)™ x " NNg (X);
S (xQ3) = (1 x)™ x " NNg (X) Sax(X;Q3);

where
Sax(X; Q) = A x's (1 x)s (3.7)

The NN(x) functions represent the neural networks that are trainethglthe t. The
preprocessing exponents, n, are randomly variated on a range given in Table 3.4. The
normalization factoré\y , A , andAq are constrained by the sum rules and are discussed
in Sect. 3.4. A simple test to check that preprocessing ismoaducing a bias is to
remove it. For a suf ciently long training the results must table. A more so sticated
tool is given in Ref. [87] by the computation of the correlatioetween a preprocessing
coef cient and the 2 of the relative PDF computed between theh net (trained on
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’ PDF ‘ [Mmin ; Mmax] ‘ [Nmin ; Nmax] ‘ r[ %m] ‘ r[ %n] ‘
(x;Q2) | [255345] | [L05 135 | -0.018 | 0.131
a(x; Q3) [1:05; 1:35] [1:05; 1:35] -0.002 | 0.050
Ts(x;Q2) | [2:55, 3:45] [0; 0:5] -0.023 | -0.130
Vr(x;Q2) | [255 3:45] [0; 0:5] 0.003 | -0.068
s(x;Q2) | [1214] |[ 095 0:65]| 0.000 | -0.069
s (x;Q3) | [2:55; 3:45] [1:05; 1:35] 0.021 | -0.055
s (x;Q3) | [255 3:45] [0; 0:5] -0.027 | -0.015

Table 3.4: The range of random variation of the largeand smallx preprocessing exponents
m andn used in the present analysis (the precise form of these exponenteisigi®ect. 3.1
of Ref. [49]). The last two columns give the correlation coef cient E|8) between the 2 and
respectively the large- and smallpreprocessing exponents.

replicak) and experimental data, de ned as

h2m i h 2, hm i

2 ep =R (3.8)

r

m

The results of this test are given in the last column of Tah. 3.

3.4 Sum Rules and Positivity Constraints

While performing a parton t, it is important to guarantee tloaly the subspace of ac-
ceptable physical solutions is explored by the tting prdaee. It is possible to constrain
the space of acceptable solutions by implementing some gieieatures, as for example
sum rules and positivity.

Sum rules follow from conservation laws, and read
Z 1

dxx[ (x)+ g(x)]=1 (3.9)
0

for the momentum sum rule, and
Z 1 Z 1
dx (u(x) u(x))=2; dx (d(x) d(x))=1 (3.10)

0 0
for the valence sum rules. The momentum sum rule Eq. (3.9 tke factoAy as
1 k(@ 0™ NN (=X

R0 xx[(1 x) (x)=x" T
g XXX Xx)MsNNg(x)=x"s]

o= (3.11)
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while the valence sum rules Eq. (3.10) x the factévg andA . as

3
X [(1 X)™ NNy ()=xv]

1 gdx [(1 X)™sNNg, (x)=x""s]
2 Jdx [(1 )™ sNN ((x)=x" s]

AV=

A =

S

(3.12)

These rules are satis ed at the initial evolution sq@feas an imposed condition. Evolu-
tion will preserve this condition at each value@f.

This is almost the same strategy adopted for positivity tamgs. Of course all phys-
ical cross-sections has to be positive. Positivity needsetimposed only on hadronic
cross-sections and not on partonic quantities (only at LKksists a probabilistic inter-
pretation for PDFs) [185]. For the NLO case, additional pEedatasets are de ned for
physical cross-sections with extremely small uncertagtn such a way that negative
cross-sections would lead to a very large contribution ® th (Lagrangian multipli-
ers method). All the positivity constraints are implemenét a low scalngos chosen
to beQZ,s = 2 GeV?, in the rangex 2 [10 °; Xmax], wherexpmax is the corresponding
kinematical boundarysmax ~ 0:1 for NC scattering anat,x ~ 0:5 for CC scattering.
The evolution (DGLAP) then takes care of preserving thetpatsi properties for higher
scales, as for sum rules.

In NNPDF2.1 NLO, positivity of the longitudinal structurerfctionF_ (x; Q?) is im-
posed, which constrains the gluon positivity at smxalbf the charm production cross-
section in neutrino DIS, & € =dxdy [49]), which constrains the strange PDFs both at
large and at smal, beyond the reach of existing data, and of the neutral cui¢d
charm structure functioR $(x; Q?), useful to impose the positivity of the gluon at very
largex, where it is not constrained by any experimental dataset.

The physical observables for the pseudo-data that implethepositivity constraints
are computed consistently at the same perturbative oraggr@ser physical observables,
in the present case next—to—leading order perturbative QCD.

The same procedure with Lagrangian multipliers is applethée case of NNPDF2.1
NNLO. The same could be done at LO, where as already said P&fesehprobabilistic
interpretation and it is possible to impose the positivipnstraints directly on PDFs.
Instead of using the same method with the generation of psdath explained above,
it is possible to obtain the same result with a consequentctexh of the tting time
just implementing a minor modi cation in the PDF paramedtinn. Within the neural
network PDF parametrization which is adopted, this can beds follows. Recall that
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in the architecure that is adopted for neural networks, éspanse function is a sigmoid

X 1
| | | nH . - .
S R A N R P (3.13)
j
for hidden layer, but it is linear in the last layer. For the Ut§) instead, for the last layer
a quadratic response function

X 2
— 1
i(ﬁl) — !ignl) j(nl ) i(nl) (3.14)
j
Is adopted. The output of the neural network, and thus the BQRen guaranteed to be
non-negative.

The basis of PDFs that are parametrized by neural netwoikBIFPDF ts (Sect. 1.5)
includes the gluon, quark singlet, and various other lircembinations of quark PDFs.
Of these, only the gluon and singlet must be positive, siicgtger combinations contain
differences of PDFs. However, in practice also the totaénveé and isospin triplet com-
bination are positive de nite. Hence the parametrizatigs H3.13)-(3.14) for simplicity
is adopted for all PDFs: partonic functions other than gfgiluon, valence and triplet
are allowed to change sign by simply adding to the above fooonstant shift. It turns
out that with the constraints from the data, this is suf ¢ignpractice to ensure positivity
of all PDFs: has been checked a posteriori that for everyaaphe gluon and all indi-
vidual quark and antiquark avors are positive for all vaduef x andQ? for which the
NNPDF2.1 LO PDFs are provided.

3.5 Genetic Algorithm Minimization

A reasonable minimum in a very large parameter space ancawgre of merit that is a
nonlocal functional of the set of functions that are beinged®rined in the minimization
needs to be nd. This problem can be ef ciently solved usingeaetic algorithm.

Starting from a randomly chosen set of parameters, the igealgbrithm generates a
pool of possible new sets by mutation of one or more parametex time. Each new set
that has undergone mutation isatant To each set of parameters corresponds a value of
the error function that is being minimized, and so those gomations that fall far away
from the minimum can be discarded. This procedure is itdrater a suf ciently large
number of generations.
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The error function to be minimized has the form [84]

1 Xdat
E(k) — Nd I:I(art)( k) I:l(net)( k) (COVto) 1 | I:J(art)( k) I:J(net)( k) : (3.15)
a1

whereF, @™

is the value of the observabifg at the kinematic poinit corresponding to
the Monte Carlo replicé, andF,‘”et)(k) is the same observable computed from the neural
network PDFs, and where tlig covariance matrixov, has been de ned in Eq. (2.40).
For a more detailed explanation on the application of geragorithm minimization to
PDFs tting see Ref. [84]. Recent NNPDF analyses have to detll miany different
experimental datasets. In the following some more so stiddeatures needed in this

case with respect to a standard one are discussed.

Targeted Weighted Training

Due to the fact that several different datasets are presémeit, often with very different
chatacteristics, itis likely that during a standard t themization over a speci ¢ dataset
iIs much faster than over the other datasets. Of course it rapgdn also the opposite
situation, in which the training of a speci ¢ dataset is mwtbwer than all the others.
In short, the training of more datasets at a time can well berdogeneous. This results
not only in a very inef cient training, but also in a nal unem gure of meritE®. A
possible solution is to introduce a dynamical weightedhdtitechnique.

The main idea is to de ne a weight for each dataset that getatepl during the t. In
a rst epoch of the training the error function is modi ed ékhis:

P'Ngar; E; (3.16)

where Ej(k) is the error function in Eq. (3.15) restricted to the datgse¥ya; is the
number of points of this dataset apjﬁ) are weights associated to this dataset which are
adjusted dynamically. These weights are de ned in relatiotarget value& " for the
gure of merit, chosen for each single experiment. Then facteset the weights are
de ned as ,

pt = EM=g™ it EY ER; (3.17)

while are set to zeragf*) = 0) if E& < E ®9. This procedure has the effect of giving
a larger weight to that datasets that are far above theietamue, so that the training
on them is more intense, and to remove from the training thtsets that already have
reached a good minimization. This avoids to waste traingsgpurces on datasets that are
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already well trained.

The target valueE,*" are determined for all sets with an iterative procedureistar
with all E™® =1 and going through a rst very long t. The resulting outcomgtbe t
Is used for a rst set oEitarg values. This procedure is iterated until convergence. More
details are given in Ref. [87].

The dynamical targeted weighted training only lasts a xegniber of generations
Ngan- Only if the error function of a speci c replica is above agbholdE™®)  E*" then
the weighted training is not turned off unil’®) goes below the threshold. The last part of
the training then is without weights and the unweightedrduroction is again Eq. (3.15),
computed on experiments (the weighted one was computedngiesilatasets). This
last epoch is important to eliminate any possible residigg introduced by thé& "
weighted minimization. Using this procedure the tis fasé®d much more uniform.
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Figure 3.4:lllustration of the weighted training in one particular replica. Individual va&gor
each dataset converge to a valuegppiwhich is close to 1 as the training progresses. Only the
behaviour of representative datasets is shown.

3.6 Dynamical Stopping

To determine the best t, the training has to be stopped atiat o which the t repro-
duces the underlying physical law contained in the inforamagiven by the data with
suf cient precision but not the statistical uctuations tife same data. To this extent, it
is necessary to de ne a dynamical stopping criterion. Aeseadf tests over the conditions
for dynamical stopping is turned on only after weightedrirag has instead turned off,
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that is afterf\lgvetn generations. The stopping is applied on the training of eeplca, and
it is based on the cross-validation method, widely used encttntext of neural network
training [186]. This method consists in dividing the dataegwo subsets: over one of
them the tis regularly performed (training subset), whilee other (validation subset)
is used only to compute the error function and validate tisalltegiven by the training
subset. While the error function computed over the trainedtpas by de nition mono-
tonically non-increasing, the same quantity computed d¢wvervalidation points would
increase when the overlearning regime sets in. The apiplicaf the cross-validation
method to this case has been described into detail in Ref34387].
The conditions for dynamical stopping are three:

the t must be, as already said, out of the targeted weight&dihg epoch
all experiments must have an error function below some resse threshold i es

a moving average for training) and for validation i(,5 ), de ned below, must
satisfy
My > 1 tr s lval = 1+ val - (3-18)

In this last condition, the moving averages are de ned as

hE (i)
r - — ; 3.19
TOPEG( cmea) 319

hE e ()i
r . — 3.20
vl HEval (' smear)I ( )

where the smear functions are given by

Xi

kEtr ;val(i)i N Etr ;val(l) ; (3.21)
smear =i Nsmear +1

with Ey .vai () the value of the error function Eq. (3.15) evaluated for teeationl of the
genetic algorithm and over the training and validation stdsln practice, for a variation
between an iteration and another of the valuesndr,, such that the rst is decreased
and the second is enhanced by a quantity that exceeds thextigssensitivities, and
val, If the rst two conditions are satis ed then the t stops. €hwo parameters;
and 4 set the accuracy to which the increase and decrease iseddquniorder to be
signi cant (in order not to confuse a uctuation with a reacrease in validation error
function). The tuning of the dynamical stopping parameigngerformed into detail in
Ref. [87].
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max
N smear smear tr val Ethres N gen

200 200 [104|310% 6 | 30000

Table 3.5:Parameter values for the stopping criterion.

The nal values of the determined parameters are listed inlel8.5. In order to
avoid unacceptably long ts, when a very large number ofatensNg %" is reached
(see Table 3.6) training is stopped anyway. This leads toal $oss of accuracy of the
corresponding ts, which is acceptable provided it only paps for a small fraction of
replicas.

Genetic Algorithm Parameters

As in the case discussed above for dynamical stopping, As@éenetic algorithm is
characterized by a certain number of parameters that ndsglttoned in order to improve
its ef ciency and, as a consequence, that of the whole tgini

A mutant as a set of parameters associated to the neuralnketved is being trained
has already been introduced. More mutants are obtaineddrmther set of parameters
by introducing mutations on them. As can be seen in Table€a6éh PDF has a xed
number of mutation®,; that can modify its set of parameters at each generation. To
each mutation it is associated a mutation rate, that is digadiynadjusted as a function
of the iterationNj, in this way:

i = i Mg ; (3.22)
where ,(?) is the initial mutation rate of the PDIFand the mutatiof, Nj. is the number
of iterations already cycled, and is an exponent randomly initialized at each iteration
betweerD andl1 that allows to span the range of all possible bene cial matet. Looking
iteration by iteration which is the value of this exponenttfee accepted mutations reveals
that the size of the mutation doesn't depend on the stageedféiming. Both large and
small mutations are accepted with the same frequency imdiepdly ofNje .

At each iteration, a certain number of mutants is producdshte a pool of parameter
con gurations from which it is possible to choose the beshvidual. Before a certain it-
erationN g, the number of generated mutants correspondi&fp 1, in order to have
a large population in the pool and better explore a paransgi@ece as large as possible.
In a more advanced stage of the training it is more usefuldage this number so that
NP, N2, tohelp with a reduced population to propagate the beneriafations.

The nal choices of parameters of the genetic algorithm Whiave been adopted in
the NNPDF2.1 parton determination are summarized in Taléie B/hile at NLO they
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Ngen | Ngen | Ngan | E™ [ N3y | Now
LO & NLO || 10000] 2500 | 30000| 2.6 | 80 | 10
NNLO | 10000| 2500 | 30000| 2.3 | 80 | 30
LO & NLO NNLO
PDF N mut : N mut :

(x) 2 101 2 10,1

9(x) 2 10,1]| 3 |10,3,0.4
Ta(X) 2 1,01 2 1,0.1
V(X) 2 1,01 3 | 81,01
s(X) 2 1,01 3 | 51,01
s* (X) 2 505| 2 5,0.5
s (X) 2 1,01|| 2 1,0.1

Table 3.6:Parameter values for the genetic algorithm for the NNLO ts compared to thbse
the LO and NLO ts (top). The number of mutations and the values of the mutagits for the
individual PDFs in the NNLO t as compared to the values of the LO and Nlt©are also given
(bottom).

are the same as in Ref. [49, 84, 87], the poorer quality of thetlad the one hand, and
the greater complexity of NNLO coef cient functions on th#éher hand, require some
retuning of the parameters of the minimization algorithnthiese two cases.

At leading order, the best- t value of the gure of meEt*) which is being minimized
for each replica (which is essentially thé of the t of each PDF replica to the given data
replica) is on average rather larger than in an NLO t, beeanisthe poorer accuracy of
the LO theory. This is particularly true for the Drell-Yansdyvables, which have large
NLO corrections with & -factor of order two. As a consequence, the minimum value tha
E® must reach for each experiment in order for the t to stop hesrbincreased from
Ew = 6 to EQ" = 12 for all Drell-Yan experiments. Furthermore, the crosseagtion
method that is used to determine the optimal t stops the mipation when the moving
average (over iterations of the genetic algorithm)=3f) increases more than a xed
percentage threshold valug larger than a typical random uctuation. Because the size
of uctuations of E() remains xed, while its value at best t has increased, theitgl
values ofr, are smaller at LO, and thus it turns out to be necessary t@estthe value of
ry required for stoppingto, 1=2 10 4 fromr, 1=3 10 “#used atNLO.

Even with these adjustments, for a sizable fraction of oaglithe cross-validation
algorithm fails to stop dynamically the minimization eveftea a large number of gen-
erations of the genetic algorithm. This re ects the poorumacy of LO theory, and it
could only be obviated by letting the genetic minimizatiom much longer. In view of
the large theoretical uncertainties inherent to any LO PBteminination, as a practical
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compromise replicas that do not stop dynamically after Bd@ations of the genetic al-
gorithm are discarded, retaining only those replicas foictvithe stopping criterion was
ful lled. It has been checked that this leads to no signi tatatistical bias.

At next-to-next-to-leading order the partonic cross-eest have rather more structure
than at lower orders, both because of the opening of newnartbannels and because of
the appearance of new transcendental functions in therpative results (such as higher
order harmonic sums). This results in somewhat more conipil#x shapes. As a conse-
guence, it turns out to be necessary to increase the numbautahts and mutations per
PDF in the genetic minimization in order to fully exploreginnore complex space of min-
ima. The NNLO settings for the genetic algorithm used forimination are summarized
in Table 3.6 and compared to those used at LO and NLO.

3.7 The FastKernel Method

In this Section the FastKernel method is brie y describetie Tmain idea is presented in
the case of PDFs evolution. A detailed description and bmack of the method for the
construction of the observables is developed in Ref. [87].

The computation of physical observables requires both dmepaitation of PDFs at
the initial scale and solving DGLAP evolution equations.phrticular, this second step
implies the computation of convolutions between PDFs and $@attering cross-sections.
To compute convolutions is a time consuming procedure, arthé case of hadronic
observables, where two PDFs are involved - one from eacldcwlnucleon - a double
convolution need to be computed. As developed in Refs. [§&®d recalled in Sect. 1.5,
to solve DGLAP equations it is possible to pre-compute a Gfeaction that can be
determined in theN space and that takes a PDF from its initial scale to the sdale
physical measurements. This function can be also pre-cwdlwith the hard scattering
cross-sections into the de nition of an appropriate eviolukernel. This method allows
to reduce the computation of any observable to performingreaution (or two, for
hadronic observables).

However, despite this simpli cation, to compute physicéiservables is a lengthy
process, due to these convolutions. For this reason, inaayebal PDF ts the com-
putation of Drell-Yan processes is treated using NLO and RN{-factor approxima-
tion [81,187]. A method to exactly compute Drell-Yan andlidelr weak boson produc-
tion was rst proposed in Ref. [87], and is based on analogdeas as the ones on which
are based tools like FastNLO [188] for the case of jet pradu¢ctAPPLGRID [189], or
the fastx-space DGLAP evolution code HOPPET [190]. The original idaavhich all
these tools are based was proposed in Ref. [191].
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In Sect. 1.5 has been already introduced a basis in termsiofiDFs can be written:
fj =1 ,0,V;V3; Vg, Vis; Voy; Vas; Ta; Tg; Tas; Tos; Tas0: (3.23)

The independent contributions are only seven because lngawmgic avors are not being
considered. In this case only the six lightest quark-amtigcontributions and the gluon
need to be parametrized.

Equation (1.99) gives

Npat Z 1 dy

PR

fx; Q) = QO i) (3.24)
where j is the matrix of DGLAP evolution kernels ar{d; ; Q?) de nes the kinemat-
ics of a given experimental point. The indéxrefers both to the kinematic variables
which de ne an experimental poirfk; Q?) and the type of observable. The expression in
Eq. (3.24) describes the evolution of a PDF from an initi@ls®3 to the physical scale
Q2. The integration in Eq. (3.24) was performed in Ref. [84] byameof Gaussian inte-
gration. Here the FastKernel method is rst introduced inmaper (but slower and less
accurate) case that relies on triangular basis functiodgten is generalized to Hermite
cubic functions.

A grid in x that is independent of the experimental poinis considered. The grid is
de ned by a set of points

Xmin X1 <X2<IIl<XnN, 1<Xn, 1;

thatislabeled as with =1;:::; Ny. Itis now possible to de ne a basis of interpolating
functionsl () such that

1O(x) =1
10)x) = 0; 6
x 1 ()(y) = 1:8y: (3.25)

=1

An example for such a basis is represented by the trianguhatibns plotted in Fig. 3.5
where, for anyy, only two triangular functions are non zero and their suniiggs equal
to one. A triangular functiofE( ) is centered irx , where its value is equal to one, and
is zero outside the intervék  1;X +1).
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Figure 3.5: Set of interpolating triangular basis funcéion

At the initial scale a PDF can be rewritten using the appratiom

Rx

fu(y; Q) fey = FAx )1 O+ Ol(x w0 x )P (3.26)
=1
given by the general set introduced above. Heis the lowest order neglected in the
interpolation. As triangular functions are linear, in theésep = 2. It is possible to write
in a more explicit way Eq. (3.24) like

Npdr Wix Z, dy X,
fix:Qf)  fi(x) = fex) = o = 19OW+0[(x a x )]
k=1 =1 x Y y
Neor Wx
fi(xi) = N T )+ Ol w1 X )P, (3.27)
k=1 =1
where Zld
MonQged M= Tk 10wy (3.28)

The dependence d has been dropped on the right hand part of the equations.ndee i
cesj, k, run over the PDFs, runs over thex-grid points and refers, as already said, to
the experimental point. It is visible from Eq. (3.27) the eenience of this approach: the
"'i coef cients can be precomputed for each pdi@nd stored. Then the computation of
the integral in Eq. (3.24) can be performed by only evaligteimes the PDFs, indepen-
dently of the point at which the evolved PDFs are needed. fEdigces the computational
effort, but things gets still better by using a more so stezhbasis.
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Figure 3.6: Set of interpolating Hermite cubic functionghe [0,1] interval.

In Ref. [87] a basis of cubic Hermite interpolating functiossntroduced, de ned as

hoo(t) 2t 3Z+1=(1+2t)(1 t)? (3.29)
hio(t) = t3 22+ t=1t(t 1)

hoa(t) 2t3+3t2 = t3(3  2t)

hia(t) = 2 2=ttt 1)

and represented in Fig. 3.6.
Using this new basis, it is possible to rewrite a PDF as

foy) = hoo(t)f 2(x )+ hio(t)h m + hoy(t)f (X +1) + hu(t)h m o
+O[(X 41 X );

where
_9y) 9x).

h =gxa) gx) t= =522 (3.30)
with g(y) a monotonic function in [0,1] which determines the disttibn of points in the
interval (linear, logarithmic, etc.). Moreover,

8

0 0 0 0
%fk(x éhfkgx D 4 20C) 100 oo N, 1
m = ; e 1) F20¢) +1h) ). for =1 (3.31)
2 f2(x ) fa(x 1), —
AR L for = Ny

are derivatives of the interpolated function, at the rigdmdh side of the intervahg ) or
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at the left hand sidenf ., ). It is convenient to rewrite the expression in Eq. (3.3 li

fy) = fx DAD)+ fFAx )BOy)+ fAx ) CO(y)  (3.32)

+R(x +2) DU(y) + Ol(X

where
8
<0 for =1
A(y) =
hlo(t)hh—l; for 61
%hoo(t) hio(t) %;
BO() = _hao(t) ™57 1 ¢
§ 2 h 41
" hoo(t) —hl"z(t) 1 h—ﬂ
8
% hou(t) + L
cy)= 5 Mot + hua() + ot
O
<o for = N,
DO(y) = .
- h11(t)2hh—+l; for 6 N,

x );
(3.33)
for =
hyi(t); for =Ny 1
ha®: for 61;Ny 1
+ hy(t); for =
for = Ny 1
+ Mol for 81;N, 1
1
1:

Gathering all the parts de ned up to now in Eq. (3.24), thddieing contributions

from the" coef cients can be written:

X“l dy X A(C)(y),

y ko

X“*“’y kA BO(y)
+ (Nx  (c+2)) Fi*:f d7y ik

Xm (i,y ik Xy' C(l;)()’)
+(Ne (6+2) 7 F i
=, o+ (N (c+3) Jo° &y
() RN .
+ (Ny . gy A"
+ (Nx  ( +1)) X dy—y ik
PN () Y

XL
y

A(c+1) (Y);

for = c;

for =c+1;

for =c+2; (3.34)
forc+ 3 Ny, +1;

for <c;
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with c the index such that
XC X| < X c+1 :

Even if at rst sight these expressions seem more complicateey are simpler to
pre-compute. It can be observed that while in the previose ¢ar each poiny the
computation of only two contributions from the interpotegibasis was needed, in the
present case is needed the computation of four contribufible gain in accuracy (now
terms of the fourth order are neglected and not just of therskas before) allows for a
much less dense grid, that corresponds to a sensible speedamputations.

A last issue needs to be addressed: whenx, the precomputed coef cients need to
be regularized, using the same subtraction used in Ref. f@#disidering the case of the
rst integral of AC )(y), it can be written

WY N AQY)
ST n A0 HAGK) +AGK) T %
TN e GGy BAOM) + AD() L dz k(@)
= Yk ALY X7'A<°)(X|F)z
+AOMX) k(N) g o tdz k(2) (3.35)

In this way all the® coef cients can be regularized and stored, so that theirmgdation
is only needed once for each experimental point, thanksetéeitt that they do not depend
on PDFs at the initial scale.

The accuracy of a 50 point grid results inC10 °) discrepancy in a benchmark
against the Les Houches tables given in Ref. [192], that isheyhe accuracy needed for
precision phenomenology at LHC. This is the main result of aesngetailed study given
in Ref. [87].

3.8 New Data Inclusion by Reweighting

The features of the NNPDF approach discussed in this Chaliber for an interesting
exploitation of Bayesian inference to determine the imp&oew datasets.

How an existing probability distribution in the space of PDiRay be updated with
information from new data shall be discussed. To includentve data, one can of course
perform a t with the new, enlarged dataset. However this ism@e consuming task,
particularly for observables where no fast code is avadlalii is therefore desirable to
have a faster method of including new data in order to assssspact rapidly without
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the need for a full re t. NNPDF parton sets are supplied asm@semble ofN = N
parton distribution replicak, representing the probability density in PDP¢f ) based
upon the data in the existing t. It is therefore possibleriolude new data by weighting
each replicd ¢ in the ensemble by an associated weight If the replica weights are
computed correctly, then reweighting is completely edentto a re t.

In order to illustrate the reweighting method, the compatedf the expected value of
a PDF-dependent observalbigf | is considered. As the NNPDF Monte Carlo ensemble
is a good representation of the probability denBity ), the expectation valuer[f ]i can
be calculated as a simple average,

Z X
hFi= F[f]P(f)Df =3  FI[f]:
k=1
New data can be included into the existing ensemble by asgjgach replica a unique
weightw. This weight assesses the agreement between the replicaeandata. The
reweighted ensemble now forms a representation of the piidialistribution of PDFs
Pnew(f ) conditional on both the existing and new data. The mean \@fltlee observable
F taking account of the new data is then given by the weightedsae
Z X
hFinew =  F[f1Prew(f)Df = & w(F[fy];
k=1

where the weights are given in terms of the individual replié to new data by

NGRS LIV
1" N 2 5 12~ N P( “jfy):
~ k=1( k)(n D=2a 3 &

Wy

Note that after reweighting a given ensembl&oPDF replicas the ef ciency in describ-
ing the distribution of PDFs is no longer the same. The relateig procedure will often
assign replicas very small weights, therefore these r@pho longer contribute to the en-
semble. The ef ciency of the representation of the undadydistributionP e, (f ) will
therefore be less than it would be in a new t. The loss of infation due to reweighting
can be quanti ed using the Shannon entropy to determineftbetere number of replicas

in the reweighted set:
X
Ne expf:  wyIn(N=w)g:
k=1
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Figure 3.7:The gluon distribution (left) and its uncertainty (right) of the NNPDF2.0((DSY¥
t before and after reweighting with the inclusive jet data compared to theedegluon from
NNPDF2.0.

Unweighting

Once areweighted PDF set has been determined, it woulddresting to be able to pro-
duce a new PDF ensemble with the same probability distobuas a reweighted set, but
without the need to include the weight information. A metloddinweightinghas there-
fore been developed, whereby the new set is constructed teyndeistically sampling
with replacement the weighted probability distributiorhi§ means that replicas with a
very small weight will no longer appear in the nal unweigtiteet while replicas with
large weight will occur repeatedly.

If the probability for each replica and the probability cuants are de ned as
Wy X

P« Prxi1t+tp= i
Nrep k k 1+ Pk - Y

P« =

it is possible to quantitatively describe the unweightimggedure. Starting witN e,
replicas with weightsvy, N e, new weightswy are determined:

P« 1 P«

rep
These weights are therefore either zero or a positive int&yeconstruction they satisfy

Xrep

0 0.

N rep Wk ’
k=1

i.e. the new unweighted set consistsl\d)ip replicas, simply constructed by taking

in Figure 3.8.
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Figure 3.8:Graphical representation of the construction of a s&t@ﬁ unweighted replicas from
a set ofNrep = 20 weighted ones. Each segment is in one-to-one correspondence to a,replic
and its length is proportional to the weight of the replica. The casexkr%gf Nrep (top) and

N2, = 10 (bottom) are shown.

3.9 Closure Test

To verify the effectiveness of the reweighting proceduszetbelow will be shown that in-
cluding datasets by reweighting produces an ensemble ofrBjli€as statistically equiv-
alent to a full re t. This test is calledlosure testAt rst, a new NNPDF2.0 tincluding
only DIS and Drell-Yan data is produced. The data left ouhef t (Tevatron Run Il in-
clusive jet data) is then reintroduced by reweighting. Tésulting reweighted ensemble
is then compared to the full NNPDF2.0 t.

In Figure 3.7 is shown the gluon PDF for the three sets; tter giNNPDF2.0(DIS+DY),
the reweighted set NNPDF2.0(DIS+DY) with jet data includadd the re tted full set
NNPDF2.0. The gure shows excellent agreement betweendheighted set and the
full t. Differences stay well below statistical uctuatios.

To obtain a more precise estimation of the statistical eddence of the re tted and
reweighted parton sets, and also to test the unweightingeptoe, it is useful to ex-
amine the statistical distances between the new unweigls$édbutions and the re tted
set. The distance formulae are de ned in Appendix A of Ref][8 two sets give a
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description of the same underlying probability distribatiand so are statistically equiv-
alent, the distance between them will uctuate around aeatione. Atd 7 the
discrepancy between the two sets is at the one-sigma lavehel case of the Tevatron
jets reweighting exercise, can be seen in Figure 3.9 thaettistances oscillate around
one. The reweighted set is therefore equivalent to the medtthere is no signi cant loss
of accuracy in the unweighting procedure.

Figure 3.9: Distance between central values (left) and uncertainties (right) of theD¥IR®
PDFs and the NNPDF2.0 DIS+DY PDFs reweighted with Tevatron jet datéhamdunweighted.

Having developed the unweighting procedure, it is possibjeerform another check
on the consistency of the reweighting method. When addingtihan one set of data by
reweighting, this method must satisfy combination and comation properties. Reweight-
ing with both sets must be equivalent to reweighting with,amsveighting then reweight-
ing with the other. Of course switching the order in which teeeighting is performed
must produce an equivalent distribution.
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Figure 3.10: Multiple reweighting demonstration. Plotgghfon PDF(left) and valence
PDF (right).

To check that the procedure satis es these properties,tastgerformed using the
Tevatron jet data as the rstdataset and E605 xed targetlDfan data as the second one.
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Figure 3.11: Comparison of light quark and antiquark distitms at the scal€? =
M2, from the global NNPDF2.1 and NNPDF2.2 global ts. Parton siéas are plotted
normalized to the NNPDF2.1 central value.

In Figure 3.10 are compared the inclusion of the combinedavihtthe inclusion of one

set after the other. The result is clearly independent fitogrorder in which the inclusion
of single datasets is performed. A distance analysis onhite® tproduced sets con rms
that the reweighting method satis es the combination andrmooitation requirements.

NNPDF2.2

The Bayesian reweighting method has been used to constrget &INPDF parton set:
NNPDF2.2 [193]. In this set is taken as a prior ensemble th®NR2.1 t and the W-
lepton charge asymmetry measurements of the ATLAS, CMS ancoldborations are
inclueded by reweighting.

The NNPDF2.1 set provides a reasonable description of tiwenmeasurements, with

2. =Ngat = 2:22. After reweighting with the new data this improves to an dece

level of agreement with 2, =Ny, = 0:81 Having reweighted a prior set Wit ep =
1000initial replicas,181remain, indicating that the data provides a substantiadtcaimt.
Using the unweighting procedure outlined above, the new B&FmwithN,e, = 100 has
been produced.

Figure 3.11 demonstrates the impact of the new data on thedigark and antiquark
PDFs. The uncertainties are signi cantly constrained l®ydhta in two main regions, is
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observed a reduction of arou2®%atx 10 3 and30%in the regionx 10 2 to
x 10 1. The overall t quality improves slightly, from a total2, =Ng, of 1.165 with
NNPDF2.1t0l:157. The constraints demonstrated here are the rst such @n&mupon
parton distributions from LHC data.

Such constraints are particularly important given the réigancies between global
parton distribution ts in avor separation at medium to ¢gr X. The W-lepton charge
asymmetry data included here may prove useful in resohongesof these discrepancies.
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Chapter 4

Impact of Heavy Quark Masses on
PDFs

After introducing and discussing the theoretical issuésted to parton distribution de-
termination and after discussing the main features of argeN&NPDF t, explaining all
the related theoretical and experimental aspects, in thégpteh are presented the results
of the NNPDF2.1 analysis. At rst the NLO results are preseinind compared both to
the previous NNPDF2.0 release and to parton sets from otbapg. The dependence of
this set on the value of heavy quark masses is also discussdlde central part of the
Chapter the LO and NNLO NNPDF2.1 parton sets are presentddnalty perturbative
stability of the sets going from LO to NNLO is veri ed.

4.1 Next-to-Leading Order Results

4.1.1 Statistical Features

The results of the global t performed to determine the NNROFNLO parton set are
brie y compared to NNPDF2.0 release and to other PDF sets:0Gafd MSTW08. A
rst comparison between the two NNPDF sets can be done by atingpa set of sta-
tistical estimators for NNPDF2.1, that here are shown in. #ab for the global t and

in Tab. 4.2 for individual experiments. A direct compariseith NNPDF2.0 2 is given

in Tab. 4.2, where the shown value$, has been computed including the normalization
uncertainties through the samgprescription as for the NNPDF2.1 case.

The set of estimators shown in Tab. 4.1 are the same as theatneesly used in
Ref. [87]: 2, is computed comparing the central (average) NNPDF2.1 hwdriginal
experimental data, ) is computed comparing to the data each NNPDF2.1 replica and
averaging over replicas, whilEi is the quantity which is minimized, i.e. it coincides

97
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2 1.16
hEi E 2:24 009
hEq 1 Ey 222 011

hE yall = 2:28 0:12
2(k) 2 1:25 0:09

ﬁ; ) 11.3

1o (%0) 4.4

(exp) 0.18
dat

(net) 0.56

dat

Table 4.1:Table of statistical estimators for NNPDF2.1 NLO withe, = 1000 replicas. The
total average uncertainty is given in percentage. All teandE values have been computed
using the samg covariance matrix [103] used for minimization.

Experiment| 2 | 3, || FEi ©xp) (%) ey ()| &P (het)
NMC-pd 0.97| 1.04| 2.04 1.9% 0.5% 0.03 0.37
NMC 1.73] 1.73| 2.79 5.0% 1.5% 0.16 0.71
SLAC 1.27]1.42] 2.34 4.4% 1.6% 0.31 0.79
BCDMS 1.28] 1.30| 2.33 57% 2.3% 0.47 0.60
HERAI-AV || 1.07| 1.15| 2.15 2.5% 1.2% 0.06 0.35
CHORUS || 1.15| 1.24 || 2.23 15.1% 4.7% 0.08 0.32
FLH108 1.37] 150 2.36 72.0% 4.0% 0.64 0.67
NTVDMN || 0.76 | 0.73| 1.77 21.1% 14.1% 0.04 0.62
ZEUS-H2 || 1.29] 1.33| 2.32 13.4% 1.2% 0.27 0.51
ZEUSF2C || 0.78 | - 1.80 23.3% 3.1% 0.08 0.41
H1F2C 1.50| - 2.52 17.3% 3.0% 0.30 0.40
DYEG605 0.84| 0.87| 1.92 22.3% 7.9% 0.47 0.76
DYE866 1.27] 1.29| 2.37 20.1% 9.2% 0.20 0.52
CDFWASY || 1.86| 1.84 || 3.08 6.0% 4.4% 0.51 0.75
CDFZRAP || 1.65| 1.85]| 2.80 11.5% 3.6% 0.82 0.72
DOZRAP || 0.60| 0.60| 1.62 10.2% 3.1% 0.53 0.76
CDFR2KT || 0.97| 1.01| 2.10 22.2% 4.0% 0.78 0.57
DOR2CON || 0.84| 0.86| 1.92 16.8% 4.5% 0.77 0.59

Table 4.2:Same as Table 4.1 for individual experiments. All estimators have been ettaith
Nrep = 1000 replicas. Note that experimental uncertainties are always given inmgagee In the
second and third column the NNPDF2.1 and NNPDF2.0 set [8Have been computed with the
to prescription.
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Figure 4.1:Distribution of 29 (left) andE " (right), over the sample d¥ e, = 1000 replicas.

with the 2 computed comparing each NNPDF2.1 replica to the data eejlis tted to,
with the three values given corresponding to the totalping, and validation datasets.

The value of 2, for the NNPDF2.0 global t computed using thg method, to be
compared to the NNPDF2.1 value of Tab. 4.1, & = 1:23 (very close to the value

2. = 1:21 of Tab. 9 in Ref. [87], computed with the “standard” covariamatrix).
The value 2, = 1:16for the NNPDF2.1 NLO t is rather better than for the NNPDF2.0
analysis, where heavy quark mass effects are not inclutiesdodssible to notice, looking
at Tab. 4.2, that with respect to that analysis all datasepsaves or remain similar: the
improvement is particularly evident for the HERA-I averagdadet (in consequence of
the more tight kinematic cuts along with the implementattbheavy quark mass effects)
but also for CHORUS dataset description.

It can happen that a replica never satis es the conditioasdhtivate dynamical stop-
ping (Sect. 3.6), reaching the maximum number of possiblaiionsN 27 xed in the
genetic algorithm. This can affect the quality of the t. Uang at Fig. 4.28 it is clear
that while most of the replicas ful Il the stopping criteripa fraction ( 12%) of them
stops alNgen = Ngo2‘. By performing a series of ts in which the training length &sed
more and more, it has been checked that these replicas dtaghat lengths and that the
loss of accuracy due to the choiceMfcZ* is reasonably small, in that the features of the
global t change very little ifN g7 is raised.

If now the NNPDF2.1 NLO set and the CT10 analysis are compdéreah be noticed
the effect of different kinematic cuts over the respectieenmon datasets by looking at
the number of datapoint for each setin Tab. 4.3. Moreover, lis de ned in a somewhat
different way by the CTEQ/CT group, speci cally, but not onig, what concerns the
treatment of normalization errors (see Ref. [76]): hence ¢bimparison should be taken
with care. From this comparison, it is clear that the two baige a comparable t quality
to xed target DIS, CT10 being somewhat better for BCDMS protowd &NNPDF2.1
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Figure 4.2:Distribution of training lengths over the sampleNfe, = 1000 replicas.

NLO rather better for NMC deuteron/proton ratio. The t to RE-I and Tevatron jet
data is rather better in NNPDF2.1 NLO. Comparable t qualitythe Drell-Yan and
vector boson production data is obtained in the two caseh,seimewhat smaller? in
the CT10 t. No comparison is attempted for the HER#S data because of the very
different kinematic cuts used in the two ts. A similar conmg®n to MSTWO08 would be
less signi cant because in the MSTWO0S8 t correlated systaosaare not included in the
covariance matrix for some datasets.

4.1.2 Parton Distributions

A comparison between NNPDF2.1 NLO and NNPDF2.0 deliveseshown for the sin-
glet and non-singlet sector respectively in Figs. 4.3-4.4.

The main differences can be found at medium and smalilthe singlet, where for
NNPDF2.1 the PDF is slightly larger, at smalthe gluon is also larger than in NNPDF2.0
as its medium- and smal-uncertainty, that again is slightly larger in the 2.1 delywe
Below will be shown that the gluon central value shift withpest to NNPDF2.0 is a
consequence of the general mass scheme treatment, whileidBe uncertainty is due
to the different kinematic cut. The valence PDF is poorletiéd by these changes, but
is equally subject to minor modi cations in consequence mafss-talk induced by sum
rules and other constraints. It is possible to better undedsthis effect due to sum rules
by looking at the strange PDF in NNPDF2.1: including heavar§umass effects, an
enhancement with respect to NNPDF2.0 of the strange disitnitbwould be expected. In
the NNPDF2.0 set an Improved-ZM scheme is implemented fodtmuon data, which
mainly constrain the strangeness. This scheme overessmagvy quark mass effects,
thus generating a charm distribution lower than the one a @&jdlementation would
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NNPDF2.1NLO CT10

Experiment || Nga | 2| Nga |
NMC-pd 132 0.97 121 | 1.28
NMC 221 1.73 196 | 1.71
BCDMSp 333 1.28 337 | 1.14
BCDMSd 248 1.15 250 | 1.12
HERAI-AV 592 1.07 579 | 1.17
NTVnuDMN || 41 0.50 38 | 0.94
NTVnbDMN || 38 0.42 33 | 0.91
DYE605 119 0.85 119 | 0.81
DYES866p 184 1.31 184 | 1.21
DYE866r 15 0.77 15 | 0.64
CDFZRAT 29 1.62 29 | 1.44
DOZRAP 28 0.59 28 | 0.54
CDFR2KT 76 0.97 76 | 1.55
DOR2CON | 110 0.84 110 | 1.13

Table 4.3:Comparison of 2 per data point for experiments which are common to the NNPDF2.1

NLO and CT10 PDF determinations. For each PDF set the number of data pigr kinematic

cuts is given.
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generate, and as a consequence all other PDFs are enhancie:. following will be
shown that comparing the NNPDF2.1 result for strangenetssanpure ZM t reveals the
expected behaviour: the GM t for strangeness will be somevwdnhanced with respect
to the ZM case.
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Figure 4.4:Same as Fig. 4.29 for the non-singlet sector PDFs.

As de ned in Appendix A of Ref. [87], the distance between tvetissof PDFs can
be computed in order to quantify the differences. This siatil tool allows to establish
whether two sets are a representation of the same undepyotzability distribution or
not. Ford 1 the two sets come from the same distribution whiledor 7, in the
case ofN ¢, = 100 replicas, a one-sigma difference is observed. The diftehetween
NNPDF2.1 NLO and NNPDF2.0 are mainly present in the mediwustrangeness and to
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Figure 4.5: Distance between the NNPDF2.0 and NNPDF2.1 parton sets. All distanees ar
computed from sets dfl¢p = 100 replicas.

a lesser extent in the medium and smatifuon. In general, the two sets are clearly not
describing the same underlying distribution but all PDFs@nsistent at the one-sigma
level. Only the strangeness is consistent ald®%con dence level.

These differences that have been discussed for the PDFtsis mitial scale are
propagated through evolution also to theandZ scale: aQ? = 10* Ge\? differences in
gluon and light sea quark distributions up to the one-sigeallat smallx are observed.

4.1.3 Comparison to NNPDF2.0 Parton Set

It is an interesting exercise to consider one by one the mdli@rehces introduced in
the NNPDF2.1 analysis with respect to the NNPDF2.0 t andathilhe corresponding
impact on PDFs.

With respect to NNPDF2.0, with the inclusion of heavy quarkssieffects mainly a
newQ?,;, kinematic cut is applied, the FONLL-A general mass schen@jgemented,
HERAF; data are included, and a threshold prescription in the GMsehs introduced.

In Fig. 4.6 is shown the distance between NNPDF2.0 PDFs ardaath the same
dataset but with the new c@?,, = 3 Ge\?, denoted by NNPDF2.0RED (reduced). Also,
in order to ease the subsequent discussion on the impactagy lqpiark mass effects,
in NNPDF2.0RED a pure ZM scheme is used for all observabléiserahan the I-ZM
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Figure 4.6:Distance between the NNPDF2.0 PDF set and a t to the same data bugyjti+ 3
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Figure 4.7: Comparison of the smak- total strangeness and gluon in NNPDF2.0 and in
NNPDF2.0RED (the distances are shown in Fig. 4.6).

scheme [39] used for dimuon data in Ref. [87].

The two mainly affected PDFs are the medixrmstrange and the smatlgluon PDFs,
as can be seen by looking at Fig. 4.7 and at distances in Eg.The strange is rather
smaller in the ZM as compared to the I-ZM scheme, where it wdseced due to the
approximate inclusion of charm suppression. Its modi@atcan be checked to be the
responsible for the singlet deviation visible in the diseuplot. The strange PDF con-
tributes in fact to the singlet. The gluon is somewhat smaltesmallx and with rather
larger uncertainties, due to the reduction in dataset all-st@aused by the new kinematic
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Figure 4.8:Distance between the NNPDF2.1 PDF sets in the GM and in the ZM schemes, in
both cases without HERRS data. All distances are computed from setdlaf, = 100 replicas.
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Figure 4.9: Comparison of the smak-total strangeness and gluon in NNPDF2.0RED and
NNPDF2.1 without5 data (distances are shown in Fig. 4.8).

cut.

Considering now the NNPDF2.1 t withol; data, it is compared to the above in-
troduced t NNPDF2.0RED. In this way exactly the same datasetsed and the only
difference is in the implemented scheme: the FONLL-A GM scle/ersus a pure ZM
scheme.

It is possible to verify that the interpretation previougjfiven of the strange PDF
behaviour was correct: as in the previous case, the only Riich undergo a change
worth mentioning are the strange and gluon PDFs. The singlgistead unaffected.
These PDFs and the corresponding distances are preserkegl 4.9 and in Fig. 4.8
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Figure 4.10:Distance between NNPDF2.1 PDF sets with and without HER{; Q?) data.
Distances have been computed from setd@f = 100 replicas.

respectively. The GM scheme leads to a larger gluorxfsr2 10 3, as well as to a
somewhat mediumx-larger strangeness. This con rms what previously statemliaithe
[-ZM approximation for dimuon data in NNPDF2.0, which ov&immates charm mass
effects.

The impact of HERAFS data is quite low. It is possible to see this by looking at
distances between NNPDF2.1 with or without the inclusionhe$ dataset, represented
in Fig. 4.10. Almost all distances lay aroudd 1, due in part to the relatively large
uncertainties on curreifit{ data and in part to the kinematic cuts. In fact, levand Q?
data, which are most sensitive to the gluon PDF, are exclbgedts. Inclusion oO( 2)
heavy quark mass effects (e.g. by means of the FONLL-B schenmecessary in order
to take advantage of these data.

Regarding the last issue concerning heavy quark mass affggesmentation, a NNPDF2.1

t with a pure FONLL-A scheme (i.e. without the threshold daimg factor) is com-
pared to the standard NNPDF2.1 t. The difference betweesdhcases should provide

a reasonable estimate of the spread of results obtaineccluding heavy quark masses
according to different prescriptions, as suggested in RB&f. [Looking at distances in

Fig. 4.11 is easy to see that the singlet and gluon PDFs atumedi shown in Fig. 4.12,

are the most affected. Without damping factor, Bfestructure function is closer to the
massless result even at moder@fe and this explains why the singlet PDF is somewhat
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Figure 4.11:Distance between the NNPDF2.1 reference set and the same set obtihmd w
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Figure 4.12: The smallx singlet and gluon PDFs, in the reference NNPDF2.1 set and in
NNPDF2.1 obtained with FONLL-A without threshold damping factor (distareme shown in
Fig. 4.11).

smaller at mediun.

4.1.4 Comparison to CT10 and MSTWO0S8 Parton Sets

As already done in Ref. [87] among NNPDF2.0, CTEQ6.6 and MSTWD§ Bets
(Figs. 18-19 of that reference), here NNPDF2.1 NLO PDFs amgpared to other global
PDF sets, CT10 [76] and MSTWO0S [81], in Figs. 4.13-4.14. It ieiiasting here to refer
to that previous comparison.
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It is likely that the mediumx singlet marginal agreement is a consequence of the
poor agreement in strangeness.

While the largex gluon PDF is in marginal agreement with the other sets, in the
medium-/smallx region the agreement is improved. The inclusion of heavylqua
mass effects brings the NNPDF central value nearer to MSTVdQ&yv Moreover,
the CT10 parametrization is more exible than the one usedHerCTEQ6.6 set,
generating a central value and an error band in much betteeagent with the
wider NNPDF and MSTW uncertainties.

The small changes in valence and triplet distributions betwNNPDF2.0 and
NNPDF2.1 go anyway in the direction of improving the agreetwaith the other
global sets.

The strange PDFs are quite different, presumably due toaittettiat a much less
exible parametrization is adopted by CT/CTEQ and MSTW in c@mgon to
NNPDF.

In the next Chapter, the differences analyzed above regaRID¥ sets are translated
to the observable level, focusing on LHC observables: valshown that on the whole
a reasonable agreement holds between global sets. The igicant differences are
mostly related to the rather different largegluon in CT10 as shown in Fig. 4.13.

4.2 Heavy Quark Mass Dependence

The MSTW collaboration performed in Ref. [194] a study of tiependence of PDFs on
the values of heavy quark massas andm,, using MSTWO0S release as a basis for this
study. In this Section a similar analysis is performed uSihNPDF2.1 NLO as baseline t
and following the lines of that reference. At rst, how difent features of the NNPDF2.1
PDFs depend on the valuesra andmy, is discussed. Then some LHC observables are
considered and their dependencempis studied, along with the correct treatment of
heavy quark mass uncertainties in the Monte Carlo approach.

In order to quantify the dependence of PDFs on heavy quarkesaseveral ts are
performed, shifting the default value for charm and bottaauy quarks to various dif-
ferent values. The default masses are shown in Table 4.4naumed and compared to
those of other PDF sets, while the values for the differestate 1.5, 1.6 and 1.7 GeV for
the charm mass. and 4.25, 4.5, 5.0 and 5.25 GeV for the bottom nmagsAll the other
settings are left unchanged and equal to the reference h standard mass values. It is
important to observe that at the order at which the analggieiformed, the perturbative
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| | m¢ [GeV] | m; [GeV] |

NNPDF2.1 1414 4.75
NNPDF2.0 [87] T2 4:3
CT10[76] 1.30 4.75
MSTW2008 [194] 1.40 475
ABKMO9 [94] 1.50 4.50
HERAPDF1.0 [114]| 1.40 4.75

Table 4.4:The default values of the heavy quark masses used in NNPDF2.1 anetialsecent
PDF sets.

de nition of the heavy quark mass is immaterial: indeedetént de nitions (such as, for
example, the pole andlS mass de nitions) differ by terms oD ( ). However, heavy
guark mass corrections are included ugXp s) only, so the difference is subleading (it
becomes relevant ong@( 2) heavy quark corrections are included, for example using
the FONLL-B scheme). This implies that the value considéoedhe quark mass in the
NNPDF analysis and in analogous determinations which asedan an NLO ACOT
treatment of heavy quarks can be read as a pole massMBanass, equivalently. The
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Figure 4.13:.The NNPDF2.1 singlet sector PDFs, compared with the CT10 and MSTW@&8.PD
The results for NNPDF2.1 have been obtained Witg, = 1000 replicas. All PDF errors are
given as one-sigma uncertainties.
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Figure 4.14:Same as Fig. 4.13 for the non-singlet sector PDFs.

MS mass is better known, and it has been shown [195] to lead torpatively more
stable results for deep-inelastic structure functions.

The central value of PDF sets with heavy quark mass varsi®shifted accordingly
to the value of the heavy quark mass: for larger values of thesprsmaller PDFs are ob-
tained. This can be seenin Figs. 4.15-4.16, where the rBR®#6s for different values of
m. andmy, to the reference NNPDF2.1 tis plotted as a functionxdbr Q? = 10* Ge\~.
This effect can be explained recalling that heavy avorsgeperated radiatively and their
PDFs vanish when the energy scale reaches the value of thge tpeark mass. Hence to
a smaller value of the mass corresponds a longer evolutiaytHeand so a larger PDF.
Because of the momentum sum rule, if the charm PDF becomes |lather PDFs are ac-
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Figure 4.15:Ratio of NNPDF2.1 PDFs obtained for different values of the charmkoonass to
the reference NNPDF2.1 set@? = 10* Ge\2. Top left: gluon; top right: charm; bottom left:
up; bottom right: down.

cordingly smaller (and conversely), as anticipated in S&dt2. For bottom in principle
the same mechanism is at work, but in practice the effectlasttadr PDFs is negligible.

4.2.1 Mass Uncertainties and LHC Observables

A more detailed analysis of the phenomenological consempsgedue to the computation
of LHC observables using NNPDF2.1 NLO parton set will be givethe next Chapter.
Here the impact on LHC standard candles of charm and bottoss wadues is considered.
The dependence of light quark distributions and the gluothercharm mass displayed
in Fig. 4.15 is strong enough to affect these observabldseapércent level or more, as
observed in Ref. [187]. Instead, the bottom mass value afldtPDFs (except the same
bdistribution) in a much weaker way, below the percent lesethat only the observables
that directly depend on thedistribution are signi cantly affected.

A sample of LHC standard candles is computed using each tidigeaent PDF set,
corresponding to the values of the charm mass of Fig. 4.16.r@$ults of this computa-
tion are collected in Table 4.5, and are graphically represkin Fig. 4.17. It can be seen
that to a variation of then, charm mass of the order of 10% corresponds a variation of
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Figure 4.16:Ratio of NNPDF2.1 PDFs obtained for different values of the bottom conas to
the reference NNPDF2.1 set@f = 10* GeV2. Top left: gluon; top right: bottom; bottom left:
up; bottom right: down.

the LHC standard candle values around the percent level.

Combined PDF+m;, Uncertainties and Correlations

The various sets obtained with heavy quark mass variatiande used to combine the
uncertainty over PDFs with the heavy quark mass dependé&heaMonte Carlo approach
developed within the NNPDF collaboration makes the deteation of this combined
uncertainty much easier. The notation PBF!) is introduced to refer to a precise replica
ki of a precise set with de nech!’ and mg) heavy quark mass values. It follows that
the mean value of any observalblecan be written as

1 X’"C%b&;g) . . i
hFi,, = F PDF® 4D m(;md) (4.1)

N
P =1 j=1 Ky =1

whereN,¢, is the total number of replicas given by

N rep — N r(ei;ljg ) ; 4.2
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| LHC7TevV |W*B; [nb][W B, [nb] | Z°B;[nb] | tt[pb] | gg H [pb] |

m.=1:414GeV | 599 014 | 409 009 | 0932 0020|170 5| 1164 017

m.=15GeV | 606 017 | 414 012 | 0943 0024|169 6| 1165 0:25

m.=1:6GeV | 611 014 | 417 0:10]| 0951 0.020| 167 6| 1170 0:21

m.=1:7GeV | 614 014 | 419 0.09 | 0956 0019|166 5| 1171 022
[m ] 0.44 0.41 0.48 -0.31 0.16

| LHC14TeV | W*B; [nb] [W B [nb] | Z°B; [nb] | tt[pb] | gg H [pb] |
m.=1:414GeV | 1200 0:27| 884 017 | 1:199 0036|946 19| 3750 040
m.=15GeV | 1201 031| 894 022 | 201 004 | 942 24| 3762 062
m.=1:6GeV | 1224 0:28| 9.02 020| 203 004 | 939 22| 3790 055
m.=1:7GeV | 1237 0:28| 9110 018 | 205 004 | 935 19| 3815 0:58
[;m] 0.48 0.50 0.56 -0.19 0.41

Table 4.5:LHC standard candles gt§ =7 TeV (upper table) and 14 TeV (lower table) obtained
using NNPDF2.1 ts with different values of the charm mass. The bottom line of each table
gives the correlation coef cient between the observable and the mass.

with Nr(é}‘;) distributed according to a two dimensional Gaussian

0 1

. 2 2
m((;l) rnE:O)

(i) MO
(ij ) B M M &
Nrep’ /' €xp 5 5
2 & 2 8,

(4.3)

with mean(m®; m®) and width( m ¢; m ) and making the assumption that the values
of charm and bottom masses are uncorrelated. Of coursefeaetif probability dis-
tribution (possibly including a correlation between heawark mass values) could be
assumed. It is consequently possible to compute the corhldd-+m;,, uncertainty as
the standard deviation of the observable over the replicgpkaas

q__
poFim F = hF2i hFi ?; (4.4)
where to determine averages over replicas EqQ. (4.1) mustdxsk u

The correlation between PDFs and heavy avor massggan be easily computed:

. 2\; H . 2\
me:PDE X Q2 _ hm,PDF (x; Q )|rep h Mhi o HPDF (x; Q )|rep ; 4.5)
mp PDF(x;Q2)

where averages over replicas are to be understood in the sEEg. (4.1). The correlation
Eq. (4.5), computed assumimg. = 1:55 0:15 GeVandm, = 4:75 0:25 GeV, is

displayed in Fig. 4.18, as a function »ffor Q2 = 10* Ge\2. Again, it can be seen how,
as the mass is increased, the corresponding heavy quarkdPi@Buced. This implies
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Figure 4.17:Graphical representation of the results of Table 4.5.
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Figure 4.18: Correlation between PDFs and the heavy quark masses at a typical L4 sc
Q? = 10* GeV?: charm mass variations (left plot) and bottom mass variations (right plogs@h
correlations quantify the qualitative behaviour observed in Figs. 4.16-4.1

that the PDF is strongly anticorrelated with its mass. Asady discussed, because of the
sum rules this effect have repercussions on the other PDEse heavy quark suppression
corresponds an enhancement of other PDFs, that is trashstasepositive correlation in
Fig. 4.18. For the bottom quark the effect is negligible.

4.3 Leading Order Results

The main reasons for producing a LO PDFs set are that they asdynused with lead-
ing order Monte Carlo event generators, and are also of sttéwe comparison of QCD
calculations at different perturbative orders. Even iftise of LO PDFs for calculations
which has LO accuracy is not mandatory, using for example WIOFs, as suggested in
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Ref. [196], with LO matrix elements may lead to a poorly beligverturbative expansion
and to bad phenomenology. On the other hand, to use a full adatd PDF set, even
if it is the simplest choice, may not be the best one. The pralik to determine which
is the best PDF de nition to match with a LO Monte Carlo evememtor. The simplest
and more consistent choice seems to be the standard fullFod@termination, but such
a tover a global dataset may give unacceptably low qualityhie description of some
sets. Several different “recipes” were proposed as passiloldi cations to the standard
LO determination and are discussed below.

As expected, an optimal LO parton set lies typically at agathrge distance outside
the experimental error band of a standard NLO PDF determmaand it is possible to
argue from this fact that in a LO analysis theoretical uraiaties are predominant. The
solution proposed in [196] to just use NLO PDFs within the L@rie Carlo can be
supported by the fact that the difference between LO and Néterchinations is mostly
due to the difference between LO and NLO DIS hard scatteriaggimelements used in
the tfor the global PDF analyses. In hadronic collider'spesses the difference between
matrix elements in the two perturbative approximations ugimlower and so NLO PDFs
combined with LO collider matrix elements within a Monte @agenerator of events
may give a good approximation. This is the case for examplRYGtHIA, or equivalently
of HERWIG: the main problem here is the substantial retunihthe parameters in the
event generator needed for the inclusion of a NLO PDFs set.

Another possible set of PDFs can be de ned including someidanmt NLO correc-
tions to the LO matrix elements. This is actually what the M&adollaboration did when
producing the MSTWOS8LO PDFs (see Ref. [81]): a sizable fraatithe large NLO and
NNLO K factor for Drell-Yan comes from contributions which have #ame kinematics
as the LO. This allows for a simple rescaling of the LO crasstisn for the Drell-Yan
data, giving an intermediate solution between the two asalyp to now.

In Ref. [197] other ideas on how to modify standard LO deteations were pro-
posed. These ideas arise after better focusing on the matheon with LO PDFs. In the
cited reference the observation that the LO t quality mpstéteriorates because of the
faster gluon evolution at smatl-and the slower quark density evolution at lasgbrings
to the determination of a PDFs set, MRST2007lomod: in thigreeNLO value for the
strong coupling constant together with its two-loop rugnimused. This leads to smaller
values of ¢ in the low Q? region where the smak-data are concentrated, and thus to
slower PDF evolution. Another choice can be made to avoidrem@onsequence of the
faster smallx gluon evolution: this leads through the momentum sum ruldetoletion
of the gluon content at medium-/large-which may cause a poor description of large-
xed-target data. A possible way out is to relax the momensum rule, justifying this
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y [ NLO [LO 5=0.119[LO* $=0.119] LO =0.130] LO* =0.130]

Total ? 1.16 1.74 1.76 1.68 1.74
2(k) 1:25 0:.07 1:.95 0:21 1:89 0:22 1:.95 0:19 1:94 0:18
NMC-pd 0.97 1.43 1.13 1.18 1.12
NMC 1.72 2.05 1.68 1.74 1.72
SLAC 1.29 3.77 3.00 2.91 2.70
BCDMS 1.24 1.87 1.82 1.76 1.75
HERAI-AV 1.07 1.70 1.55 1.58 1.59
CHORUS 1.15 1.51 1.67 1.53 1.67
NTVDMN 0.45 0.69 0.71 0.71 0.78
ZEUS-H2 1.29 1.51 1.42 1.43 1.44
ZEUSF2C 0.78 1.75 1.26 1.56 1.34
H1F2C 1.51 1.77 2.00 1.81 2.02
DYEG605 0.85 1.86 2.02 1.70 1.83
DYE886 1.26 1.99 2.52 2.59 3.11
CDFWASY 1.83 1.80 2.50 2.16 2.29
CDFZRAP 1.64 2.88 3.89 2.08 2.58
DOZRAP 0.59 1.07 1.29 0.87 1.02
CDFR2KT 0.96 2.60 3.22 2.45 2.76
DOR2CON 0.83 1.18 1.56 1.17 1.35
] [M] I 1 \ 1 | 116 003 | 1 | 109 0:03 |

Table 4.6: Fit quality for the global t and for all experiments included in it for eachtbé
NNPDF2.1 LO PDF sets. The corresponding values for the NNPDF2.1 $8tOf Ref. [103] are
given for comparison. The value of the momentum intefivh] Eq. (4.6) is also shown. All the
ts have Nrep = 100 replicas.

choice as aad hocphenomenological patch.

A last strategy that is worth discussing is depicted in Re98]land is the basis for
CTO9MC1/MC2 PDF analysis. The main idea is that, as these L@pakts are con-
ceived to be used as a combination with Monte Carlo event gésy they should be
determined by optimizing the agreement with the data of ttegliptions obtained by
using them already in such a combination. This involves iciemig all the various mod-
I cations of the minimal LO framework discussed above, atgbantroducing suitable
pseudodata to optimize the agreement with Monte Carlo gerera

4.3.1 Quality of the Fit

Four PDF sets are produced as a result of the variation betevastandard LO t and a
LO* t (in which the momentum sum rule is not imposed) on onéesand of the value of

s between 0.119 and 0.130 on the other. The combination o theasations produce a
set of four different PDF sets. The running qf is always computed at LO in each single
case.

The 2 of the four LO NNPDF2.1 sets, both for the global t and for ividual ex-

periments, are collected in Table 4.6 and compared to thegmonding results of the
NNPDF2.1 NLO set. The rst line shows the totat and then also the? experiment by
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experiment computed between the experimental data anddlécpons obtained using
the central value of the PDF set (replica 0O, i.e. the meanalether replicas) are shown
for each case. The mean value over replicas of the tdtatomputed replica by replica,
is shown in the second line, while in the last one is given #laerof the momentum inte-
gral. All these quantities, as described in Sect. 2.3, angpeed including normalization
uncertainties.

Comparing the four PDF sets, it is possible to say that vartieg s value all the ?
are poorly affected, so that the case of a NLO runningis not investigated. Relaxing
the momentum sum rule instead on one side doesn't affect niectotal 2, but on the
other affects the experiment by experiment result: therg®gm is improved for several
DIS experiments, especially for HERA data, but at the same tiadronic data quality
lowers signi cantly. On the whole, the t quality of the fouts is almost unchanged: the
values ofh 2K differ from each other by less than a standard deviation.

Contrary to what previously discussed in the case of MSTWOSREX.([81]), here
can be seen that Drell-Yan data and DIS data are simultalyettiesl without the need
for rescale of DY data. Surely an optimization of the LO deti@ation here performed
would bring to a better t quality of these datasets, alsoigwof a possible combination
with an event generator, but the purpose here is to built asP{ef based on pure LO
theory.

In Table 4.6 the value of the momentum integral
z 1 Z 1
[M] dxx x;Q% + dxxg x;Q? ; (4.6)
0 0

is also given for each LO PDF sets. These are determined atdinéng scaleQg =
2 Ge\?, but note that the momentum integfil ] does not depend on scale. A discussion
of the behaviour of the momentum integral at LO, NLO and NNL{D ke given in the
next Chapter.

The conclusion is that analyzing the four sets produced amaparing them with
the NLO PDF set previously introduced, a marked worseninfent quality is indeed
observed with respect to the NLO case. Considering one byrenmodi cations intro-
duced in the various LO cases no signi cant improvement seoed. A curious effect is
found by relaxing positivity constraint on PDFs: théof the LO t then becomes only
aboutl % higher than in the NLO case. Of course, as at LO PDFs aredubjthe prob-
abilistic interpretation, the imposition of this constracannot be avoided. If relaxed, it
leads to a negative gluon PDF at largethat also may give negative cross-sections.



118

Impact of Heavy Quark Masses on PDFs

60

Distance between central values, Nrep=100

Distance between PDF uncertainties, Nrep=100

50

NNPDF2.1 NLO vs NNPDF 2.1 LO a¢=0.119

NNPDF2.1 NLO vs NNPDF 2.1 LO a4=0.119

40

30

d[a(x.Qp?) ]
d[54(xQp7) ]

20

10

.
0.1 1

S il S 0 L , .
0.0001 le-05 0.0001 0.001 0.01

X X

0
1le-05

Figure 4.19:Distances between the reference LO and NLO NNPDF2.1 sets. Here ant-in
sequent gures in this Section, the left plot shows the distance betwegratealues, while the
right plot shows the distance between the uncertainties. Both hgi,) = 0:119,

4.3.2 Parton Distributions

It is interesting to make a detailed comparison between Rid$-istroduced above, ex-
tending the comparison also to parton distributions detezthwithin other groups than
the NNPDF collaboration. Again, the distances introduce@ppendix A of Ref. [87],
and already used in Sect. 4.1.2 are computed. Descriptibaa @entical underlying
probability distribution havel 1 while for statistically nonequivalent but consistent
descriptions at tha-sigma level distances are of the ordedof 7n.

As a rst comparison the standard NNPDF2.1 LO set (wit}¥0.119) is analyzed
versus the NNPDF2.1 NLO set introduced and described in 8ekt This LO t can
be considered as the reference for the LO determinatiomnanitbe seen, looking at the
distance plot represented in Fig. 4.19, that while the uagdgres are consistent within
one sigma, the central values are separated by severalsigrhé tells us that the un-
certainties are equivalent in the two cases, re ecting #at that the two ts have been
performed over the same data. The difference of many sigo@swkented for central val-
ues re ects the fact that theoretical uncertainties aremrmaiger for the LO case than the
experimental error bands of either determinations, dubddack of inclusion of higher
order corrections.

Looking now into detail at single parton functions, the glu®the one that present the
largest difference: in the range of medium- sma(t0 + x  0:05) is in fact possible
to see a difference of more than ve sigmas. This is consistéh the fact that the gluon
decouples from LO observables. Also, in the same rangebot slightly shifted towards
largerx values, the singlet and valence PDFs are lower than the NsEQentive parton
functions by more than three sigmas as can be seen in Fig. kh.#0e same set of plots
it is clear that the LO gluon is instead larger than the NLCedwatnation. The only
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Figure 4.20:Comparison of the quark singlet, valence and gluon distributions for thefRDF
ts whose distances are plotted in Fig. 4.19.

regions where consistency is found are at small-e. for x 10 4, because of the
lack of information to constrain gluon PDFs there with thesequent blow up of error
bands, and at large- The LO quark is rather smaller (by more than one sigma) than t
NLO one for largex (x > 0:1), but it becomes compatible with it at the one-sigma level
for smallerx. Finally, the light sea and strangeness asymmetries arnenadiyg affected
and quite close at LO and NLO. The fact that the quark LO distions are smaller
or comparable to the NLO ones tells us that the Drell-Yan dataally have relatively
little effect on the LO t, other than through the determiiwatt of theu d light avor
asymmetry. The missing large NLK-factors in Drell-Yan data should enhance the LO
quark distributions in comparison to the NLO ones.

Looking again at Tab. 4.6, the reference LO set witkMz) = 0:119is now com-
pared with the other pure LO set with,(Mz) = 0:13Q It can be seen the effect of
evolving a larger value of s down to a scal€®? 10 GeV? using LO evolution: in this
way a value for  that is preferred by data in this region is reached. The targkie
leads to a better description of scaling violations at loalescand conversely.

Itis interesting to look at Fig. 4.21 and Fig. 4.22: it can bersthat again uncertainties
are not affected, because mostly driven by experimentaérntmiaties. Among central
value distances, the gluon present the higher shift at medamallx, being smaller
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Figure 4.21:Distances between the NNPDF2.1 LO sets witk0.119 and =0.130.
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Figure 4.22:Comparison of the quark singlet, and gluon distributions for the pair of PBF
whose distances are plotted in Fig. 4.21.

for the higher s value. The momentum sum rule instead constrains the glutarger
values at largec. The difference between the two gluon distributions is havet most

of the same order of their uncertainty. Even if the gluon P®the only one signi cantly
affected, also has to be noticed that the laxggnglet and valence quark PDFs increase
somewhat when g is raised, especially at large{x  0:3), where a shift of about two
sigma is observed.

The comparison between the reference LO set and the setamité s(Mz) = 0:119
value but relaxed momentum sum rule condition (L@ given in Fig. 4.23. The main
difference is seen in the mediuxngluon, as shown in Fig. 4.24: the LO* gluon is rather
larger than the LO one. However, the central values for arigiPDFs are very close to
the standard LO ones.

Next, the NNPDF LO sets are compared with PDF sets from otloeipsg. A rstcom-
parison is made among NNPDF2.1 LO with= 0:130 MSTWO08 LO [81] ( s = 0:139
and CTEQ6L1 [71] (s = 0:130. In Fig. 4.25 the comparison of the three determinations
for the singlet, isospin triplet and gluon distributionsiwn. The comparison between
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Figure 4.24:Comparison of the valence and gluon distributions for the pair of PDF tssgho
distances are plotted in Fig. 4.23.

CTEQG6L1 and the other sets is somehow less precise for theofaglor bands of this
delivery. Between the NNPDF analysis and MSTWO08 LO again wifiees are espe-
cially large for the gluon distribution, both at small andgiex, and for the isospin triplet
at largex. However NNPDF and MSTWO08 LO determinations are mostly cdibjea
within the large error bands.

As a last comparison, are considered the modi ed LO PDF s&SW2007lomod [197],
obtained relaxing the momentum sum rule and using two-laoping of s, with (M) =
0:121, and the dedicated Monte Carlo sets of the CTEQ/TEA collalwor§t 98], CTO9MC1,
CTO9MC2 and CTO9MCS, based on an LO QCD analysis framework of daitzhywon
top of the standard global dataset used for the NLO PDF détation, also includes
a set of LHC pseudo-data generated using NLO PDFs. The CTO9ME@La09MC2
are performed without imposing the momentum sum rule andgusspectively a one-
and two-loop expressions for;. The CTO9MCS is instead extracted from an analysis
in which the two-loop strong coupling is used and the momansum rule is imposed
during the t. All these sets are compared to the referencd®’RR2.1 LO (¢ = 0:119
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Figure 4.25:Comparison of LO PDFs: the quark singlet, triplet and gluon PDFs arersfmw
the NNPDF2.1, MSTWO08 and CTEQ6L1 sets.

in Fig. 4.26. Itis possible to argue that differences ambegée sets are due to the various
different methodologies and assumptions on which is baaeld ef them, being larger
than the typical difference between the NNPDF2.1 LO and &€s.

4.4 Next-to-Next-to-Leading Order Results

In this Section NNLO PDFs are presented and compared to NNdsDlts from other
groups and also to previous LO and NLO results discussedeabBarton sets at this
perturbative order are mainly used for the computation dftwacolliders standard candle
processes such 8§, Z, top and Higgs production. Phenomenological consequences
deriving from the use of the NNPDF2.1 NNLO set for LHC stambzandles computation
are discussed in the next Chapter.

The statistical features of the NNPDF2.1 NNLO t are detered through the same
statistical estimators used in previous Sections to aealyz NLO and LO cases. Here
their values are given in Table 4.7 for the global t and in Tea$y.8 for individual exper-
iments. In this second case, also thfefor the NLO parton set is presented, to ease the
comparison between the two ts as was done for the LO set.

Itis observed a general similarity of the t quality betweldhO and NNLO results, as
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2 1.16
hEi E 2:22 0.07
hEyi g, | 219 0:09
HEwi e, | 227 010
i o | (17 7)1C

2(k) 2 1:23 0:05
- 5
dat (%) 3.2
(exp) 0.18
dat
(net) 0.53

dat

Table 4.7:Table of statistical estimators for the NNPDF2.1 NNLO twithe, = 1000 replicas.

Experiment|| 2 [ 2 || hEi ©xp) (%) (et ()| &) (et
NMC-pd 0.93| 0.97| 1.98 1.8 0.5 0.03 0.34
NMC 1.63| 1.73 | 2.67 5.0 1.8 0.16 0.75
SLAC 1.01| 1.27| 2.05 4.4 1.8 0.31 0.78
BCDMS 1.32| 1.24| 2.38 57 2.6 0.47 0.58
HERAI-AV || 1.10| 1.07 || 2.16 7.6 1.3 0.06 0.44
CHORUS | 1.12| 1.15| 2.18 15.0 3.5 0.08 0.37
FLH108 1.26| 1.37| 2.25 72.1 4.8 0.65 0.68
NTVDMN | 0.49| 047 | 1.74 21.0 14.0 0.04 0.64
ZEUS-H2 || 1.31| 1.29| 2.33 14.0 1.3 0.28 0.55
ZEUSF2C || 0.88| 0.78 | 1.89 23.0 3.7 0.07 0.40
H1F2C 1.46| 1.50| 2.48 18.0 35 0.27 0.36
DYEG605 0.81| 0.84 | 1.88 25.0 7.2 0.55 0.76
DYE866 1.32| 1.27| 2.40 21.0 8.7 0.23 0.48
CDFWASY || 1.65| 1.86 || 2.80 6.0 4.3 0.52 0.61
CDFZRAP || 2.12| 1.65| 3.21 12.0 3.6 0.82 0.67
DOZRAP | 0.67| 0.60| 1.69 10.0 3.0 0.54 0.70
CDFR2KT || 0.74| 0.97 | 1.84 23.0 4.8 0.77 0.61
DOR2CON || 0.82| 0.84 | 1.89 17.0 55 0.78 0.62

Table 4.8:Same as Table 4.7 for individual experiments. All estimators have been ettaith
Nrep = 1000 replicas. Note that experimental uncertainties are always given inrgagee For
reference the NNPDF2.1 NLO? for the various experiments is also provided.
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Figure 4.26: Comparison of the NNPDF2.1 LO PDF to modied LO PDF sets:
MRST2007lomod, CTO9MC1, CTO9MC2 and CTO9MCS.

also between all the other statistical estimators. Lookihgthe detail of the experiment
by experiment 2 of Table 4.8 the difference is less then 10% for each experin@nly
SLAC, W asymmetry and CDF jet data differ more than that (because MigONt gives

a better quality), and th2 rapidity distribution (for which the quality instead is veer at
NNLO). Itis also interesting to notice that the descriptadtH1F2C (the HERAFS data)
is almost the same and slightly better than at NLO: while aONdn optimized cut and
a tuning of the treatment of heavy quarks was needed to givepepdescription of this
set, here the FONLL-C general mass scheme is introducedr{ded in Sect. 1.6) that
permits to release the kinematic cut, obtaining a largeasit

The distribution of 2, E{, and training lengths among thge, = 1000NNPDF2.1
NNLO replicas are shown in Fig. 4.27 and Fig. 4.28 respelgtiva the latter histogram
it is visible that not all the replicas stop dynamically ancbapicuous fraction of replicas
(209 stops at the maximum training lengtz%*. This fraction is not too higher than
the one in the NLO t. As was done in the NLO analysis, also herehecked that the
impact of these replicas is negligible: in fact, discardatigreplicas that do not stop dy-
namically the PDFs change by an amount which is smaller thetatastical uctuation.
Raising the training length reduces also in this case theidraof unstopped replicas,
proving that the problem is only of computational ef ciency
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4.4.1 Parton Distributions

The parton distributions presented here, the NNPDF2.1 NN&Dis plotted in the ba-
sis in which the set is parametrized and directly comparetiéaNLO t in Figs. 4.29
and 4.30 at the input sca@; = 2 Ge\~.

Observing the distances between these two sets plotted.id Bil, it can be seen that
the central values are almost everywhere within one sigora #ach other, showing the
stability of PDFs while going from NLO to NNLO. The largestriations are observed
for quarks atx 0:1, while the smallx PDFs (gluon and light quark sea) are very
similar to their NLO counterparts. The fact that theordtigacertainties are not included
in PDF error bands and the quite similar quality of the NLO &idLO ts explain the
particularly small distances shown in Fig. 4.31 for PDF utaiaties.

One of the useful exercises that can be done using the NNL€aselis to assess
the impact of NNLO corrections on physical observables. sTikieasier if PDFs are
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Figure 4.29:Comparison of NNPDF2.1 NLO and NNLO singlet sector PDFs, computedj usin
Nrep = 1000 replicas from both sets. All error bands shown correspond to one sigma

represented in the avor basis at a typical hard scale as gn €32, where the ratio
between NNLO and NLO parton functions is plotted as a fumctbx at Q? = 10*
Ge\?. The most noticeable difference isxat 10 2 for the light quark sea, where
the two plotted bands almost don't overlap. Other changesgible at smallk in the
quark distributions, that are larger in that region, and aiwaller largex quarks. As a
consequence of evolution is also observed a larger sagllion.

Another interesting comparison is performed between NNEDRNLO PDFs to
those from the MSTWO08 NNLO set. A more precise estimate ohides and difference
is made using the same (Mz)=0.119 value. The two PDF sets are plotted in Figs. 4.33
and 4.34. The MSTWO08 NNLO gluon, unlike its NNPDF2.1 counéetpis unstable at
smallx, where it becomes very negative. Unusually small uncestdiands are observed
for MSTW determination and in general the two sets show measie agreement for cen-
tral values. The only signi cant difference is found in thieasige distribution, probably
due to the extremely restrictive parametrization giventfiers + sands s MSTWO08
PDFs.

A last comparison is made in Figs. 4.35 and 4.36 with the ABKNIDE_O set (with
xed avor number ny = 3) [94]. A NNPDF2.1 NNLO PDF set with ¢ = 0:114is
chosen, as the ABKM set is only provided fog(Mz) = 0:1135 0:0014 Further-
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Figure 4.30:Same as Fig. 4.29 for the non-singlet sector PDFs.

more for this set (and its NLO counterpart) only combined PDJuncertainties can be

determined, unlike other sets for which PDF uncertaintigls wed
puted. The energy scale is xed @ = 2 Ge\? and in general is observed a somewhat

bad agreement.

4.5 Perturbative Stability

s may also be com-

It can be exploited the fact that to determine LO, NLO, and KINBDF sets the same
data and the same methodology are used in the three casesisbeaf this can be ad-
dressed issues of perturbative stability by comparingviddal PDFs but also looking at
the behaviour of the total momentum fraction carried byqrest
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Figure 4.31Distances between the NNPDF2.1 NLO and NNLO parton sets shown in Ei$s. 4
and 4.30. All distances are computed from setlslgf, = 100 replicas.
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Figure 4.32:Comparison between NNPDF2.1 NLO and NNLO light quark and gluon PDFs a
Q? = 10% Ge\2. The results have been obtained with,, = 1000 replicas. All curves are shown
as ratios to the central NNPDF2.1 NNLO result.

The LO, NLO, and NNLO parton functions are plotted togetlueassess the pertur-
bative stability of NNPDF determination, as can be seen gsH.37 and 4.38 at the
starting scaléQ3=2 Ge\? in the basis in which they are independently parametrized by
neural networks. In Figs. 4.39 and 4.40 a similar comparisgmovided but this time at
the scaleQ?=(100 GeV¥ in the basis of individual avors. All the error bands takédn
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Figure 4.33: The NNPDF2.1 NNLO singlet sector PDFs, compared to MSTW08 PDFs. The
results for NNPDF2.1 NNLO have been obtained With, = 1000 replicas. All PDF errors are
given as one sigma uncertainties. In the comparison a common valug difz )=0.119 has been
used.

account also possible deviations from Gaussianity, asahege ned as 68% con dence
levels, rather than as standard deviations.

These comparisons manifest the excellent convergenceeopdhturbative expan-
sion within the kinematic region covered by the experimedtda. Also, in the kine-
matic region where resummation is supposed to affect thdtrgsnall- and large¢ re-
gions) [199, 200] and the perturbative stability shouldtsta be compromised, no ev-
idence of instability is seen in the PDFs, thus suggestiag rdssummation corrections
are smaller than current PDF uncertainties (at smathis is borne out by the dedicated
study of Refs. [163,164]).

Focusing on the differences between NNLO and NLO partontfans, it is possible
to see that in almost all cases there is agreement withinrtametes. This is true at the
initial scale (Figs. 4.37-4.38), where the NNLO centralueals within (or just outside)
the NLO uncertainty band, and it is still better at highelassdFigs. 4.39-4.40) The only
noticeable differences are @ = 2Ge\? for the isospin triplet distribution around the
valence peak  0:3, where the NLO and NNLO bands overlap, but the NNLO central
value is clearly outside the NLO band, and at higher scalmagabserved as in Fig. 4.32
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Figure 4.34:Same as Fig. 4.33 for the non-singlet sector PDFs.

a small discrepancy in light quark distributions fo? 10 3.

It can be concluded that effectively PDF uncertainties oalgct the data uncertainty.
Theoretical uncertainties due to higher orders in pertivd®CD excluded in the analy-
sis are not taken into account in the shown error bands. Thiedef uncertainty can be
estimated by varying the renormalization and factorizaoale during the PDF t, and
at NLO by a direct comparison with the NNLO results. Thankthis comparison it can
be safely said that at present the size of the uncertaintyta@tieoretical inaccuracy is
reasonably smaller than the PDF uncertainties, deriveldigixely from data.

The same cannot be said for the LO PDFs. Here in fact it is ¢hedrcentral values
differ by several standard deviations from NLO parton fiored. The situation improves
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Figure 4.35: The NNPDF2.1 NNLO singlet sector PDFs, compared to the ABKMQ9 three-
avor set. The results for NNPDF2.1 NNLO have been obtained Witk = 100 replicas. The
NNPDF2.1 set with ¢ = 0:114is shown because ABKM PDFs are only available for this value
of 5. Note that for ABKM uncertainties also include the uncertainty gnwhile for NNPDF
they are pure PDF uncertainties.

somewhat at high scale (Figs. 4.39-4.40), but the diffexdmetween LO and NLO re-
mains large for the gluon. Hence, it can be concluded thahtigrdase the theoretical
uncertainty is dominant, and the error represented by tbitepl bands is only a fraction
of the effective total error. These conclusions are trueNWNPDF sets as for PDFs from
other groups.

The value of the total momentum carried by quarks and gluodsita dependence
on the perturbative order provide a strong consistencylchéthe perturbative QCD
framework. The momentum fraction carried by a parton diation is

Z 1
[q Q2 dxxq x;Q? : (4.7)

0

Using the LO*, NLO* and NNLO* PDF sets, where thandicates that the momentum
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Figure 4.36:Same as Fig. 4.35 for the non-singlet sector PDFs.

sum rule has been relaxed, the total momenfiMrh=[ ]+ [g] carried by partons is

[M] o =1:161 0:032
[M]yo =1:011 0:018; (4.8)
[M]yno =1:002 0:014:

where the uncertainty is only from PDFs (and thus does ndudiecany theoretical un-
certainty).

Estimating the theoretical uncertainty as the differenevben results at two subse-
guent perturbative orders, is seen that at LO the theoletigzertainty is dominant, as
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Figure 4.37:Comparison of NNPDF2.1 LO, NLO and NNLO singlet sector PDR3%2 Ge\2.
All uncertainty bands are de ned as 68% con dence levels.

already concluded from the PDF plots Figs. 4.37-4.38 abOrethe other hand already
at NLO the theoretical uncertainty is half of the PDF undetja ™ [M],,, = 0:01,
and thus at NNLO the theoretical uncertainty is likely to legligible.

It is also interesting to determine the momentum fractiamied by individual PDFs.
These are tabulated in Tables 4.9-4.10 at a low s@dle 2 Ge\? and at a high scale
Q? = 10* GeV?, both before (Table 4.9, * PDF sets) and after (Table 4.Hhdstrd PDF
sets) imposing the momentum sum rule.
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| PDF combination| LO* \ NLO* | NNLO* |

. [ +9 | 1161 0032|1011 0.018] 1.002 0.014]
Q2 =2 GeV

[ 1(Q2) 0550 0:025] 0:591 0:010] 0:602 0:010

0] (Q2) 0:612 0:028|0:421 0:021|0:400 0:018

[(u+ W] (Q3) 0:346 0:015| 0:371 0:005| 0:376 0:005
d+d (Q3 | 0192 0011|0206 0:005| 0:209 0:003
[(s+ 9)](Q3) 0:012 0:004| 0:014 0:006| 0:017 0:006

Q%= 10" Ge\?
[ 1(®P 0546 0.017] 0528 0:.009] 0:527 0.005
[9] (Q?) 0:615 0:020| 0:486 0:018| 0:475 0:011

[(U+ u)](Q?) | 0:264 0:009|0:256 0:003| 0:255 0:002
d+d (Q?) || 0:165 0:007|0:160 0:002| 0:159 0:001
[(s+ 9)](Q%) | 0:048 0:003| 0:047 0:004| 0:048 0:004
[(c+ 9](Q?) | 0:041 0:002| 0:039 0:002| 0:039 0:001
b+b (Q?) | 0:027 0001|0025 0:001|0:025 0:001

Table 4.9:Momentum fractions of various PDF combinations at low s@ge= 2 GeV2 and high
scaleQ? = 10* GeV? when the momentum sum rule is not imposed (LO*, NLO* and NNLO*
PDF sets). All results are obtained whthe, = 100 replicas.

| PDF combination LO \ NLO \ NNLO |
_ [*+g [ 1 ] L | L |
5=2 GeV
[ 1(Q)) 0:521 0:.023] 0:590 0:009 | 0:609 0:013
[a] (Q3) 0:479 0:022| 0:411 0:009 | 0:391 0:012

[(u+ u](Q3 |0:328 0:012| 0:371 0:005 | 0:381 0:007
d+d (Q2 |0:181 0010/ 0206 0:004 | 0:211 0:005
[(s+s)](Q2) |0012 0005 0013 0:006 | 0017 0:005

Q? = 10* GeV?
[ 1(Q9) 0:492 0:010| 0:523 0:003 | 0:529 0:.004
[0] (Q?) 0:509 0:.010| 0477 0003 0:471 0:005

[(u+ u](Q? |0:245 0:007| 0:255 0:003 | 0:257 0:004
d+d (Q?) | 0150 0:006| 0:159 0:002 | 0:159 0:002
[(s+9)](Q?) |0:041 0:003| 0:046 0003 | 0:048 0:002
[(c+ 9](Q?) | 0:033 0:001|0:0383 0:0004| 0:0393 0:0006
b+ b (Q?) | 0021 0:001|0:0245 0:0002| 0:0249 0:0003

Table 4.10:Same as Table 4.9, but when the momentum sum rule is imposed (LO, NLO and
NNLO PDF sets).
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Chapter 5
LHC Phenomenology

This Chapter is dedicated to the study of phenomenology diki@& The target of mod-
ern parton ts is to provide a reliable description of theigas components inside the
nucleon. For this reason is of primary importance to compuelictions at LHC, bench-
mark the results against other groups predictions and palysieasurements of the con-
sidered observables.

After a brief discussion on parton luminosities (Sect. &g main topic of the Chap-
ter is treated in Sect. 5.2. Then other minor but not less mapbissues are discussed:
NuTeV anomaly (Sect. 5.3), accuracy of NNLO PDFs (Sect. &) nally an interesting
and surprizingly precise estimate of the strong coupling constant is given in Sect. 5.5.

5.1 Parton Luminosities

Once more the factorization properties can be exploitedrsidering hadronic observ-
ables, it is known that in this case a PDF for each collidindrba is involved in observ-
ables computation. Following Ref. [196], then parton lunsibpcan be de ned as

Z

17 tdx
= 2 xpME fj =X M2 (5.1)
S X1

i Mg =
wheref(x;M ?) isaPDFand M2 =s. The behaviour of parton luminosity is strictly
related to factorized observables behaviour, and the dipee of hadronic observables
on PDFs can be mostly read by looking at parton luminositya/satter of fact, parton
luminosities correspond to individual parton subprocesseparticular, the gluon-gluon
luminosity, the total quark-gluon and quark-antiquark inosities are considered, de ned

as
X X
qg Ggr  qq GG - (5.2)
i=1 i=1

139
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and the charm and beauty quark-antiquark luminosities.
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Figure 5.1:Comparison of the parton luminosities Egs. (5.1)-(5.2) for LHC at 7 TeMmaded
using the NNPDF2.1 NLO and NNLO PDFs, usiNge, = 100 replicas from both sets. From
left to right are shown gg, qg, (tOP) qq:  cc, (Middle) ., g (bottom). All luminosities are
plotted as ratios to the NNPDF2.1 NNLO central value. All uncertainties staoe/ione sigma.

Another test for perturbative stability is to look at the quanson between parton lu-
minosities computed from NNPDF2.1 NLO and NNLO parton sé&tsis comparison is
given in Fig. 5.1 for all luminosities normalized to the NNPR21 NNLO central value.
The compatibility, and thus the perturbative stabilitygmod for all luminosities, as ex-
pected from PDFs comparison of Figs. 4.29-4.31. It is irgiéng to look at the gluon-
gluon luminosity, that is the relevant one for Higgs productat the LHC, and observe
that the result is quite stable especially in the region whecently a Higgs candidate
has been observed at ATLAS [61] and CMS [6R]{ = 125 126GeV, P s=7 8
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TeV). The value for the NNLO luminosity however gets quiteadier for higher values
of the invariant mass. Focusing now on quark-antiquark tasity and going back to
Fig. 4.32, the differences noticed there in light quarkrdistions are here re ected and
enhanced because of the square dependence of parton littegroa PDFs. As a con-
sequence, non-negligible differences are seen for thisnlsity, which is signi cantly
larger at NNLO in the region relevant f&¥ andZ production. Similar but somewhat
smaller differences are seen in the quark-gluon channet. HEavy quark PDFs follow
the behaviour of the gluon, from which they are generatecnyoally via perturbative
evolution.
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Figure 5.2:Same as Fig. 5.1, but for NNPDF2.1 NNLO and MSTW2008 NNLO PDFs. Btir b
sets PDFs corresponding to the same valye 0:119have been used for consistency.

Indeed a useful exercise is to compare NNPDF results withoties from other
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| | (W*)By [nb] [ (W )B, [nb] | (Z°)By [nb] |

NNPDF2.0 584 014 397 0:09 0:91 0:.02
NNPDF2.1 599 014 4.09 0:.09 0:93 0:02
CT10- $=0:118 6:00 0:13 4:10 0:09 0:94 0:.02
CT10- s=0:119 6:04 0:13 4:13 0:.09 0:95 0:02
MSTWO08 - ¢ =0:119 591 011 4:16 0:.08 0:94 0:.02
MSTWO08 - s =0:120 595 011 4:19 0:.08 0:95 0:.02
] | (tt)[pb] [ (H;my =120GeV) [pb] |
NNPDF2.0 168 7 11:59 0:22
NNPDF2.1 170 5 11.64 0:17
CT10- $=0:118 158 7 10099 021
CT10- s =0:119 161 7 11:17 021
MSTWO08 - ¢=0:119| 164 5 11:48 0:18
MSTWO08 - ¢=0:120| 168 5 11.:69 0:18

Table 5.1:Cross-sections for W, Zt and Higgs production at the LHC gt§ =7 TeV and the
associated PDF uncertainties. All quantities have been computed at NL@ MSIRM for the
NNPDF2.1, NNPDF2.0, CT10 and MSTWO08 PDF sets. All uncertainties staye/ one sigma.

groups: in Fig. 5.2 the NNPDF2.1 NNLO luminosities are corepgao MSTWO08 NNLO
(at a common value ofg = 0:119, again as a ratio to NNPDF2.1 NNLO central value.
A clear worsening of the agreement is observed for low aneaalty high values of
My : this is mainly a consequence of the smallliscrepancy seen in Fig. 4.33 for singlet
and especially for gluon distribution, related to the ubktdehaviour of the MSTWO08
NNLO gluon. In general, in the region M 3 =swhich is relevant for typical electroweak
nal state masseMy at the LHC, the agreement is good.

5.2 Predictions and Benchmarks at the LHC

In this Section predictions are computed and benchmarkzadeiced between both NLO
and NNLO observables at LHC and the results obtained frorarajloups. In the rst
part of the Section predictions for a set of LHC standard ndre computed using the
NNPDF2.1, NNPDF2.0, CT10 and MSTWO08 sets. Results are presantecompared
for W , Z9, tt and Higgs production via gluon fusion withy = 120 GeV both at
P s=7TeV andp s =14 TeV. These predictions, presented in Tables 5.1 and B, a
in the corresponding Figs. 5.3 and 5.5, are all computedgudi@FM [201, 202] code at
NLO QCD. In this comparison the value of in the case of CT10 and MSTWO08 sets is
xed both at the respective default value and at the commduevaf ((Mz) = 0:119
obtained using the PDF sets of Refs. [82,203].

At rst the comparison between NNPDF2.0 and NNPDF2.1 PDE stiscussed:
differences are driven mainly by the heavy quark mass effieat also by different kine-
matic cuts. FOW andZ production at 7 TeV differences are below or equal to one



5.2 Predictions and Benchmarks at the LHC

143

S(WBy, [nb]

65
6.4
63
62
6.1

5.9
5.8
5.7

5.6

LHC 7 TeV

LHC 7 Tev

LHC 7 Tev

CT10 NNPDF 2.0/2.1
a,=0.118 a,=0.119 a,=0.119

a,=0.119

MSTWO08
a,=0.120

HNH

S(W)Byy [nb]

cT10

2,=0.118 a,=0.119 a,=0.11

NPDF 2.0/ 2.1

9 ag=0.119

MSTWO08
2,=0.120

190
185 cT10

180 | 270118 ag=0.119 a.=0.11

175
170

165
160
155

150

s(tt) [pb]

INPDF 2.0/ 2.1

MSTWO8

9 a=0119 a,=0.120

LHC 7 Tev

145

LHC 7 Tev

cT10

NNPDF 2.0/ 2.1

MSTWO08

220118 a,=0.119 a,=0.119

a,=0.119

a,=0.120

cT10

a,=0.118 a,=0.119 a,=0.119 a,=0.119 a,

s(2%8B; [nb]
°
o
€

(H, my=120 GeV ) [pb]
"
=
=
e
—x—  ° 3
i
e
e

: HM*

Figure 5.3:Graphical representation of the results of Table 5.1.

sigma and foitt and Higgs are essentially unchanged, as can be seen frora.&ignd
Table 5.1. It can be concluded that these LHC observablesrdyemarginally affected
by the implementation of heavy quark treatment.

Coming now to the comparison among NNPDF2.1, MSTWO08, and CT{Biigle a
rather good agreement between NNPDF2.1 and MSTWO08 obsesvabdtl slightly larger
differences with CT10, especially for Higgs atidproduction, observables which are
most sensible to the behaviour of gluon distribution alyesghlyzed in Fig. 4.13. Things
goes towards better agreement by using a common value ofrtmgsoupling 5. This
effect is stronger for observables as Higgs production ioglfusion [204], because of
the characteristic dependence analready at leading order of this observable. The rst
measurements released by the ATLAS and CMS experiments3@6bforW , Z, and
tt production at 7 TeV are compared to the presented predgtiamfortunately, on that
measurements luminosity uncertainty still domina®1(1%)), so that their constraining
power on PDFs is spoiled out.

If now the energy of the center of mass is increased fPo_m:7 TeV to 14 TeV,
the impact of heavy quark treatment should be larger. By logphkit the results collected
in Fig. 5.5 and Table 5.2, it can be seen thatWe andZ cross-sections, going from
NNPDF2.0 to NNPDF2.1, are subject to an enhancement oftgligiore than one sigma.
The Higgs andt production are instead almost unchanged. The comparishnGAli10
and MSTWO8 is similar as before, but with the agreement soraebétter for the Higgs
and somewhat worse for top production.

A widely used technique to reduce experimental uncergsris to consider the ratio
between cross-sections, as for exampleithe=W andW=Z cross-section ratios at the
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Figure 5.5:Graphical representation of the results of Table 5.2.

LHC. Here normalization uncertainties cancel out. Predingifor these ratios are given
in Fig. 5.6 for NNPDF2.1, CT10, and MSTWO08 both at 7 and 14 Te¥ah be observed

that forW* =W

ratio CT10 and NNPDF2.1 are in good agreement but MSTWO08 is

lower by more than two sigmas, so that in general it seemstiterb@greement the result
for total cross-sections. Also for thW=Z ratio at 7 TeV the agreement is only marginal,
while at 14 TeV a better result is found. For these obsergathle dependence on is

negligible.
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! | (W*)By [nb] [ (W )B; [nb] | (Z%By [nb] |
NNPDF2.0 11:59 0:27 856 0:17 1:94 0:04
NNPDF2.1 1200 0:27 884 0:17 1:99 0:04
CT10- s=0:118 1220 0:30 9.00 0:22 2:03 0.05
CT10- ¢ =0:119 1231 0:30 9.07 0:22 2:05 0.05
MSTWO08 - ¢ =0:119 1195 0:22 9.03 0:17 2.01 0:.04

MSTWO08 - §=0:120 1206 0:22 9:10 0:17 2:03 0:.04

! [ () [pb] [ (H;my =120GeV) [ph] |

NNPDF2.0 942 21 37.3 050

NNPDF2.1 946 19 375 040

CT10- s=0:118 880 21 36:32 0:80

CT10- s=0:119 895 21 36:90 0:80

MSTWO08 - ¢ =0:119| 917 18 3778 0:50

MSTW08 - s=0:120| 934 18 3843 0:50
R

Table 5.2:Same as Table 5.1 for the LHC ak = 14 TeV.

Another interesting exercise to understand the relati@ta/den PDFs and observ-
ables is to compute their correlation. This is a way to qarikie relevance of each
PDF for different physical observables [187, 207]. In FigZi & shown the correlation
coef cient between PDFs and/ ™, Z total cross-section®y/* =W , W=Z cross-section
ratios at 7 TeV for the LHC. Knowing the dependence of ttabndZ cross-sections,

a dominant correlation with the andd sea quarks and an anticorrelation of similar size
in modulus with the strange quarks is observed as expectstbdd, the gluon and heavy
quarks that are dynamically generated from it are less latee with these observables.
Looking now at the cross-section ratios, it is interestmgatice that, for th&V=Z cross-
section ratio, correlations are only slightly suppressedomparison to the previous an-
alyzed cases, while for the&/* =W ratio the suppression is much more intense. This
observation suggests that the latter ratio should be lesitse to PDF uncertainties.

In the treatment of heavy quark mass effects theoreticalguitles due to subleading
terms are present. Here is given a partial study of this &texa uncertainty related
to heavy quark inclusion t®( s) by comparing results obtained from the three sets
discussed in Sect. 4.1.3: NNPDF2.0 RED (without heavy quarksterms, but the same
kinematic cuts as NNPDF2.1), the default NNPDF2.1, and NRED without damping
terms in the FONLL-A method. As can be seen in Fig. 5.8 anderadsociated Table 5.3,
the results for the NNPDF2.1 “plain” FONLL-A (i.e. withouathping terms) are always
half way between the ZM-VFN treatment (NNPDF2.0 RED) and thadard NNPDF2.1
global t at 7 TeV. At the higher energy of 14 TeV the NNPDF2 gldin" FONLL-A
results sit nearer to the standard NNPDF2.1 set results.isksigsbed in Sect. 4.1.3, the
difference between the NNPDF2.1 results with and withompiag terms can be taken
as a conservative estimate of the theoretical uncertasggaated to the uncertainty in
the inclusion of heavy quark mass effectsx¢ ).
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In this second part of the Section a similar set of LHC stathdaandles are com-
puted using NNPDF2.1 NNLO. The physical observables thia Wil be considered are
the total cross-section for Higgs, weak vector bosons priialy, approximate NNLQt
production and théW* + W )=Z% andW*=W cross-section ratios.

As already seen in the case of NLO observables, their deperadan s at hadron
colliders is nontrivial: the hard matrix elements dependranstrong coupling and PDFs
are correlated with the value of [82,208, 209], especially in the case of the gluon PDF.
A very important issue that needs to be considered when cangpgredictions trying
to understand their dependence on PDFs and their assouratedainty is related to the
mixing between uncertainties due to PDFs with uncertasrdiee to the choice of external
parameters [210]. This mixing should be avoided. A detaijedntitative comparison is
performed between NNPDF2.1 and MSTWO08, both at NLO and NNLO Q&iD sake
of illustration also the comparison with ABKM09 NNLO will beegformed, even if these
PDFs are provided fors(Mz) = 0:1135 0:0014 and their uncertainties always include
also the contribution due to the variation of in this range.

The rst comparison that needs to be discussed is relateddgsroduction from
gluon-gluon fusion. The total inclusive cross-section tlas gluon-gluon channel has
attracted considerable attention: in Ref. [211] was claithed the determination of un-
certainties due to PDFs through the so-called PDF4LHC ppggan [106] might suffer
of a substantial underestimation. More details on thisudison are given in Ref. [181]
and especially in Ref. [184]. In Fig. 5.9 the results for thaltoclusive cross-section for
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Figure 5.7:The correlation between PDFs and vector boson production total seations (up-
per plots) and their ratios (lower plots) for LHC 7 TeV. Correlationsvibr (not shown) are very
similar.

Higgs production from gluon fusion are compared as a ratidN&#DF2.1 NNLO with
s(Mz) = 0:119 The code of Refs. [212,213] is used to compute this physics¢iv-
able for NNPDF2.1, MSTWO08, and ABKM09 PDF sets at the respectefault value of
s (inthe order: ((Mz) =0:119 ((Mz)=0:1171 and ¢(Mz) =0:1135 0:0019
as a function of the Higgs mass, . All uncertainties are one-sigma error bands. As

already said, ABKM determination includes also the uncetyadbn 4. The shown ob-
servable is also computed using NNPDF2.1 witkM z) = 0:117to have a more precise
comparison with MSTWO08 prediction. The NNPDF result for tlaist computation and
MSTW default result are in excellent agreement. The samaatdre said for ABKM:
surely part of the several sigmas difference between NNPD&2d ABKM is due to the
different value of g used for the computation, but looking at Fig. 5.16 below itlesar
that even adopting the same value for the strong couplingtaanthe difference would
persist.

The results for top production are shown in Fig. 5.10 wheeettitaltt cross-section
determined at NLO and NNLO at the LHC 7 TeV with; =172 GeV (pole mass) is
compared with NNPDF2.1, MSTWO08, and ABKM. The ABKM predictiagiven only
at NNLO with ¢(Mz) =0:1135 0:0014as in the previous case, while for NNPDF2.1
NLO and NNLO ¢(Mz) = 0:119and for MSTWO08 s(Mz) = 0:1202 0:1171re-
spectively for NLO and NNLO predictions. To ease the congmaribetween NNPDF2.1
and each of the other predictions from MSTWO08 and ABKM, the NIRRBsults with
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7 TeV | (WH)By [nb] [ (W )By [nb] | (Z°)By [nb] |
NNPDF2.1 5:99 0:14 4:09 0:09 0:93 0:.02
NNPDF2.0 RED 5:81 0:13 3:98 0:08 0:91 0:.02
NNPDF2.1 FONLL-A plain| 5:90 0:12 4:.03 0:08 0:92 0:02
14 TeV | (W*)By [nb] [ (W )B; [nb] [ (Z%By [nb] |
NNPDF2.1 1200 0:27 8:84 0:17 1:99 0:04
NNPDF2.0 RED 11:57 0:25 857 017 1:93 0:04
NNPDF2.1 FONLL-A plain| 11:82 0:22 872 015 1:96 0:03

Table 5.3:Cross-sections for W, 2t and Higgs production at the LHC gt§ =7 TeV and the

associated PDF uncertainties for the reference NNPDF2.1 set contpatesse obtained using
sets with different treatment of heavy quarks: NNPDF2.0RED, withocavyhguark mass effects,
and NNPDF2.1 FONLL-A plain with heavy quark mass effects but withowshold damping
terms.
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Figure 5.8:Graphical representation of the results of Table 5.3.

s(Mz) = 0:120 (NLO) and s(Mz) = 0:114 0:117 (NNLO) are also computed.
To determine all predictions for this observable, appr@terNNLO expressions based
on threshold resummation have been constructed [214] aptemented in the public
HATHOR code [215]. These theoretical predictions can bepmamed to the average of
the rst measurements from CMS [216, 217](tt) = 158 19 pb, and ATLAS [218],

(tt) = 180 19 pb. Averaging the most accurate results, which have beeainsuat
with a luminosity of 36 pb !, and assuming that the two measurements are indepen-
dent, yields (tt) =169 13pb (shown in Fig. 5.10 as a dashed band).

Figure 5.10 shows that the NNPDF2.1 and MSTWO08 predictioasragood agree-
ment both at NLO and NNLO: however, once again, it is impdrtanise a common value
of s. Also, of course, one should remember that the uncertaistiewn in Fig. 5.10 are
only PDF uncertainties. In particular theoretical unaetias, such as may be estimated
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Figure 5.9:The total cross-section for Higgs boson production via gluon fusionNdtMas a
function of my . Results are shown for NNPDF2.1 witR(Mz) = 0:119and s(Mz)=0:117,
MSTWO08 with ¢(Mz) =0:1171, and ABKMOQ9 with ¢(Mz)=0:1135 0:0014 all displayed
as ratios to the central NNPDF2.1 curve. The NNPDF resultis obtainegN&ip = 100 replicas.
All uncertainties shown are one sigma; for NNPDF and MSTW they are PDIe uncertainties,
while for ABKM they also include the s uncertainty corresponding to their given range.

by scale variation, and uncertainties due to the dependsntte top mass, are not shown
and might also be signi cant. Again, the ABKMO9 predictionsigni cantly lower, and
the disagreement persists even when a common valug isfadopted: already the LHC
data are starting to discriminate between PDF sets.

A closely related recent measurement by CMS [216] is the w@tid andZ cross-
sections. Predictions has been computed for this observaimg the VRAP code [219]
together with HATHOR, for the same PDF sets and settings. AL®Rhis ratio is only
weakly dependent on the value of. Results are also shown in Fig. 5.10 and compared
to the CMS measurement, again shown as a dashed band. Thestonslare similar.

As a last case, the electroweak vector boson productiohdaiss-sections and their
ratios at the LHC are considered. In Fig. 5.11, as for the cddep production, is
shown NNPDF2.1 with the same values far used there (NNPDF preferred value and
the MSTW and ABKM default one). These observables has beemuima with the
VRAP code [219], within the narrow-width approximation (inding the contribution
to gauge boson production). For cross-section ratios bands are determined as a 68%
con dence level instead of a standard deviation, becausebkan veri ed that the dis-
tribution of results can be markedly non-Gaussian. Agdiasé theoretical predictions
are compared to the rst ATLAS [220] and CMS [221] results fhistobservable, cor-
responding to an integrated luminosity 8 pb !, averaged together. The results are
shown as dashed bands on the plots. The single results andwbges are summarized
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Figure 5.10: The total cross-section fait production at the LHC 7 TeV computed using
HATHOR (left) and its ratio to the total production cross-section computed using VRAP (right).
Results are shown for NNPDF2.1 withh(Mz) = 0:119(NLO and NNLO), s(Mz) = 0:120
(NLO) and ¢(Mz) = 0:1140:117 (NNLO), MSTWO08 with ¢(Mz) = 0:1202 (NLO) and

s(Mz) = 0:1171(NNLO), and ABKMO09 with ¢(Mz) = 0:1135 0:0014 (NNLO). The
NNPDF results are obtained usiigep = 100 replicas. All uncertainties shown are one sigma;
for NNPDF and MSTW they are pure PDF uncertainties, while for ABKM thkp include the

s uncertainty corresponding to the given range. The band correspormide combination of the
most recent CMS and ATLAS measurements (left, see text) and to the CMSimaeest [216]

(right).

in Table 5.4.

As these processes are quark-dominated, their dependaencei® weaker than the
ones previously considered. This is also due to the facttheBorn level is indepen-
dent of the strong coupling and because they are affectedhbilles NNLO corrections
(though not negligible, as can be seen from the plots in Eifl)5 Differences between
PDF sets are also less signi cant, except for Wé =W cross-section ratio which is a
very sensitive probe of the quark avor decomposition. i ¢e concluded that the LHC
data used here, and particularly M&cross-section ratio, can already provide some dis-
crimination between PDFs. Also, from the comparison beinid¢C data and theoretical
predictions for some of the standard candles here analydisgi@mination between NLO

] | ATLAS | CMS | Average |
(WHB (I" ) (nb) 6:26 032 | 602 026 | 611 020

(W B (I ) (nb) 415 021 | 426 019 | 421 014

Z9 B (I"1 ) (nb) 0:945 0051 | 0:.975 0:044 | 0:962 0:033

(WHr+W )B(l )= z°B(*l )| 1091 028 | 1054 0:19 || 1065 0:16
(W)= (W ) - 1:421 0:034 | 1:421 0:034

Table 5.4:Recent results from CMS at ATLAS for the total cross-sectionshfidr, W andz°
production and their ratios, obtained with an integrated luminosity &6 pb !, together with
their average. The average has been obtained assuming the two meassitenbe completely
uncorrelated.
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and NNLO sets may be drawn.
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Figure 5.11:The total cross-sections fav* , W andZ° production at the LHC 7 TeV and their
ratios (W* + W )= (2% and (W*)= (W ). Predictions are shown for the same PDF sets
and values of ¢ shown in Fig. 5.10, and compared to the ATLAS and CMS data summarized in
Table 5.4, shown as a dashed band. Uncertainties shown are one sigihsdiute cross-sections,
and 68% con dence levels for cross-section ratios.
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5.3 The NuTeV Anomaly

In Ref. [222] the estimated value fein® \, extracted from the NuTeV data was found
to be three standard deviations above the value given by tdned&d Model predic-
tion. In previous NNPDF releases [49, 87] the implicationattthe determination of
the strangeness asymmefry(x; Q?) has on the so-called NuTeV anomaly [223] were
studied. By looking at the updated plot in Fig. 5.12, it is clémat the values

Sin2 w NUTeV:02277 0:.0017; Sin2 W EW t =0:2223 0:0003 (53)

are effectively signi cantly different, but looking at thdeterminations of the Weinberg
angle [48] corrected for the strangeness asymmetry usawgilues from previous [49,87]
and current NNPDF2.1 sets it can be observed how the oneasggrar bar gets bigger
using NNPDF1.2, where a more reliable uncertainty deteatron for strange avor is
given, and in particular for NNPDF2.1

R s (x; Q?) [S ]
RS(QZ) 2R 0 ' =

— . . 2.
R Q)+ d (x09) U +D ;=137 077 10%

(5.4)
This result, that includes heavy quark mass effects, ieqear to the NNPDF2.0 result
that does not include them, thereby showing that the implaoeavy quark mass effects
on the determination of the strangeness asymmetry is veayl,samd can also be seen
that the three corrected values are in excellent agreemigmttre electroweak t and
with each other.

Determinations of the weak mixing angle sianW

0.245
NuTeVO01l NuTeVO01l NuTeVO01l EW fit
+ NNPDF1.2 + NNPDF2.0/2.1

0.24

0.235

sin2qW

0.23 )}
0.225 f {(

0.22

0.215

Figure 5.12:Determination of the Weinberg angle from the uncorrected NuTeV data 48]
[S ] correction determined from NNPDF1.2, NNPDF2.0 and NNPDF2.1. Thertaiaty shown
on NNPDF2.0 and NNPDF2.1 is the one-sigma PDF uncertainty only.
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Figure 5.13:Comparison of NNPDF2.1 NNLO sets with different values of the stronglaag,
shown as ratios to reference set with= 0:119atQ? = 10* GeV2: gluon at small and large-

(top), triplet at largex and singlet at smal- (bottom). To improve readability PDF uncertainties
are only shown for theg = 0:119set.

5.4 Accuracy of the NNLO PDF Determination

The aim of this Section is to discuss the main sources of taiogy that affects NNPDF
results and their in uence on them. The main contributiorP@F uncertainties comes
from the underlying dataset (more details are given in Ré&f,224]). Of course, another
factor that plays an important role is the choice of QCD patamseaused in the partonic
t, as the value of the strong couplings, but also of the quark masses. The variation of
these parameters allows for an estimation of the relatedrtainties on PDFs and can be
shown that in some cases theirimpact is comparable to tllataf38,40,204,209]. In the
following are discussed the results obtained generatingws ts with different values
of ¢ both at NLO and NNLO and also by repeating NNPDF2.1 NNLO deieation
with various subsets of the global dataset. Theoreticaédamties will not be studied
here: as argued in Sect. 4.5, at NNLO the uncertainty relatéigher order corrections
(as might be estimated by renormalization and factorinasicale variation) is usually
subdominant, as are those related to the treatment of hesrks[38].
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Figure 5.14:Comparison between NNPDF2.1 NLO sets with different values of the strong
pling, shown as ratios with respect the reference t with= 0:119 The PDFs shown are the
gluon at small and large-(upper plots), the triplet at large-and the singlet at smak-(lower
plots).

Dependence on s (Mz)

First, the NNPDF2.1 NLO PDFs set is analyzed. Several seéks wi(M ) in the range
from 0.114 to 0.124 in steps of 0.001 are generated and threlabons between the
s (Mz2) values and each PDF are computed as de ned in Eq. (82) of R&9].[Zhe re-

sults are shown in Fig. 5.15 as a functiorxgboth atQ? = 2 GeV? andQ? = 10* Ge\2.
As expected, the most sensitive PDF is the gluon, and indesdlations gets weaker
increasing the scale because of asymptotic freedom. Inétémination the uncertainty
on ¢ atthe 68% con dence level is considered ass = 0:0012

To determine the combined uncertainty on observables, dtietb PDF and ¢ un-
certainties, can be followed the procedure described in[R@4], that combines sets with
different values of 5. The method there described suggests to pack together aehelv s
replicas choosing in a proper way a certain number of replican each of the delivered
sets with varied s values. The suggested proper way is to construct a Gaugsiaitat
tion with the assumed central value and uncertainty fpand then select according to
this distributionN ¢, replicas from the original generated sets. In this way aoelpced
prepacked sets containing a number of replicas for eacle wdlus which corresponds to
a Gaussian distribution with given mean and standard dewiaOf course the accuracy
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Figure 5.15:Correlation coef cient between PDFs and(Mz) computed assumings(Mz) =
0:119 0:0012at 68% C.L. Results are shown at low scal¥ (= 2 Ge\?, left) and high scale
(Q? = 100 GeV?, right).

of the prediction using a combined PDFgset depends on the number of replidgs, .

Following the PDF4LHC recommendation [106] for the comiimaof PDF+ ¢ un-
certainties, two prepacked PDFguncertainty sets with s (M;) = 0:119and uncer-
tainties _ = 0:0012and ¢ = 0:002as one-sigma errors are delivered. It is enough
to follow the procedure explained above to produce sets aithother values. Below
N,  100is observed a somewhat less accurate result for Higgs ptiodua gluon
fusion at LHC 7 TeV, while above this number of replicas in tinepacked set the result
looks independent dfl¢p. In conclusionN e, =100 is recommended.

The same range ofs values is covered also with the NNPDF2.1 NNLO treatment.
Results for the gluon, the quark singlet and isospin triplet#splayed in Fig. 5.13, where
the ratio of the central PDFs for each value qfto the default (Mz) = 0:119set is
shown, and compared to the PDF uncertainty on the centralfggtin, the gluon PDF
IS the most sensitive tog variations. In particular, looking at Fig. 5.16 where thggs
cross-section from gluon-gluon fusion is computed usirggNINLO sets with different
values of s and normalized to the central value, can be seen that itsndepee on the
value of ¢ is remarkable: the factors discussed above that make tio@ glistribution
dependent on theg value affect the result through a quadratic gluon PDF depecel
Moreover, the Higgs cross-section from gluon-gluon fusiodergoes NLO corrections
which are as large as the LO contribution, and NNLO corrastiwhich are about half
of the LO (see Ref. [184, 204] for detailed studies of the nedasize of PDF and s
uncertainties on this process).

The values of heavy quark masses are varied in the same wdyeadyadone for
the NNPDF2.1 NLO t: m, = 1:5; 1.6 and1:7 GeV (in addition to the defaulin. =
P 2 GeV), and withmy, = 4:25; 4:5; 5:0 and5:25 GeV (in addition to the defauln,, =
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Figure 5.16:Same as Fig. 5.9, but for NNPDF2.1 NNLO sets with different valuess(f1 ).
Results are shown as ratios to the NNPDF2.1 NNLO reference w(tll z) = 0:119

4:75GeV). The dependence of PDFs on these variations is siroithat observed for the
NLO case.

Dependence on the Dataset

The focus is now set on the dependence of PDFs and their aimtégs on the dataset
they are extracted from. It is important to study into detfsis dependence because if on
one side it is true that a wider dataset always carries mdoenmation, on the other side
it is also true that smaller datasets may be more consisteinare reliable.

To better understand which are the consequences of redin@rataset to gain more
consistency of the tted data, four different parton setsaoduced on a smaller dataset,
that is a subset of the full NNPDF2.1 NNLO global dataset:

HERA data only. This set is tted on the smaller dataset of thar fsubsets con-
sidered, and at the same time is the most consistent. Itdasluthe combined
HERA-I inclusive data, the H1 and ZEUS; data and the ZEUS HERA-II data.
Parton distribution functions based on this dataset haa® la¢en determined and
published by the HERAPDF group [114].

Deep-inelastic scattering (DIS) only. From the global dataare excluded all
hadron-hadron data, i.e. DY and jets, which one may perhapsider theoreti-
cally or experimentally less clean than lepton-hadron.data

Deep-inelastic scattering and Drell-Yan (DIS+DY) only. i kdetermination is in
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| Experiment| Global | HERA—only | DIS—only | DIS+DY | Collider—only |

[ Naau || 3357 | 834 | 2783 | 3171 | 1090 |
[ Total | 116 | 107 | 115 | 118 | 102 |
NMC-pd || 0.93 | [13.15] 0.88 0.94 [3.43]
NMC 1.63 [1.91] 1.69 1.69 [2.06]
SLAC 1.01 [3.17] 0.97 1.03 [1.23]
BCDMS | 1.32 [2.15] 1.28 1.30 [2.22]
HERAI-AV || 1.10 1.05 1.09 1.09 1.06
CHORUS | 1.12 [2.63] 1.08 1.13 [1.74]
FLH108 | 1.26 1.32 1.27 1.26 1.26
NTVDMN | 0.49 | [60.51] 0.45 0.54 [23.02]
ZEUS-H2 | 1.31 1.21 1.26 1.28 1.30
ZEUSF2C | 0.88 0.77 0.86 0.88 0.75
H1F2C 1.46 1.30 1.47 1.50 1.24
DYE605 || 0.81 [9.06] [6.86] 0.82 [1.34]
DYES66 | 1.32 | [12.41] [2.70] 1.32 [5.76]
CDFWASY | 1.65 [7.71] [13.94] | 1.64 1.07
CDFZRAP | 2.12 [3.74] [2.15] 1.91 1.22
DOZRAP || 0.67 [1.11] [0.67] 0.65 0.61
CDFR2KT || 0.74 [1.15] [0.99] | [1.25] 0.64
DOR2CON | 0.82 [1.28] [0.88] | [1.03] 0.83

Table 5.5: Quality of the t for NNLO PDF sets based on datasets of varying size. total
number of data points is given in the rst row, followed by thé normalized to the number of
data points both for the total tted set and for each of the individual érpamts. The 2 values
for experiments which are not tted are also shown in square brackets.

principle the only truly NNLO one, as it excludes jet data, \idnich only approxi-
mate NNLO matrix elements are known.

Collider data only (lepton and hadron collider). In this ca¢he xed-target data
are excluded. They are considered less clean because awhenergy range at
which they are determined and also because of the nuclgatsarsed for example
in the case of neutrino DIS data. This determination is oatgecomplexity than
DIS+DY, despite having a smaller number of datapoints, beeat also includes
jet data.

In each case, a set df, = 100 PDF replicas has been constructed. The NLO coun-
terparts of the DIS and DIS+DY PDF determinations were dised in Ref. [87] and
are available from LHAPDF both for NNPDF2.0 and NNPDF2.E HERA-only NLO
PDFs were brie y discussed in Ref. [225]; collider-only PDdie presented here for the
rst time.

The possibility of obtaining reliable PDFs from datasetsvifely varying size (more
than a factor three, in this case) without having to modify aspect of the methodol-
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Figure 5.17:Distances between central values (left) and uncertainties (right) fos RDEhe
HERA-only and default NNPDF2.1 NNLO ts. All distances are computeahfrsets oN e, =
100replicas.
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Figure 5.18:Comparison of NNPDF2.1 NNLO singlet, total strangeness and isotriples RDF
the global and in the HERA-only ts.

ogy (and in particular without having to change the parairation, see Ref. [85]) is an
advantage of the NNPDF approach, since it allows a mearlingfaparison of uncertain-
ties. Each of these PDF sets is made available through thdasth LHAPDF interface,
and each so far as it goes is as good as the default one, thdifialgnce between them
being the smaller amount of experimental information tlesginto them.

In Table 5.5 the total ? and that of the individual experiments of the ts presented
above are shown, together with the global NNPDF2.1 NNLO d #ime respective number
of points included in the t. The columns of Table 5.5 are sdrby decreasing complexity
of the tted data and the? values shown in square brackets correspond to the expesmen
excluded from the corresponding t.

To quantify the comparison between each of these PDF sei8) atg used the dis-
tances introduced in Appendix A of Ref. [87] and already useprevious Chapters. In
order to assess the impact of individual data each of thecestidata ts, the default
NNPDF2.1, and the twith immediately greater complexitgaompared in turn. Some
of the pairs of PDFs with the largest distances will also begared directly. In this way
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Figure 5.19: Distances between central values (left) and uncertainties (right) fos RDEhe
DIS-only and default NNPDF2.1 NNLO ts. All distances are computedrfrgets ofNep, = 100
replicas.

Distance between central values, Nrep=100 Distance between PDF uncertainties, Nrep=100
p— 8
12 g NNPDF2.1 NNLO HERA-only vs. DIS-only 7k NNPDF2.1 NNLO HERA-on!y vs. DIS-only
10 Y 6
< 8f < 51
194 1S4
X 6t & 4r
= w
= E 3+
4k
2L
2 1 E
0 . . . . 0 . . . .
1le-05 0.0001 0.001 0.01 0.1 1 le-05 0.0001 0.001 0.01 0.1 1
X X

Figure 5.20: Distances between central values (left) and uncertainties (right) fos RDEhe
HERA-only and DIS-only NNPDF2.1 NNLO ts. All distances are computeshfi sets oNep =
100replicas.

the impact of individual data on PDFs is assessed.

Considering the rst, smaller reduced dataset with only HERMadncluded, rises the
problem that charged current DIS data are enough to deteratimost four independent
linear combinations of quark PDFs (see e.g. Ref. [226]). Thidies that strangeness is
completely unconstrained: in the HERAPDF [114] set an inddpat parametrization is
only provided for the combinatiorts+ s andd+ s, but not separately for strangeness. As
can be noticed from Table 5.5, the t quality to NuTeV dataxtremely poor, as also poor
is the description for all datasets which are sensitive ¢éosthglet-triplet separation (such
as xed-target DIS and DY data) to the light sea decompasifsuch a3V production
data) and, to a lesser extent, the valence-sea separaticm s neutrino data). Of the
excluded datasets, jet data are the best described bumatijinal quality is found.
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Figure 5.21:Comparison of NNPDF2.1 NNLO singlet, total strangeness and total vaRDEs
in the DIS-only and in the HERA-only ts.

The distances for the HERA-only t compared to the default areeshown in Fig. 5.17.
Triplet, strangeness, sea asymmetry, and valence distriisuhave the largest distances
between uncertainties, and triplet and strangeness tealuas have also large distances.
For singlet and gluon are observed even larger distancedatye shifts in strangeness
and triplet are accompanied by a corresponding increadeein wncertainty, while the
increase in the uncertainty of the singlet and gluon is mooelemate, so the change in
central value ends up being statistically more signi caag,can be clearly seen in the
direct PDF comparison of Fig. 5.18. It can be clearly seehttiesinglet and gluon have
a distance from the NNPDF2.1 NNLO global t that is more tharesigma, while all
other PDFs stay around the 90% C.LWf andZ production at the LHC is considered,
the strange contribution is of order 15-25% of the total syesction [227]. Using HERA-
only PDF sets to compute cross-sections which dependsangstness gives a theoretical
uncertainty of that same order. This implies a very uncegaenomenology for this kind
of predictions. This uncertainty is not due to inaccuracH&RA data from which this
PDFs set is extracted, but to lack of information necessadigentangle and constrain
each avor contribution.

Flavor decomposition considerably improves by includimghie t data with neutrino
beams or deuterium targets, as is the case for DIS-only PB#frdmation. Gluon and
singlet distances (Fig. 5.19) show almost perfect agreemiéim the global t, with only
a deviation around the half-sigma level in the lasgeegion of the gluon distribution.
Instead, distances between strangeness, valence anddgl@symmetry determined in
this t and those of the global t, are rather smaller than aigma (though uncertainties
are still signi cantly larger). A direct comparison of thiswith the HERA-only t is
shown in Fig. 5.21: the most remarkable improvement is alegkin singlet, strangeness,
and valence PDFs. The triplet distribution also shows a sigmnt decrease in uncertainty,
but around the valence peak it only agrees with that of thieajld at the 90% con dence
level. This may suggest some tension between deuteriumm&adron collider data (as
has been discussed elsewhere [76, 228]), though it coubdbals statistical uctuation.
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Figure 5.22:Distances between central values (left) and uncertainties (right) fos RDEhe
DIS+DY and default NNPDF2.1 NNLO ts. All distances are computed freets ofNep, = 100
replicas.
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Figure 5.23 Distances between central values (left) and uncertainties (right) fos ROIRe DIS-
only and DIS+DY NNPDF2.1 NNLO ts. All distances are computed from s#t8l,e, = 100
replicas.

Another interesting comparison can be made by looking atithstic improvement in
uncertainty distances going from Fig. 5.20 to Fig. 5.19.

Despite all the improvements commented above in compatcstre HERA-only t,
looking at Table 5.5 a poor description of all DY data is giveapecially folW andZ
production, thus showing that a DIS-only PDF t is not adetgutor precision hadron
collider phenomenology. It is anyway remarkable that thaliof jet data description
Is pretty near to the one given by the global t. The gluon wisition determined by
DIS scaling violations is in good agreement with that of thabgl t, even in the largex
region where jet data have an impact on its uncertainty. IQRBd- ts based on reduced
datasets (such as HERAPDF or ABKM) do not seem [184] to prouidecually good t
to jet data, presumably because of their less exible PDRupatrization.
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Figure 5.24.Comparison of NNPDF2.1 NNLO isotriplet, total valence and sea asymmetrg PDF
in the DIS-only and in the DIS+DY ts.
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Figure 5.25: Distances between central values (left) and uncertainties (right) fos RDEhe
collider-only and default NNPDF2.1 NNLO ts. All distances are computehf sets olNep =
100replicas.

It is natural then to consider the DIS+DY t. Observing thepbf distances with
respect to the global t represented in Fig. 5.22, it can bengthat almost all PDFs are
statistically equivalent. If the distances with respec¢h®sDIS-only t are also computed,
as shown in Fig. 5.23, itis clear that the inclusion of DMk data provides information
that helps avor separation: the uncertainties of the ad@composition are strongly
reduced, as can also be seen by directly comparing PDFs52i)).

The gluon presents a shift of about half a sigma of its centahle at large<. This
shows explicitly that jet data has an impact on gluon PDFstraiming it at largex where
no other dataset among the ones used in the global t inclbdeneeded information.
Also a related slight shift of the singlet and valence disttions is observed.

Finally, the case of a collider-only t is analyzed: the sadsasets as in the HERA-
only ts supplemented by the Tevatron weak-boson producéind inclusive jet produc-
tion data are used. Comparing from Table 5.5 the values ofotaé t? for this t and
the global one, a signi cant improvement fron? =1.16 of the latter to 2 = 1.02 of the
former is noticed. This fact supports the idea that a callmldy dataset might be more
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Figure 5.26:Comparison of NNPDF2.1 NNLO gluon, singlet and triplet PDFs in the collider-
only and reference ts.

consistent than one which also includes xed-target data.

In spite of this improvement, checking the distances wittpeet to the global t
(Fig. 5.25) reveals that almost all PDFs undergo a shiftebtie-sigma level, with uncer-
tainties signi cantly larger in the collider-only t. The @kcription that this set gives
of xed-target data is generally poor, especially for deuwten data (such as NMCpd
or DYE866), which control the up-down separation, and thauwtin data (which con-
trol strangeness). These increased uncertainties endnipnesmating also the singlet
and gluon PDFs, as shown by the distance computation andrégt (RDF comparison
(Fig. 5.26). The extremely poor determination of strangsrand light quark asymmetry
PDFs and the slightly better but still rather poor determameof valence, triplet and even
singlet PDFs show that a collider-only t at present doesprovide competitive accuracy
for phenomenology.

5.5 Determination of (M) Using NNPDF2.1 NLO

The value of the strong coupling constant is a fundamentakitient for collider phe-
nomenology [229]. If for example the gluon fusion channelHaggs production is con-
sidered, the dominant source of uncertainty is due to theevaf s(Mz) [204]. The
PDG [47] value is determined by a combination of results iolethby different processes
as the decay rate and the totafe ! hadrons cross-section, which are independent of
PDFs, but also DIS data, which indeed depends on them. The galen in Ref. [229] is

s(Mz)=0:1184 0:0007 (5.5)

and as the uncertainty in this result may seem too optimggtien the spread of value
on which is based and the signi cant dependence on the fative order of some of
them, the use of a somewhat more conservative estimate ahtertainty has been rec-
ommended [204, 230], such as s = 0:0012at 68% con dence level for LHC phe-
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nomenology.

To exploit the same data used for PDFs determination tométera value of s (Mz)
is interesting in that it is possible at the same time to takeatage of the dependence
on the coupling of scaling violations as well as that on iminal hard matrix elements
of the various processes under consideration. A quite atedetermination is therefore
expected. However, in such a determination the valuesaé necessarily correlated to
the best-t form of the PDFs, and thus subject to potentialrees of bias, such as for
example an insuf ciently exible PDF parametrization.

An example of the possible pitfalls of a simultaneous deteation of PDFs and
is highlighted by the analysis of Ref. [231], in which the extion of s from BCDMS
and NMC deep-inelastic scattering data was performed usingethodology (scaling
violations of truncated moments) which avoids completély tse of parton distribu-
tions. The result found, s (Mz) = 0:124%:5%%, had rather different central value and
uncertainties than those obtained by direct analysis osdmee BCDMS (5 (Mz) =
0:113 0:005[232]) and NMC ( s (Mz) = 0:117%51% [233]) data by the respective col-
laborations. This suggests that the latter results, obthusing a PDF parametrization,
were biased by it.

The tto ¢ that will be discussed in this Section is determined usimgpiteviously
presented NNPDF2.1 NLO parton set (an analog determinasorg the NNLO set is
given in [234]). The NNPDF methodology, as widely commenisdntended to mini-
mize the parametrization bias through the use of a Monte @Ggpooach combined with
neural networks as underlying unbiased interpolatingtions. Moreover, the use of the
NNPDF approach allows for the analysis of different datséthout having to retune
the tting procedure (such as, for instance, the form of pagarametrization) according
to the size of the dataset. This enables a direct comparisaaiues of ¢ obtained from
different subsets of data which enter the global t, and @sanalysis of the correlation
between individual datasets, individual PDFs, and theevafu . In this way, it will also
be possible to check if DIS data systematically settle orelovalues of ¢ than hadron
ore*e collider data.

The quality of the t as it is delivered by the NNPDF collabtiom, i.e. as a Monte
Carlo sample, is a random variable which tends to a constéun ¥ar an in nite number
of replicas. The size of the uctuations of thé is of the order of the square root of the
number of data points included in theNgy,, while the size of uctuations of the average
over a sample oN, replicas decreases aserezpz. The value of the 2 for a typical
NNPDF t (with Ngo = 3338) is shown as a function dfl,¢, in Fig. 5.27. To reduce
uctuations in order to be sensitive to variations of theatot? by a few units one needs
for each value of ¢ a number of replicas of the same order of magnitude as the @umb
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Figure 5.27: Left: The 2 as a function of the number of replicdkep for NNPDF2.0; the
horizontal line shows the value fdlep, = 500. Right: The uncertainty 2 Eg. (5.6) as a function

of Nrep , averaged over all values of. A t of the form AN reézz is also shown.

of independent data points. This implies a quite large nurabeeplicas to determines
and thus a rather computationally intensive effort.

The uncertainty on the value of thé due to the nite size of the replica sample may
be computed using the so-called bootstrap method. Narhelgample oN ., replicas is
divided intoNp, disjoint partitions withi¥ep = Nrep=Npart replicas each. The variance
of the 2 for the full Nep replica sample is then found from the variance of Mg
valuese? of each replica subsample according to

1
N part N part

( 2)° el O (5.6)

The value of :, averaged over all the (eleven) values gto be considered, is displayed
in Fig. 5.27. A t of the form AN reézz, also shown in Fig. 5.27, shows that the expected
decrease of the uctuations withNye; is borne out by the data.

The procedure for theg determination is quite simple: once a suf ciently large st
PDF replicas has been produced for, xed values of ¢, for each of these values the
corresponding 2 and their uncertainty - Eq. (5.6) are computed. Then, a parabolic t
is performed on these? values, seen as a function of. The quality of the parabolic t
is then determined by evaluating the correspondiﬁg:Ndof, With Ngot = N . 3. A
reasonable value off)ar:Ndof may be used to con rm that the parabolic approximation
to ?( ) isadequate in the range of under investigation. The best value for the strong
coupling constant is then given by the minimum of the paralaold the 2 = 1 range
gives the uncertainty on it at a 68% con dence level. TheHertuncertainty due to the
nite size of the replica sample is determined by error piggagon of 2 Eq. (5.6) on the

position of the minimum of the parabola.
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Figure 5.28:The 2 as a function of s(Mz) for the NNPDF2.1 global t. The statistical
uncertainties in the 2 for each value of s have been determined from Eq. (5.6). The solid line is
the result of a parabolic t.

The number of replicas used for each value gfs N, = 500, with equally-spaced
larger sets withN,,, = 1000 meant to increase accuracy. Together with the global
NNPDF2.1 NLO t, the two reduced sets over HERA- and DIS-onjtalare also con-
sidered, along with the NNPDF2.0 global and DIS-only setsisitering the HERA data
only t, the sensitivity to s is weaker due to the much smaller size of the data sample,
and so the range ofs values is enlarged as shown in Table 5.6 to ensure that tagdoc
of the minimum is more or less at the center of that range. Wi€ra.6 are also gath-
ered the ¢ values and their respective number of replicas for the NNEPDElobal and
DIS-only ts.

In Fig. 5.28 the parabolic prole of 2 as a function of ¢(M2) is shown for the
NNPDF2.1 global t. The results for the DIS-only and HERA-gmlata ts are presented
in Fig. 5.29. The numerical values of each t are summarizedable 5.7, where the
values and uncertainties of (Mz) are shown, with thexp experimental uncertainty
determined from the 2 =1 range and with thproc propagated procedural uncertainty,
due to the nite size of the replica sample. The quality of gagabolic tis also shown
in each case through th%ar:Ndof value. The ts denoted by theed. label are simply
equal to the respective standard ts but wii,, = 500 for each s value considered in
the procedure.

The fact that a further increase in the number of replicasl is@ot needed can be
seen by looking at the procedural uncertainty: its value iganeral very small and with
Niep = 500 for all s values almost no uctuation at all is observed on the unacetta
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Figure 5.29:Same as Fig. 5.28 but for a tto DIS data only (left) and to HERA data onlyhig

2.1 HERA-only

S (M V4 ) N rep

0.100 1000

2.1 global H 2.1 DIS-only ‘ 0.102 500
s(Mz) | Nrep s(Mz) | Nrep 0.104 500
0114 500 0.114 500 908 1000
0.115 500 0.115 500 0110 500
0.116 1000 0.116 1000 0112 1000
0.117 500 0.117 500 0114 500
0.118 500 0.118 500 0.115 500
0.119 1000 0.119 1000 0116 1000
0.120 500 0.120 500 0117 500
0.121 500 0.121 500 0118 200
0.122 1000 0.122 1000 0119 1000
0.123 500 0.123 500 0120 500
0.124 500 0.124 500 0121 200
0.122 1000

0.123 500

0.124 500

Table 5.6:The values of s (Mz) and the number of replicd$,e, used in each case for various
determinations of s (M z).

thus con rming the reliable determination of the nite-sizincertainty. Also, the change
in value of ¢ is always smaller than the procedural uncertainty as thebeuwf replicas
is decreased. The? values of the parabolic t are expected to follow & distribution
with Ngor = 8 degrees of freedom for the global and DIS ts, aNgd,s = 12 for the
HERA only t. The standard deviation ofgar:Ndof is thus expected to be of orde:,
as indeed observed. Another check that has been perforrtedxslude the points at the
edge of the t, adding extra parameters: it follows that fessare almost unaffected and

no improvement in t quality is observed.

In Fig. 5.30 the results for various best- t; values are shown. It is interesting to
notice the correct behaviour of uncertainties, that ireeeahen reducing the size of the
dataset, and in particular the good agreement between tiRDRR.1 best- t value and
the published PDF value. Moreover, the found experimermakrttainty is surprisingly
small. Interestingly, the value found using HERA data onimisch smaller, even though,
because of the considerable (almost sixfold) increasatisstal uncertainty it is still less
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| | s (M) | per =Noot |
NNPDF2.1 0:1191 0:0006°**  0:0001P° 1.6
NNPDF2.1 DIS—only 0:1178 0:0009** 0:0002r°° 0.7
NNPDF2.1 HERA—only 0:1101 0:0033*  0:0003° 0.7
NNPDF2.1red. 0:1191 0:0006™®  0:000F°° 15
NNPDF2.1 DIS—onlyed. 0:1177 0:0009*  0:00021° 0.5
NNPDF2.1 HERA-onlyed. | 0:1103 0:003Z2*"  0:0004'° 11
NNPDF2.0 0:1168 0:0007®  0:000F° 0.4
NNPDF2.0 DIS—-only 0:1145 0:0016*®  0:0003"° 1.4.

Table 5.7: Values of s(Mz) and associated uncertainties. All uncertainties shown are 68%
con dence levels, with the experimental uncertainty obtained by requiring = 1 about the
minimum, and the procedural uncertainty from propagation efEq. (5.6) due to nite size of

the replica sample. The quality of the parabolic t as measured ggy:Ndof is also shown in
each case. For the global, DIS-only and HERA-only ts ( rst three s)ythe maximum number

of replicas, given in Tab. 5.6, has been used. The three redudezhrép(subsequent three rows)
only differ from these because of the useNafp, = 500 for all s values. The NNPDF2.0 ts of

the last two rows also hawe, = 500 always.

than three from the global t. The fact that HERA data prefer a lower vahfe ¢ may

be related to the deviations between HERA data and the peeldiitO scaling violations
which was observed in Refs. [163, 164] for the smallesind Q> HERA data. These
may be affected by smak-resummation or saturation effects. As shown there, scaling
violations in this region are weaker than predicted fromlbbaviour observed in other
kinematic regions, and thus would tend to bias the value;afownwards. A dedicated
analysis would be required to prove conclusively that thithe case. Focusing on the
DIS-only result, there is no evidence that a lower value gfis preferred: the results
found in this case are perfectly compatible with the glodadt the one-sigma level.

Itis possible to brie y comment on theoretical uncertadstin NNPDF t, without the
intention of giving to this issue an exhaustive and detadlestcription. A possible source
of theoretical uncertainty could be introduced by inefregges of the global PDF t (such
as, for example, any residual bias related to parton digtabs). This kind of uncertainty
should show up in the behaviour of théas a function of s, either as point-to-point uc-
tuations or as a systematic deviation from the underlyingased quadratic behaviour (if
they are correlated to the value of). The good quality of the parabolic t suggests that
these uncertainties are small, and thus that NNPDF unogrtgian accurate assessment
of the total uncertainty due to the statistical and systenogicertainties in the experimen-
tal data. Indeed, the uncertainties due to NNLO and highgersrin perturbative QCD
introduced in the computation of the several different psses included in the analysis
still need to be assessed and surely affect up to some ekiemésults here presented.
Other possible sources of theoretical uncertainty may leetathe lack of resummation
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Figure 5.30: Left: Graphical representation of the values qf(Mz) of Table 5.7 (reduced
replica ts not included). Uncertainties have been added in quadrafRight: comparison to
other recent determinations of (M z) from NLO PDF analysis. The PDG value of Ref. [229] is
also shown.
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Figure 5.31:Same as Fig. 5.28 but for the NNPDF2.0 global t (left) and NNPDF2.0 Dify o
t (right).

of higher order QCD corrections in some kinematic regionstaride treatment of heavy
quark mass effects. In cases in which both NLO and NNLO detextions are available,
such as Refs. [82,94], a sizable downward shift of the besgltie, of order of several
percentage points, has been observed when going from NLONtdON Looking at the
more recent result obtained using NNPDF2.1 NNLO in Ref. [2f4d stability is found:
the shift is around 1.5%.

In order to give an approximated estimate of the impact ofheaark masses treat-
ment, the ¢ t has been also performed using the NNPDF2.0 [87] PDF seth moth
global and DIS-only dataset, which is based on a zero-massl@ avor number scheme
in which all heavy quark masses are neglected. In thesellts,savalues considered in
the procedure have a number of replitgg, = 500. Considering again Table 5.7 and
Fig. 5.30, a remarkable downwards shift is observed for Bo#tNNPDF2.0 determina-
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tions here considered: if one were to conservatively esénige uncertainty due to heavy
guark mass effects as the difference between the NNPDFA.NE®DF2.0 results one

would get, for the global t, "  0:002 In the DIS-only case a still larger shift is
observed, because hadronic data is unaffected by the eaathheavy quark mass ef-
fects. The theoretical uncertainty due to neglected peative higher order corrections
is expected to be of the same order of magnitude, being tleusaiminant uncertainty for

these ts but also for the ones from other groups.

The result obtained from the global NNPDF2.1 NLO set is camgpavith the ones
determined using PDF sets from other groups: MSTW [82], CTHI3] and ABKM [94]
PDF sets. The CTEQ collaboration is the only one among thepgrbere considered that
to determine the best t value and its uncertainty studiesdépendence of the t quality
on ¢ asis done here. The other two, ABKM and MSTW, t the value introducing it
as a free parameter in the parton t performed to determieePDF set. In this way they
obtain a correlated Hessian matrix which mixes the PDF patarsawith . The equiva-
lence of the s uncertainty obtained from either methods is explicitlywhan Ref. [203].
Observing the plot in Fig. 5.30, the agreement among thewaudifferent results is clear.
It can be seen that CTEQ and MSTW [82, 203] have a quite largésttal uncertainty.
This is due to the tolerance [97] criterion, that is based smestantial rescaling of the un-
certainty ranges in parameter space. In NNPDF procedweésthiot needed because the

2 uctuations are kept under control by a suitable choice efsize of the Monte Carlo
sample, as discussed above. The dataset used in the ABKMileddion is smaller than
the other ones because it does not include collider jet aotbvboson production data.
The CTEQ and MSTW collaborations instead use almost the sataseat as done in the
NNPDF analysis (see Sect. 2.5).

As a cross-check, the Gaussianity of the distribution ofiltesobtained performing
a t experiment by experiment is veri ed, applying a variasitthe method proposed in
Ref. [235]. The results are displayed in Fig. 5.32 togethéh Wie uncertainties due to
the nite size of the replica sample, determined as above. dagh experiment that is
included in the global t already performed, a dedicatedapalic t to the 2 prole
Is operated. The results for each of them (among the onedhdvata minimum in the
investigated range) are shown in Table 5.8. Only NMCraticAGLCHORUS, H1F2C
and FLH108 data have no minimum in the tted range.

The distribution of results can be studied de ning the pull
s(Mz) ' (Mgz).

P
~ - 0 ’
1;2 + tot ;2

S S

(5.7)

where | (Mz) is the best t value for the-th experiment and' _ the associated statisti-
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Figure 5.32:The 2 pro les for the individual experiments in the NNPDF2.1 global t together
with the results of the corresponding parabolic ts tg¢ The uncertainties due to the nite size of
the replica sample are shown on each value.

cal uncertainty, obtained from the 2 = 1 rule. The pulls are summarized in Table 5.8
and displayed graphically in Fig. 5.33. A Gaussian t to thstibution of pulls is per-
formed and also displayed in Fig. 5.33. The Gaussian t isoodjagreement with the
histogram data with meanPi = 0:04 and standard deviation, = 1:3. The standard
deviation would be further reduced somewhat if nite-sizecertainties were included.
This however would require a lengthy correlation analysSitfie conclusion is that the
value of the tolerance required to get a perfectly Gaussgtritalition of pulls is smaller
than1:3 — a value which is clearly compatible with a statistical uetion.

Thanks to the particular procedure used, that is the sandatasets of different size,
the issue of whether and why different datasets may preféareint values of s can
be addressed. In Fig. 5.34 thé pro les for the global NNPDF2.1 t, already shown in
Fig. 5.32, are compared to the same quantities determimékefat to DIS data only. The
interesting behaviour of the BCDMS dataset is discussed:raadt observed in several
other studies [82, 232, 236], this dataset seem to prefenvarlgalue of ¢, in particular
lower than Eg. (5.5). There is a clear difference in Fig. S08tween the 2 pro le for
global or DIS-only ts. This seems to suggest that, usingvadovalue of ¢, the parton
t would show a better quality because of this allowed diretin DIS data, but in the
global tthe quality that in DIS sector improves would worssomewhere else.

A clearer picture of the situation can be gained by studyirggdorrelation [40] be-
tween parton distributions and the value of thefor individual experiments. Looking
at the best- t results, if nonvanishing correlations aregant means that the t for that
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Figure 5.33: Distribution of pulls, Eq. (5.7), for the value ofs preferred by the individual
experiments included in the global t. These pulls have been summarized e 32).

speci c dataset can be improved by changing the given PDReGadions of opposite sign
denote a “tension” between different datasets: the PDFllsgin opposite directions.
As an example, here the gluon PDF is considered, and thelatiorecoef cient for a
pair of values ok as a function of s is computed and the result is shown in Fig. 5.35 (all
from a set ofN,¢, = 500 replicas). While for large values ofs all correlations have the
same sign, near the best- t value of the strong coupling HERARCDMS data on one
side and jet data on the other pull the gluon in opposite tioles. Hence, a determination
of ¢ including DIS data only can easily be biased. The fact that B&Mta prefer a
lower value of ¢inaDIS-only t, but not if the gluon is constrained by jet davas also
found recently in Ref. [236], in the context of the MSTWO08 parttetermination. How-
ever, in that case the BCDMS data was also found to signi caoityg downwards the
value of forthe DIS t, perhaps due to the fact that the MSTW gluon paetrization,
though more exible than that of other groups, is still legxible than that of the present
analysis.

The fact that runaway directions for thé may appear in the joints-gluon space can
be understood by noting that in DIS the gluon is determineddajing violations, hence
a smaller value of § can be partially compensated by a larger gluon and conyersel
However, the jet cross-section pins down the size of therg(abthe rather larger scale
of the jet data) thereby quenching this potential instgbilHence, can be concluded that
even though in this t the DIS-only value ofg is not signi cantly smaller than that for
the global t (possibly due to the great exibility of the fumtional form of these PDFs), a
tto DIS data, and speci cally to BCDMS data, has a potentiatability in the direction
of lower values of s which is only kept under control by the inclusion of jet data.
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| Experiment|

1
S

i
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Table 5.8:The pullsP; Eq. (5.7) for individual experiment included in the NNPDF2.1 global t
case, computed for each experiment which has a minimum in the range cedside
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Figure 5.34:Comparison of the 2 pro les for the global NNPDF2.1 t (same as in Fig. 5.32;
red, solid curves) to those determined for the DIS-only NNPDF2.1 tégrelashed curves).



174 LHC Phenomenology

NNPDF2.1 - Q? = 2 GeV? - Gluon - x=0.05 NNPDF2.1 - Q? = 2 GeV? - Gluon - x=0.1
15 - HERA-l —— 15  HERA-| ——
BCDMS BCDMS
CDFjets - - - - CDFjets - - - -
1r DOjets ------- 1r DOjets -------
E866 E866
0.5 0.5

) Ty Lzl TritRaTis L el .

0.5 E— e \/Y

0 el T Tt

Correlation coefficient
Correlation coefficient

-0.5

-1 -1
0.114 0.116 0.118 0.12 0.122 0.124 0.114 0.116 0.118 0.12 0.122 0.124
ag(Mz) ag(Mz)

Figure 5.35:Correlation between the? and the input gluon as a function of (Mz) for x =
0:05 (left) andx = 0:1 (right) for the NNPDF2.1 global PDF set.

Summarizing the results discussed in this Section, thexgtooupling s has been
determined from a next-to-leading order analysis of preegsised for the NNPDF2.1
global parton determination. A value,(Mz) = 0:1191 0:0006*° has been found,
where the uncertainty includes all statistical and systenexperimental uncertainties,
but not purely theoretical uncertainties, which are expetd be rather larger. A detailed
study of the dependence of results on the dataset has befennped, analyzing each
single experiment included in the global t. Finally, hasemeprovided evidence that
individual data subsets can have runaway directions dueddypdetermined PDFs, thus
suggesting that a global dataset is necessary for a retigdgmination.



Conclusions and Outlook

In this thesis the main problematics related to the deteatian of a set of parton distribu-
tion functions have been presented and, after a brief dismu®n the strategies adopted
by other groups to address them, the focus has been set on Nheihodology.

The t performed on a global dataset using the combined imgletation of Monte
Carlo sampling in the space of data, neural network parana¢itvn, and genetic algo-
rithm minimization allows the NNPDF collaboration to de&iMPDF sets which behave in
a statistically consistent way and minimize parametriabias.

Three PDF sets are presented and analyzed: NNPDF2.1 LO, AHdNNLO. Heavy
quark mass effects are taken into account through the ingi&tion of the FONLL-
A GM-VFN scheme for the NNPDF2.1 NLO parton set and using FONLfor the
NNPDF2.1 NNLO delivery. At LO heavy quark mass effects imére to a much minor
extent. The NLO PDF set has been compared to the previous IRRPDelease, which
does not include HQ mass effects, and also with parton sats dther groups as CT10
and MSTWO08, which instead include them but through diffetezdtments. The leading
order determination has been compared both with the NLO adewnath the LO PDF
sets from other groups as MSTW and CTEQ. The NNPDF2.1 NNLpatt, after the
usual comparison to the NLO release, has been instead cechpaMSTWO08 NNLO
and ABKMO09 NNLO. In general, has been veri ed consistencyhat dbne-sigma level
among NNPDF releases (with the only exception of LO deteatiom, where theoretical
uncertainties are relevant) while rather signi cant shifiave been observed in speci c
cases in the comparison with results from other groups,ceshein the NNLO analysis.

Several sets of PDFs have been determined with varying valiue, and of the heavy
quark massesy., my, to allow the computation of the respective uncertainties.

Theoretical predictions for a set of LHC observables (isolel vector boson, top
and Higgs production) have been computed for benchmarlgamst results from other
groups and against rst LHC available measurements. Thagéa this kind of inclu-
sive cross-sections has been found to be rather small wishrding heavy quark mass
effects. The change is instead substantial when lookingsgrvables that directly probe
heavy quark distributions.
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Also, has been shown that an estimate of th@alue is possible exploiting the simul-
taneous dependence of the global dataset on PDFs awdlue. It has been determined

s(Mz)=0:1191 0:0006™, with a surprisingly low statistical uncertainty.

Having determined LO, NLO, and NNLO PDF sets using the vemyesmethodology
and the same data, allows for the assessment of perturlséiviity. Excellent conver-
gence of the perturbative expansion within the kinematgore covered by the experi-
mental data has been shown. Moreover, has been shown thabthded uncertainty on
PDFs at LO is only a fraction of the theoretical uncertainityaf is not included). Looking
atthe NLO tit can be estimated as dominant in this case. TIDE Bets produced by the
NNPDF collaboration as well as the ones delivered by otheugs only include data's
experimental uncertainties. A similar estimate of theoattuncertainty can be given
also for the NLO determination by looking at the followingrpebative order (NNLO):
in this case the size of theoretical uncertainty is smalantthat of experimental one,
thus at NLO and beyond it is reasonable to neglect theotetieaertainty. The theoreti-
cal uncertainty could be evaluated in a more precise waydch single perturbative order
determination by varying the renormalization and factatian scale during the PDF t.

The inclusion of the amazing amount of new data that the LH@lavering will be
the main target in the next years. The NNPDF2.2 PDF set, ttmbben brie y presented
in this thesis, already includes a part of LHC data througtrélweighting technique. The
NNPDF2.3 parton set [50] includes sistematically all tHevant LHC data. The presence
of these data will be more and more important in parton tgdieg to much better
constrained PDFs. Also, new processes will be availableseg¢mhergies at which the LHC
operates, hopefully allowing for a competitive PDF deteraion using collider data, for
exclusion of the less cleaner xed-target data and in gdmétaw energy measurements.
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Appendix A

Heavy Quark Coef cient Functions to
O ( s) In Mellin Space

Neutral Current Coef cient Functions

In this rst part of Appendix A the analytic Mellin transforiof thex-spaceO ( s) heavy
quark neutral current coef cient functions is computed @discussed the implementa-
tion and benchmarking of FONLL neutral current structunections in the FastKernel
framework. The corresponding results for charged curreattire functions follow be-
low.

The x-space gluorO ( ) heavy quark coef cient function is given by Eq. (1.130).
Its Mellin transform is de ned in the standard way as

Z 2-0N2 1
_ 2 (1+4 m2=Q?) _ 2
CivtN; Q- dzz¥ *c{P* 2% (A1)
’ mj 0 ’ h
It is easy to see that the integral Eq. (A.1) can be writtem@following way
) Z 1 n 1 +v
CRVH(N; ) = Tea" O dtth T 1+2a@2 Dt+2a%(1 6 42 In 3
0
1+4a( 2t 4a’( 2Qt2v (A.2)
1 n 1+v
= Tga' dtthN ' 1+ 3at I(1+4a 9a)t? In v
0
o
1+(1 9at a1l 9at’v ; (A.3)

wherea() (1+4 ) 'isde ned to simplify the coef cients. The needed integrate
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thus 7 Z,

1 1+
J1(N) dtt™ tin z; J5(N) dttN y: (A.4)

0 0
since extra powers dfcan be accommodated by a shiftNnby an integer. Here as usual
v=(1 t)¥?=F1 at)'?.

The two integrals are related by an integration by parts.htmshis, is needed

d 1+v _ dvd 1+v

dtI v dtav 1 v
_ 1 1 a 2(1 at)
- 2(1 )21 at)’2 (1 a)t
1 1
Tt 9P and? (A.5)
Thus Z, g
_ 1 N 1+v_ 1 :
Ji(N) = N . dtt dtl = NI(N), (A.6)
where Z,
I (N) dtth @ o) 21 at) = (A.7)
0

Note that the boundary term in the integration by parts Veesdor allReN > 0, and
thus its analytic continuation vanishes for Bl so it can be safely ignored. Trivially
Jo(N) = I(N) (N +1). The integrall (N) may be evaluated in the usual way in
terms of a standard hypergeometric function:

(N)(3)
I(N)= —szl(z,N N + % a): (A.8)
N+ 3
Note that whera = 0, this reduces t8 (N; 1), as it should.
Thus it is obtained

n
(n.)l(N )= Tra"  LI(N)+ 132I(N +1) ;1+?\la+29a2|(N+2)

I((N) I(N+1D)+(1 9a)(I(NO+1) (N +2))
al 9a)(I(N+2) I(N+3))

n
= Tra" (& DIN)+ (2 +9a)l(N +1)
(6]
(31 (1+a) (1l %)I(N+2) al 9%)I(N+3) : (A9)

This result is the required ingredient to implement the FQMLneutral current structure
functions in the FastKernel framework.

A cross-check of the Mellin transform of the massive coedrai function Eq. (A.9)



is provided by the fact that its massless limit coincideswiite Mellin transform of the
X-space massive asymptotio;; 0) coef cient function, Eq. (1.134). To this purposes,
Eq. (A.9) needs to be expanded near 1. Neara = 1, i.e. = 0, the asymptotic
expansion

(N+3) X (n+3)(N+n)

(D2(N)Y?__, (n)?
[2 (n+1) (n+ 1) (N+n) In1 a1 a"; (A.10)

F(3N;N + La) =

is needed, so that

1 X (n+H(N+n)
(D(N)__, (n1)2
[2 (n+1) (n+ 1) (N+n) Ind aj1 a" (A.11)

I(N) =

Then = 0 term then gives thin collinear divergence, which is subtracted by the mass-
less coef cient function: as! 0

IN)= In(4) 2e (3 (N)+O(): (A.12)

Substituting in Eq. (A.9) the result

[ N3+3N? N@+N+N)(n + g+ (N))]

CIM™(N: )= Tr N2(1+ N)@2+ N)

+0();
(A.13)

is obtained, as expected: the coef cient of the singulastgrecisely the LO anomalous

dimension (& (N). Therefore it has been checked that the massless limit iseplo

reproduced,

Cg(}n.);l (N; )+ O( ): Cén|;0);l (N; ); (A.14)

with the massive asymptotic coef cient function given bg tellin transform of Eq. (1.134),
as desired.

For completeness, the correponding expressions foOthies) heavy quark coef -
cient function for the longitudinal structure functién.. is also provided, which is im-
plicitly contained in Eq. (A.9) sinc€,.. = Fr..+ FL.. Thex-space expression for the
longitudinal heavy quark coef cient function is

1+

2
c(mit Z'Q— = W? 4m? Ti 822|091

Lig ! m2

z+4vz(1 2) :© (A.15)



Its Mellin transform can be computed using the integralsuised above, with the result

h i
: - Q? N (N +2 :
cit N; <5 = TraV ! 8a%+4(|(|\1 +1) I(N+2)(1+ a)+ I(N+2) :

The massless limits of the- and N -space results are straightforwardly computed and
checked to be related by Mellin transformation as they otmht

Now the implementation and benchmarking of these resultisarFastKernel frame-
work is considered. The major improvement in the FastKefmaehework as compared to
Ref. [87] is the inclusion of heavy quark mass effects in deefastic scattering structure
functions, following the FONLL-A general-mass scheme [3 discussed in Ref. [87],
FastKernel requires to write down all the DIS observableslallin space and precom-
puting all the associated x-space Green's functions. Taergto extend FastKernel with
FONLL structure functions a formulation of FONLL in Mellirppace is needed.

Thex-space expression for the FONLL-A heavy quark structuretions, Eq. (1.127),
can be easily written down iN -space as follows:

FI (NiQ) = Fi)(NiQ?) (A.16)
2 2 mz 2N (N:0) (N 2 (Mi+1) '\~ 2 '

Q* m* 15 FaP(NQ) R (NQY
with the default damping factor as threshold prescriptlararder to implement Eg. (A.16)
in the FastKernel framework, the Mellin space expressidiiseoheavy quark coef cient
function in the(n,), (n;;0) and(n, + 1) schemes are needed. While the last two are
known, the former was not available in a closed form suitdbteanalytical continua-
tion. The details of the computation have been presentedeabod the desired result is
Eqg. (A.9).

With all the Mellin space heavy quark coef cient functionsagdable, it becomes pos-
sible to implement the FONLL-A heavy quark structure fuacs, Eq. (A.16) into the
FastKernel framework. To show that tiNespace implementation has the required ac-
curacy, in Table A.1 foF,. and in Table A.2 forF .., the results for the Les Houches
Heavy Quark benchmarks [38] for FONLL-A obtained with theNAQLdis code [36,51]
and with the FastKernel framework for various relevant galofQ? are compared. The
benchmark settings for the PDFs angdare used for this comparison. What can be seen is
that the accuracy on the FONLL heavy quark structure funstie essentially always be-
low the percent level, enough for precision phenomenolgtudies. For completeness
the analogous results for the case of the massive schenitsyagwere similar accuracies
are obtained, are also shown.



FONLL-A FFN
X | FONLLdis | FastKernel] Accuracy| FONLLdis | FastKernel| Accuracy
Q2= 4 Ge\?
10 ° 0.1507 0.1501 0:4% 0.1088 0.1091 0:3%
10 4 0.0936 0.0931 0:5% 0.0697 0.0698 0:1%
10 3 0.0506 0.0504 0:4% 0.0392 0.391 0:2%
10 2 0.0174 0.0177 1:5% 0.0136 0.0137 0:7%
Q2= 10 Ge\?
10 ° 0.563 0.561 0:4% 0.3598 0.3602 0:1%
10 4 0.312 0.311 0:3% 0.2007 0.2011 0:2%
10 3 0.1499 0.1495 0:3% 0.0981 0.0982 0:1%
10 2 0.05056 0.05052 0:1% 0.0328 0.0327 0:3%
Q? = 100 GeV?
10 ° 2.28636 2.28577 0:02% 1.9779 1.9877 0:5%
10 4 1.12186 1.12082 0:1% 0.9161 0.9184 0:3%
10 3 0.48008 0.47919 0:2% 0.3644 0.3647 0:1%
10 2 0.15207 0.15200 0:04% 0.1037 0.1038 0:1%

Table A.1: Results of the benchmark comparison for fg(x; Q?) structure function in the
FONLL-A scheme for the FONLLdis code [36] and for the FastKernelecdresults are provided
atthe benchmark kinematical pointsdrQ?2. Results for the massive (FFN) scheme are also given
for completeness.

FONLL-A FFN
x | FONLLdis | FastKernel] Accuracy| FONLLdis | FastKernel| Accuracy
Q?=4 Ge\?
10 ® [ 0.0130174] 0.013094 0:6% 0.009077 | 0.009081 | 0:04%
10 4| 0.008347 | 0.008316 0:4% 0.005913 | 0.005910| 0:05%
10 3 | 0.004795 | 0.004778 0:3% 0.003511 | 0.003509 | 0:06%
10 2 | 0.001910| 0.001907 0:2% 0.001403 | 0.001406 0:2%
Q? =10 Ge\?
10 5| 0.073235| 0.073022 0:3% 0.049856 | 0.049982 0:2%
10 4| 0.041392 | 0.041251 0:3% 0.028402 | 0.028423 | 0:07%
10 2 | 0.020754 | 0.020707 0:2% 0.014463 | 0.014456 | 0:05%
10 2 | 0.007616 | 0.007595 0:3% 0.005350 | 0.005346 | 0:07%
Q2 = 100 GeV?
10 ° | 0.471889 0.4729 0:2% 0.3955 0.397855 0:6%
10 4 0.2236 0.2235 0:1% 0.18656 | 0.186914 0:2%
10 8 0.0920 0.09188 0:1% 0.0765 0.076393 0:1%
10 2 | 0.027822 | 0.02782 0:1% 0.023079 | 0.023100 0:1%

Table A.2:Same as Table A.1 for tHe_c (x; Q2) structure function.

Charged Current Coef cient Functions

In this second part of Appendix A the analysis of the previpar is repeated for charged
current structure functions.



TheFS charm structure functions in charged current DIS is giveizgy(1.135). The
expression for structure functions in neutrino-inducedrgkd current scattering in the

FFEN scheme is

71
. N2 S( 2) d (n), o 2 L
FiC(XsQ )_ 0( = _ C I ( )S - +
+CP(% %) 5 2 (ALD)
withi =1;2;3. In Eq. (A.17) have used the following de nitions:
= 2jVe?S + 2Vl A + (1)Ul f =
) i ’ Np+ I\In,
(A.18)
2 2
Q2 Q2+ m2

() to the coef cient func-

The explicitx-space expressions of te( ) contributionsC; ()

tions are given in Refs. [44, 45]. The standard structuretfans are related to those
de ned in Eq. (A.17) through

2
S FS 2F$=x"F&  FS 2FS, (A.19)

so that
Ff FZC 2XF; =2 (F§ Ff): (A.20)

Before Mellin- transforming th&-space quark coef cient functions of Refs. [44,45]

they are all rewritten in the form

Chlx) =K (@ x)+ f(x)+[90];

whereK is a constant antl(x) is regular function irx 2 [0; 1] (so in generag(x) is not



regular inx = 1). It gives

1 2 1+3
(”') = + 4+ — 4+
C (Z) Ce 4 5 3 > Ka (1 Z)

(1+2%)Inz z 72

+ G ———— 21+2)lInQ 2+(1+ 2)InQ z)+(3 2z2)+
1 z 1 z

InA 2z) _InQA z) 1 1 1 z 1+ 22
+ Cr 4 2 2 + = I ;
F 1 z 1 z 1 z 2@ z)2 1 z : L
) (A.21)
C(n')(z) = CF 4 + i + —+ 1+

5 3 2KA 1 2

1 5 20+2)in(1 2)+(1+ 2)In(2  z)
212
+ 22 +2 % + Z1 z
InA 2z) _.InQA z) 1 1 1 z 1+ 2?
+ Cr 4 2 2 + - In ;
T 1 z 1 z 20 z)? 1 z .’
) (A.22)
(n|)(Z) = G 44— 1+3

> 3+2KA(1Z)

1+ 29I
+ C Q1+ 2z9)Inz

T 7 21+2)In1 2)+(1+ 2)In(1

2)+(1+ 2+ o

In(1  2z) In(1 z) 1 11 z 1+ 22
+ Cg 4 2 2 + = | .
F 1 z 1 z 1 z 21 z)2 1 z : .
(A.23)
yin(L )=

with K o = (1

The gluon coef cient functions do not need any further workiare given by

CV(@) = T(22 2z+1)f2in(l 2)

2lnz In[ (1 )]g+
[4 41 )zl 2+@Q ) ZZ + (A.24)
20 ) zln— 2 1z

a )z Zzzlnm 1;



Ci(z) = Ti(222 2z+1)f2In1 z) 2Inz In[ (1 )lg+

1

[8 18(1 )+12(1 )3z1 2)+(@1 )1 —+ (A.25)

1 =z 2|n1z

6 (1 )zlnm 2z 1 )z 1;

1
Ci(z) = T(222 2z+1) 2In(l z) 2In(l z)+In —— 4+

(A.26)

1 =z 1 =z
zIn

20 )z 2@ ) @ HFIng—, 1 )z

In order to transform to thé&l -space the above-space expressions, in Tables A.3
and A.4 are tabulated the Mellin transforms of all terms Imed. In these tables the
analytic continuation of the harmonic sum

X 1 ( 1)I
_ _ (1) .
S S(N)= W (1 a1 (N +1);
k=1
Is used, where (I) is the Riemann -function, with (1) = gv, (I 1)) is the

polygamma, andF(a; b; ¢N) is the Gauss hypergeometric function .

As an example of use of Tables A.3-A.4, here is presented dh&leteN -space
quark and gluon coef cient functions fdt;

1 2 1+ 1
o 4+ —+ —+ Ka 28, )+ —

Cé;nql)(N) 2 3 2 N2

P L SRR . LN +1N+2; )

In(1 )+ 2F1(L;N +2;N +3; )+In(1 )+ 2 +2
N (N +1)(N +2) N+1 N+1 N

2 +22F1(1;N LN; ) oFi(LN;N+15 )

N 1 N 1 N (A.27)

2Fi(L;N+1;N +2; )
N +1

+2 S2+ S, 2% 2J (N) .2Ni S,

1 LF@2N:N+2: ) +In(1 ) 1 3
- + — 2S5+ - | ;
2 N(N +1) 2 N N+1 273 "




f (z) M[fI(N)
@a 2 1
Z 1
N + |
(1+ 2z%)Inz 1 1
=2 2(S =
1 z & 2 [z (N +1)2
SS S 1
1+ z)In(1 =
(1+2)in 2) N N+1 (N+1)2
FI;N+1;N+2; ) InQ2 )
1+ 2)In(1 2 +
(1+2)int  z) N(N +1) N
2F1(1;N+2;N+3;)+In(1 )
(N +21)(N +2) N+1
z 7° SFA(LN+1;N+2; ) LF(LLN+2;N+3; )
1 z N +1 N +2
21z ,2FULN LN ) oFa(LNiN +15 )
1 z N 1 N
2Fi(LN +1;N +2; )
N +1
1 z oF1(LNSN +15 ) oF (LN +1;N+2; )
1 z N N +1
In(1 2) 1 S
— = = 82+5, 2=
1z 2 THTTPOON
Inl z) Rk 1
— -7 J(N)=  — Si(N+k) Si(k
1z . (N) X 1 ( A N
1 1
1 z | N S1
1 z oF1(2;N; N +2; )+ +In(1 )
@ z)2, N(N +1) 2
1+ 22 1 1 3
= 25, + =
1z, N N+1 T2

Table A.3: Mellin transforms of the terms involved in the NldBarged current quark

coef cient functions.




@) M [FI(N)
4 2N(N  3) N(N?+N+2)f2S5;+In[ 1 )lg
[z22+(1 2)?3 N2(N + 1)(N +2)
2l —= [ @ )]
2 * 2 2 R(LIN+1IN+27 )
22+ (1  2)?)] =3 |\|+1+ — 1 -
2in = i L 4 1) (N2+ N+2) 25, In -
! (N +1)(N +2) N(N + 1)(N +2)
1 2z JFi(LN+1;N+2; )
zln(1 2 N T D)2
2+ 2 FLN+1;N+2 ) 1
1 )z (N +1)(N +2)
1 Fr(L,N;N +1; )
1 z N
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1 Z N +1

Table A.4: Mellin transforms of the terms involved in the Nlgbarged current gluon

coef cient functions.

- 4 2N(N 3) N(N2+N+2)fS;+In[ (1 )]g
Cog (N) = T ON2(N + 1)(N +2)1 *
8 18(1 )+12(1 )2 L@ )F(LNIN +15 )

(N +1)(N +2)
oF1(L;N +1;N +2;
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2,F(LN+1;N+2; ) 1

6@ ) (N +1)2
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(A.28)

1 .

N’

As a cross-check of the Mellin space results, it is possibleampute the asymp-

totic limit
functions is needed, Eq. (A.10) up @(

I 1 of these expressions. The asymptotic expansion of the ggparetric
1) terms. In particular,

FILN+L;N+2; )= (1+N) In( )+ g+ ONN+1) +0( 1);
(A.29)
SF12;N;N+2; )= N@+N) In( )+ ¢+ ON) +0( 1): (A.30)



Substituting in Eg. (A.27), one can see that all collineaavyequark logarithms and
that the massless limit of the massive charged current hgaask coef cient functions
reduces to the usual ZM-VFN result, as known frerspace.

Now the implementation and benchmarking of the above resultd the FastKernel
framework is discussed. Analogously to the neutral cursentor, the FONLL-A charged
current structure functions in Mellin space can be written a

Fi;(r)]C;FONLL (N:Q?) = FCC(”')(N Q?) (A.31)
2 2 m? °h ECCMO -0  ECCOD (- 02 |
Q* m* 1 & FaUNQY R (NQ?)
with i = 1;2;3. The Mellin space expressions of the massive heavy quarkcteoe
functions have been computed above, and the other ingtsdi¢ricq. (A.31) are their
massless limits and the standard Mellin transform of the \ZIWN coef cient functions.

With these results, the FONLL-A charged current structuretions Eq. (A.31) have
been implemented into the FastKernel framework. As it hanlane in for neutral cur-
rents, here the accuracy of this FONLL scheme implememtagitbenchmarked. Again
the same settings of the Les Houches heavy quarks benchiuaik are used. The
benchmarking of the FONLL-A CC structure function implensgitn in FastKernel is
performed for the charm production cross-section in neatmduced DIS, de ned by
Eq. (1.159), that combines all three charged current sireaclunctions. It has been
checked that the comparison of individual structure fuorihas a similar level of ac-
curacy.

Results for the benchmark comparison are shown in Table Assdigcussed above,
the FONLL-A calculation of charged current structure fuoies has been implemented in
ax-space code, FONLLdIisCC, that will be used for the benchmgnkith the FastKernel
implementation. Results are shown for various valueQ®ofrelevant for the analysis
of experimental data. The accuracy is similar to the oneeaeli for neutral current
structure functions (see Tables A.1-A.2), at the per mi¢lesuitable for precision PDF
determinations.



FONLL-A FFN
X | FONLLdisCC | FastKernel| Accuracy| FONLLdisCC | FastKernel| Accuracy
Q?=4 GeV?
10 ° 163.14 164.06 0.6% 158.70 158.15 0.3%
10 4 109.48 109.55 0.1% 106.81 106.64 0.2%
10 8 69.24 69.35 0.2% 67.86 67.88 0.1%
10 2 37.75 37.87 0.3% 37.27 37.30 0.1%
10 1 13.56 13.57 0.1% 13.53 13.51 0.1%
Q? =10 Ge\?
10 ° 279.31 278.71 0.2% 261.49 261.55 0.02%
10 4 167.02 166.85 0.1% 157.27 157.11 0.1%
10 3 92.90 92.87 0.03% 88.33 88.12 0.2%
10 2 44.92 44.93 0.02% 43.36 43.23 0.3%
10 1 14.50 14.48 0.1% 14.26 14.28 0.1%
Q2= 100 GeV?
10 ° 674.55 674.53 0.02% 651.21 645.94 0.1%
10 4 345.73 345.81 0.02% 331.17 329.14 0.5%
10 8 161.70 161.78 0.05% 153.94 152.36 0.1%
10 2 64.20 64.26 0.1% 61.11 61.06 0.1%
10 1 15.79 15.83 0.2% 15.33 15.42 0.1%

Table A.5:Results of the benchmark comparison for the dimuon charm productios-seasion

Eg. (1.159), in the FONLL-A scheme for the FONLLdisCC charged curoede and for the
FastKernel framework. Results are provided at the benchmark kinetdiogs inx; Q2. Results

for the massive (FFN) scheme are also given for completeness. Thsticigfavariable in the

dimuon cross-section for this benchmark table has been takenyto=b@:5. The Les Houches
Heavy Quark benchmark settings [38] have been used for the compariso



Appendix B

Heavy Quark Coef cient Functions to
O 2 in Mellin Space

In this Appendix expressions for the Mellin transforms &@( 2) massive heavy quark
coef cient functions intheQ?!1  limit are provided. These asymptotic coef cient func-
tions were rst computed long in Ref. [237] ir-space. Their Mellin transforms have
been given in Refs. [238,239], and will be rederived here iarenfwhich is suitable for
the purposes of the present analysis.

In order to perform the Mellin transform of thespace FFN heavy quark coef cient
functions of Ref. [237] it is convenient to rewrite them inrtex of independent Mellin
integrals, which can be then tabulated.

Following the notation introduced in Ref. [237], rst the gin coef cient function for

F_ is considered. The corresponding Mellin transform can hdemas
2 . in § — const Q QZ i .

Hig N - 4Tt Crg™(N)+ Cy(N)In 2 Cg(N)In v R (B.1)
The coef cient function has been separated into three term®?-independent term
CcY(N), a collinear log ternC?(N), and a scale variation ten@ (N). A similar
decomposition will be performed for all coef cient functis.
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The individual terms are:

corst =C BAl? BAD + 20 +8A0 +8AT  BAP AP
61 3250 0) (1) 2 6a( 1)
(2)(0)1?Al (E & +(2§1A4 +(121)A4 ](-(SA ’ i_?l'? ; (2
52 104 48 16 64 152 168
A2 A FA + A AL AL AT
+Cx  16A% +16AY 320 +16 2)AP  48Al +16AY
+8AY  8AY +24A) + ALY Al 7oAl + 227D
(0) 1) (20 8p( 1), 8a00) 4 136p(1) 42452 .
(B.2a)

Cl, = Ce[8AY +4AD +4Al AP
+Ca 160 168?340 + BAL Y 8AD  40A() + BAD
(B.2b)

CLy = Ca 16AY  16A7 3245 + AT Y 8Al)  40AlY + 1A (B.20)

where theﬁ\ﬂ) are the independent Mellin integrals
AD AN+ 1): (B.3)

Those for which closed-form analytic expressions will bediare collected in Tables B.1
and B.2. Some of these Mellin transforms were already condput&ef. [240] and are
repeated here for completeness. The remainder, for whicteriaal approximations will
be used, are evaluated at the end of this Appendix.

The quark coef cient function foF_ can be similarly written as

2 Q2 2 const Q Q2 2
Hlq ;W;W =4Te CIF®(N)+ Cr (N)In Y CLq(N)In — ; (B.4)
where
C‘L:%”St = Cr 8A§31) 8Agl) +8A§1) + gAE1 b 8A51°) + %GAEE) +8A(2°’
gAl  16AY  BAl V4 BAD 2A( 4 80D
(B.5a)
CQ=C,=Cr 8AY +3Al D 8al + 1040 . (B.5b)
Finally, the gluon radiation coef cient function fdf, can be written as
HOy N 24T CE () + Cor (N S B.6
L;GR ’W’W - f L;GR( ) L;GR( )nﬁ ) ()
where
Ciust = Cr 4(AY 2D + AD) AP, (B.7a)

Cler = CriAl: (B.7b)



Let us now turn to thé-, heavy quark coef cient functions. In comparison to the
longitudinal structure function, there are extra pie€8S(N) andC ? (N) arising from
the double collinear logarithm. The gluon coef cient fuiact for F, can be written as

2 . Qz. 2 — const 2Q 2 Q2 Q Q2
2 0 2 QZ (88)
Cog(N)In -~ Cog(N)In -~ In 2 ;
where

Cg%nst =Ct 4 281’6 2 (2)BI7+ B;l %Bg
+2  4Bys 2By +12Byg+ By 3By, +2Bj,+ By
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2 2 2 2
(A2 +aAD AT 4 AP + Al
+4 (AY AR +11AY +32A% + (3)(28AY
240 +48A7)  28A0) +36AY + AAL P +24A()
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2 1 0 1 2
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+Ca  4Cyu Cps Coet+ 3Cy+ 3Cy
0
+2 5(ATY +2AL) + (AR +2A%))  3(Af3 +2A{)+ (A +2A0)
+82A% + AY))  16A%) +2AY)  4AD +12AY)  4Al)
27T 16A0) +4A7) +4AD) +16AT]  (2)10AY  12A%
12 12 12 13 13 4 4
+16AL) + SAT) +4AL) (@AY +40A7  BAD)
B)EBAY +14AT +2AT)  SALY  12A7] + 4AT]
+ 270 + AL V4540 16A7 + DAY
) 8AL Y+ A +52AY 1240 1 4AD
7288 + 73A9 + AL Y SAD +16AY  WAP
+46AY  TAD + A0 Y BAD 2SAD 4 TOAD 4 BAD
1 2 1 0 1 2) .
+83A%) 14570 4 0L V4 28p0 4 SAD 92D
cX =Cr 2A 4AP +4al AP +2A0  4AP  1AD +2A]
+Ca 2AY  4ADP +4AD +2AD +8AD + AL Y+ AP +8A
QA(Z) .
3™l o
(B.9a)



CSy =Ce [2a9 4AY (8AY 16AYY +16AD) (2)

0
6AY

+12AY  16A9 +4AD Al +8AY +2AD  4AY
+8AY  7AD +24A0 2009 +2AD 12 +20AP

+9AY  17AY +4AP)]
+Ch  4AT) 8AT)  8AQ +4AD +16AY
AD +8A7) (2)+24A  8AY +2AY

ZINS

+4A anD 128D + ALY 2AD +40A0 AP

48A%0 +50AY + AL Y SAD 2AD 4 ATAD
(B.9b)
Chy =Ca 4AY +16AY  (4AD  8Al +8AP) (2)+24AY
2 0 1 2 0 1 1
8AY +4AD Al +8AY 2D  8Al) + Sl Y (.90
28D +48Al)  18AD 2D e4nl)
+2AP + LD 8D 2200 800
Cx =Ca 4AD 8AY +8AP +4AD +16A% + SAL Y+ 24D
' L 62,0 . (B.9d)
where
B, AQ 2004+ A@. c AD+2AD +2A@): (B.10)
The quark coef cient function foF, can be written similarly as
(2) . QZ. 2 — const 2Q 2 QZ Q 2
H2;q N; W’ W = 4Tf CZ;q (N) + Cz;q(N)ln W + Cz;q(N)ln W
2 o 2 2 (B.11)
CaﬂN”nmE CM(N””mﬂnﬁﬁ;
where

Coost = Cr 8(AR + AR +4(AT + AR + 2(AT + A))
8 (A + AT+ SAT + ATY)  3AL”

SAD + AL D +4AD a4l + AP (2)

+4AY AP +8AY + ALY+ AD A

4AQ + AY)
8Ald  gald
8Al Y +4Al

452
3As

+10AY  4AY + ALY 2ZAD 4+ A0 17D 4 104D
(1) 176 p (2) 20p( 1), 7670 304 5 (D) 208 5 (2) .

(B.12a)
R =cr 2aD +2A0 + AL V4 AD AP 4AD (B.12b)
Coy =Cr 4AY +4AY +4AD +anl  4aD  aAD + SAL Y

40 5 (1) 1652 .
+3AT AL



Chg = Cr  4AD +4AY +4AD +4AY 24D 2a0 + 8Al Y

40 p (0) 410 32,02 .
AL T AT+ FAT

CR =Cr 4AD +4AY + AL V42A0 240 8AD . (B.12¢)

The gluon radiation coef cient function fd¥, can be written as

HE, ;rQn—Z;m—zz = 4T, CS%‘%(NHCSER(N)InZ%Z+C§GR(N>Inm—Z :
(B.13)
where
CS%8 =Ce  JAG+AY) ZR@AY AV AD) (AR +AQ)
+32A AD AD)+ AG + AY BRAE AY AD)
+5H(AR + AR+ A AY AD)+ FAD + DAY
Y BAD+ BAY BAY B R
(B.14a)
Cis = Cr 1(2AY) AP AP+ 1, (B.14b)
Clor =Cr 3(Axm AP AD) [@A7 AP AY) o
(A% + A+ FAY + AP 2R P |

In addition to the elementary Mellin transforms listed irbles B.1-B.2, the coef-
cient functions contain terms whose Mellin transform isdam in closed form, but is

these functions has been evaluated through suitable ncahepproximations. Thg-
space expression whose Mellin transform will be evaluatatiis way are the following:

f16(z) = 2Lio( 2)In(L+ 2) +In(2)In?(1 + 2) +2Syo( 2); (B.15a)
foo(z) = Lis(1  2); (B.15b)

f24(2) = Lis 1+; Lis L; : (B.15c)

fos(z) =IN(2)IN(L  2)In(L + 2); (B.15d)

fas(z) =IN(L  Z)Lix( 2); (B.15€)

faa(z) = % (B.15f)

Each of these functions will now be considered in turn.

In order to determine the Mellin transform of Eq. (B.15a), E2R) of Ref. [240] is



" fn(2) An(N) = Mfa(2)I(N)

1 1 Ni

2 In(z) %

3 In?(z) é

4 In(1 2) SllElN)

5 In2(1  z) Sf(N);\rl Sa(N)

6 In(z)In(1  2) Sll\(l';‘)+ S2(N)N (2)

8 Lio(1  2) M

10| Lia( 2)+In(2)In(1+ 2) % % s, Nz L NE

11 In®(2) %

12 In%(z)In1 ~ z) NE (3)+ l(\12) SlN(l;l) SzISIN) Sa(N)

13| In(l  2)Li(1 2z) Lis@ 2) S1(N)Sz(N) (2)?\]1(’\])"' Ss(N)  (3)

14 (2L 2 5 @+ @SiN) 55 SHN)+ Sa(N)
S1(N)Sz(N)  Ss(N)

15 St 2) SIsN) (@)

17 In(L+ 2) ¥+% s, N21 s NE

18 31 2) SH(N) +3S(N l)\ISZ(N) +2S3(N)

Table B.1:Elementary Mellin transforms.




n fn(2) An(N)= M[f (2)](N)
1 2. N 1 1. N 1 4nQ
. N2 NE 2 T3 Tz Yy
20| In(z)Li2( 2) 1 2 N 1 N
"Wz Nt g ta® 5 @
1 2. N 1 1. N 1 1. N I 4@
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N N2t 3 N2 g Yo% g
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27 i Si(N 1)
|
28 ”(11 ZZ) + %Sf(N 1)+%82(N 1)
In(2)
29 T SN 1) (2
[ 2
30 % ) %Sf(N 1) SiN DS(N 1) %Sg(N 1)
In?(z)
31 T 2[S3(N 1)  (3)]
- In(Z)lln(lZ 2) B)+ SN 1) Si(N 1SyN 1) Sg(N+1 1)

Table B.2: Continuation of Table B.1.




used, which can be written as

" #
_ 1 z€ 2) 1 zIn%(2)
As(N) = M[f16(2)I(N) = WM 1+ 2 WM 1+ 2
(B.16)
L@,z @nhe, O
N 1+2z N 4N
The last two Mellin transforms are respectively
zln®(z) _ 1 N 1 N
TR e (B.18)
and 1 N 1 N
z
M 33 - 3 S; —5— S, > (B.19)

The Mellin transform of the term involving the special fuioct§ z) is given in Ref. [240]
in terms of the generalized harmonic s®%(N). To avoid evaluating this directly for
complexN, it can be rewritten as

az“¢§ 2); (B.20)

28 2) X
1+z
k=1

P
where the values of the coef ciendg are determined by tting the polynomial &21 a z
to the functionz51 + z) on the unit interval. One can then use the Mellin transform of
the functionz®€ z), which reads
1 1 N+k 1 N + k

S,

MIZ'€ 1= G " a2 2 2

(B.21)

The desired Mellin transformi\;6(N) is immediately found combining Eqs. (B.18),
(B.19), (B.20) and (B.21).

In general

zin"(z) _ ( )"in N 1 N

1 ¥z - 2n+1 Sn +1 T Sn +1 ? - (817)

This Mellin transform is super cially different from the Mien transform number 15 in the Appendix of
Ref. [240], but they turn out to be equivalent after suitaditapli cation. This apparent difference is also
responsible for the mismatch between entries 13, 28, 4362t the Table in the Appendix of Ref. [240]
and entries 17, 21, 20 and 19 in Tables B.1 and B.2, respbctiva the same reason entries number 4 and
57 of [240] look different from Egs. (B.18)-(B.21).




In order to determine the Mellin transform of Eq. (B.15b) tlxpansion

Xk

. z
Liz(2) = E (B.22)
k=1
is used. It follows that
s 1 Z 1
A2(N) = M[f22(2)](N) = 1 N Y1 2)%dz; (B.23)
k=1 0
but
21 e (N)(K+D) kI
2z A ) T (N K (N + DN (B.24)
so that
X k!
Az(N) = (B.25)

RN H R (NN

In the NNPDF implementation this series has been truncatied-e0.
Next, the Mellin transform of Eq. (B.15c) is discussed. Irsttase the function
M0
92)=(1 2°*' oz (B.26)

k=0
is tted to the functionf ,4(z). However, one can show that
f24(0) = Lis(1) Lis( 1)= 1 3)= c; (B.27)
so thatcy is xed, and needs to be tted only
)40
92)=1 2°*7 @+ az: (B.28)
k=1

The Mellin transform of Eq. (B.15c) follows immediately, laerse

— _Plo R1 N+k 1 b 1
A2(N)= M[f2(2)I(N) = 2o 42 (1 2)°‘dz
_(N)(pX° (N+K::(N+1)N
T(N+D | N+ b+ I+ k) (N+ by

(B.29)

In order to determine the Mellin transform of Eq. (B.15d), teeresentation given
as Eq. (21) of Ref. [241] is used, in which the functiofl + z) is approximated by the



polynomial

In(L+z)=  dz* (B.30)

Using also Table B.1, it then gives

xe
Azs(N)= M[fs(2)I(N) = dM[Z“In(z)In(1  2)] =

k=1
(B.31)
X SN+R  SN+K) (2
T (N + k)2 N + Kk
k=1
In order to determine the Mellin transform of Eq. (B.15€) tkpansion
R 1)k ZK
Lio( 2) = % (B.32)
k=1
is used, so
X 1)K X (1T SN + K
AuN) = MI@IN) =~ Cmpna =" SN W,
k=1 k=1
(B.33)

In this case has been decided to truncate the serles di00.
Finally, the Mellin transform of Eq. (B.15f) is determineah this case the geometric
series forl=(1  z) is used so that

SN +Kk)  (2),
N + k '

ps
As3(N)M [fz3(2)](N) = M [Z*Li(1 2)]=
k=0 k=0

(B.34)

As in the case above, the series is truncatdd=atL00.

Note that the Mellin transform of the-space coef cient functions involve terms of the
form z'f ,(z). The Mellin transfornM [2'f ,(2)](N) can be obtained fromv [f ,(2)](N)
using the identityM [Z'f ,(2)](N) = M [f,(2)](N + I). Thus the Mellin transform of any
of the terms in Tables B.1-B.2 and also any of the terms Eqgs.&-@E.15f) multiplied
by a factorz' can be obtained replacing with N + 1.

In conclusion, this calculation has been checked by comgate inverse Mellin
transform of theN -space coef cients with the originad-space results. In Table B.3 the
accuracy of this comparison is shown for the various coehtifunctions. Excellent
accuracy is found for all coef cients and all values)of



X rel Céng; 032 rel Cénql 032 rel Cfngl 032 rel Cfn(; 032

10 7 7 107% 4 101 2 101 7 107
10 © 3 10t 1 10% 4 101 3 107
10 ° 2 10* 3 10t 4 1018 2 10*
10 4 6 10 1° 1 104 3 10t 4 1012
10 3 6 10° 2 101 1 1010 2 101
10 ? 7 108 7 10712 2 101 1 10%
10! 1 107 4 101 1 10% 5 101
3 101 9 107 1 104 1 104 5 1018
5 10! 4 10° 3 10t 8 10 1% 1 1013
7 101 1 10° 9 104 6 10 *? 5 10 %
9 10! 1 10° 6 108 7 108 1 108

Table B.3:Comparison of the inverse Mellin transforms of coef cient functions coteginere
to the originalx-space expressions of Ref. [237]: the percentage differencesbatthe original
expression and the numerical Mellin inverse is shown in each case.






Appendix C

FastKernel Implementation of
FONLL-C

In this Appendix the implementation and benchmarking ofRRENLL-C neutral current
structure functions in the FastKernel framework is disedsdAt the same time has been
implemented and benchmarked FONLL-B.

The implementation of FONLL-B and FONLL-C structure furcts in FastKernel
requires theD ( 2) massive heavy quark coef cient functions as well as thejngstotic
Q2?11 limit in Mellin space. In Ref. [40] analytic results for the Ma spaceO ( )
heavy quark coef cient functions for neutral current anduged current scattering are
presented (see also Ref. [242] for the latter). For @ 2) heavy quark coef cient
functions in Mellin space the parametrization of Ref. [244)sed. The Mellin transforms
in the asymptotic limit a®?!1  have been determined as in Appendix B.

TheO ( 2) massless coef cient functions were rst computed in Ref§, RU5-247].
For the implementation in the FastKernel framework the fasliin space parametriza-
tions of the exact coef cient functions as given in Refs. [2289] has been used.

The gluon radiation terms, namely contributions with hegugrks in the nal state
but where the struck quark is light, have to be treated with.cAs discussed in Ref. [36],
the gluon radiation contribution (which rst appears@{ 2)) is part of the light quark
structure functions. It has been checked (see Fig. C.1)hkatize of these terms is very
small both for thd=, andF_ structure functions, typically below 1%.

Now the implementation and benchmarking of these resulisarFastKernel frame-
work are discussed. Benchmarking has been performed by comgphe FastKernel re-
sults with the FONLLdis code [36], atspace code thatimplements all FONLL schemes.
In Table C.1 are shown the results of the benchmark compafisdhe F,.(x; Q) and
FLc(X; Q?) structure functions in the massive xed avor number schem® ( 2) for
the FONLLdis code and for the FastKernel code. Results araded at the reference
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Figure C.1:Percentage difference between the NNLO light quark structure furscEgrgleft)
andF_ (right) with and without gluon radiation contributions. From bottom to top thetgoin
correspond to scales =4, 10 and 100 Ge¥respectively.

points in the(x; Q?) plane and with the settings of the Les Houches heavy quarkhben
marks [38]. The accuracy is given as the percentage difterbetween the FastKernel
and FONLLdis calculations. The accuracy is never worse 8anwhich is amply suf -
cient for the purposes of the present analysis. The accafatgble C.1 is a little worse
than that of it90 ( s) counterpart, shown as Tables 14-15 of Ref. [40]. This may lge du
to the fact that the Mellin space parametrizations of theyheaark coef cient functions
that are used [244] are in turn based on a parametrizatidreatacik-space coef cient
functions, while FONLLdis uses the original exact coefiéunctions of Ref [250]. This
loss of accuracy is negligible for the needs of current phesrmlogy, but more detailed
studies of this issue may be needed in the future when naldped HERA heavy quark
structure function data become available.

The same comparisons for the FONLL-B and FONLL-C are preskimt Tables C.2
and C.3 respectively. Comparable accuracy is achieved feettreo GM-VFN schemes,
again suf cient for the purposes of the present analysis.



Foc FENS F.c FFNS
x | FONLLdis | FastKernel Accuracy (%)| FONLLdis | FastKernel Accuracy (%)
Q%= 4 Ge\?
10 °> | 0.24591 0.24244 1.43 0.02215 0.02184 1.41
10 4| 0.13658 0.13481 1.31 0.01306 0.01283 1.75
10 3| 0.06384 0.06308 1.20 0.00662 0.00653 1.41
10 2| 0.02025 0.02007 0.92 0.00238 0.00237 0.38
Q? =10 Ge\?
10 > | 0.53701 0.53904 0.38 0.08031 0.08105 0.91
10 4| 0.29558 0.29550 0.03 0.04611 0.04579 0.71
10 3| 0.13909 0.13852 0.24 0.02273 0.02254 0.86
10 2| 0.04689 0.04664 0.10 0.00832 0.00826 0.70
Q7 = 100 GeV2
10 ° | 1.99594 2.00744 0.57 0.44200 0.43976 0.51
10 4| 1.00912 1.01479 0.56 0.22148 0.21880 1.22
10 3| 0.43527 0.43410 0.27 0.09487 0.09380 1.14
10 2| 0.13574 0.13492 0.61 0.03019 0.03002 0.57

Table C.1:Benchmark comparisons for tifec(x; Q2) andF . (x; Q2) structure functions in the
FFN scheme at O@) obtained using the FONLLdis code [36] and the FastKernel code.Resu
are provided at the benchmark kinematic points;i®? and with the settings of the Les Houches
heavy quark benchmarks [38]. The accuracy is given as the pgageedifference between the

FastKernel and FONLLdis [36] calculations.

F2c FONLL-B Fi.c FONLL-B
x | FONLLdis | FastKernel Accuracy (%)| FONLLdis | FastKernel Accuracy (%)

Q2=4 Ge\?

10 > | 0.24787 0.24858 0.29 0.02519 0.02524 0.21

10 4| 0.13556 0.13598 0.31 0.01435 0.01435 0.01

10 2| 0.06360 0.06350 0.15 0.00718 0.00715 0.34

10 2| 0.02062 0.02051 0.52 0.00258 0.00258 0.08
Q?=10 Ge\?

10 ®* | 0.55100 0.55088 0.02 0.09637 0.09679 0.43

10 4| 0.30114 0.30150 0.14 0.05229 0.05222 0.14

10 3| 0.14371 0.14375 0.02 0.02507 0.02499 0.32

10 2| 0.05012 0.05015 0.01 0.00908 0.00907 0.06
Q? =100 Ge\?

10 ° | 2.10034 2.08834 0.57 0.48769 0.48716 0.11

10 4| 1.04510 1.05096 0.56 0.23569 0.23418 0.65

10 3| 0.45879 0.45916 0.08 0.09923 0.09888 0.35

10 2| 0.15039 0.15030 0.06 0.03170 0.03174 0.15

Table C.2:Same as Table C.1 for the FONLL-B GM-VFN scheme.




Foc FONLL-C F.c FONLL-C
X | FONLLdis | FastKernel Accuracy (%)| FONLLdis | FastKernel Accuracy (%)
Q? =4 Ge\
10 °> | 0.27830 0.28163 1.18 0.02468 0.02500 1.30
10 4| 0.14709 0.14858 1.00 0.01423 0.01441 1.23
10 3| 0.06556 0.06591 0.52 0.00733 0.00735 0.24
10 2| 0.02034 0.02034 0.00 0.00281 0.00283 0.74
Q% =10 Ge\?
10 ° | 0.69412 0.69873 0.66 0.09909 0.10062 1.52
10 4| 0.34662 0.34911 0.88 0.05520 0.05550 0.52
10 3| 0.15025 0.15114 0.32 0.02682 0.02699 0.63
10 2| 0.04986 0.05022 0.13 0.01002 0.01008 0.58
Q7 = 100 Ge\?
10 ° | 2.36920 2.37887 0.41 0.47822 0.47994 0.36
10 4| 1.12695 1.13870 1.03 0.23916 0.23914 0.01
10 3| 0.47058 0.47317 0.55 0.10262 0.10293 0.30
10 2| 0.15175 0.15236 0.40 0.03312 0.03327 0.47

Table C.3:Same as Table C.1 for the FONLL-C GM-VFN scheme.




Appendix D

Distribuciones Partdnicas para
Fenomenologia de Precision del GCH

Los desarrollos de la fisica de colisionadores de los Uligincuenta afios han permi-
tido alcanzar resultados fundamentales a nivel experahgrdonsecuentemente a nivel
tedrico. El descubrimiento de nuevas particulas, los guatks gluones, fue una sélida
con rmacion de la teoria de la cromodindmica cuantica (Q&GB)enmarca en el modelo
estandar de las particulas elementales. Los parametrostelenedelo han sido medi-
dos con elevada precision, con rmando las teorias y condi@es gran poder predictivo.
Toda la fisica de los colisionadores de hadrones, en pkatieudel Gran Colisionador de
Hadrones (GCH), activo al CERN de Ginebra, se apoya en la crodmita cuantica y
en general en el modelo estandar.

Cromodinamica Cuantica Perturbativa

La cromodindmica cuantica describe la fisica de los hadrbasandose en la dinamica
y en las interacciones fundamentales de quarks y gluonesserAla QCD una teoria
no-Abeliana, los gluones (bosones responsables de ladcién entre quarks) pueden
interactuar entre ellos, al contrario de lo que ocurre pasafdtones en el caso de la
electrodinamica cuantica (QED). Esta caracteristica de-iateraccion de los gluones
provoca un comportamiento de la constante de acoplamiende la teoria diferente re-
specto a la analoga constante de acoplamiento de la elieénoida oep . En el caso de

la QCD a bajas energias el valor deno permite el uso de la teoria perturbativa, siendo
la interaccion fuerte. Esta propiedad se traduce@nnamiento los quarks no pueden
ser aislados. Fueron D.J. Gross, F. Wilczek, y H.D. Poligeenes demonstraron li-
ertad asintéticade la QCD, mereciendo el Nobel en el afio 2004. Al subir en lal@&sca
de energia la constantg se vuelve mas pequefa, permitiendo asi la aproximacion per-
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turbativa. Gracias a la libertad asintética y a las propgiledaleteorema de factorizacion
la QCD perturbativa se vuelve una teoria de precision. L@glestiniciales y nales de
cualquier proceso que involucre hadrones estan constydr quarks y gluones fuera
del régimen perturbativo. En el calculo de los observabiegaarte no-perturbativa puede
factorizarse de la parte puramente perturbativa, la cuad@ser calculada con la teoria.
Considérese en el caso de un procesaekep inelastic scatterin¢DIS) el ejemplo de
la funcién de estructur&, medida en un punto cinematida; Q?) dado. Es posible
escribir este observable como la convolucidon de una digtidn partonicd; (parte no-
perturbativa) con la parte calculable perturbativameniisérvable parténidg,). Gracias

a las ecuaciones de evolucion DGLAP es posible calculangetivamente la dependen-
cia de las distribuciones parténicas con la escala de faatdéon. En el marco de la
teoria perturbativa los efectos debidos a las masas de évkgypesados son tenidos en
cuenta gracias al uso del esquema FONLL. Los términos nssvo incluidos al or-
den s (FONLL-A) o 2 (FONLL-C) para determinar respectivamente las distritngeso
NNPDF2.1 NLO y NNPDF2.1 NNLO.

Determinacion de Distribuciones Parténicas

Las distribuciones partonicas (PDFs) son extraidas arphrtilatos de diferentes experi-
mentos. Determinar una densidad de probabilidad en el iespadas funciones a partir
de un nimero nito de puntos experimentales es un problend ciesolucion y ademas
la forma funcional de las distribuciones no es conocida.

Varios grupos se dedican a la determinacién de las PDFs. karfaade ellos ja una
forma funcional (generalmente una polinomial) y reduceehgiroblema a la determi-
nacién de un conjunto nito de paradmetros. Los errores arpatales son transferidos
a las PDFs utilizando el método del Hessiano. De este modotreducida facilmente
una desviacion sistematica en la determinacion de lostaelaid debida a la rigidez de la
parametrizacion escogida y una sub-estimacion de losestrparcialmente corregida a
traves del uso de tolerancias mas grandes que uno.

La colaboracion NNPDF utiliza una parametrizacion de rewesonales cuyo entre-
namiento es efectuado utilizando algoritmos genéticos.ef@ manera, la desviacién
debida a la parametrizacion es minimizada. También seaitli método Monte Carlo
para generaN ¢, replicas de los datos experimentales y poder asi deterfNiggcon-
juntos de PDFs en lugar de uno solo. De esta forma, es pogbdentinar bandas de
error para las PDFs que mantienen una interpretacion sstadiigurosa. El uso de re-
des neuronales permite una parametrizacion muy exibledymelante. A consecuencia
de esto es necesario parar el entrenamiento antes de alehnzimimo 2 posible que
corresponderia a un régimen de sobre-entrenamiento. Baraen en esta situacion un



método decross-validatiores utilizado para determinar el mejor ajuste.

Resultados

En este trabajo, realizado en el ambito de la colaboracioRDH los conjuntos de dis-
tribuciones partonicas determinados incluyen los efedéomasa debidos a los quarks
pesados. Se han determinado tres conjuntos: NNPDF2.1 LO,\NNNLO. En el caso
NLO, las PDFs se han comparado con el conjunto NNPDF2.0 atihcuincluye efectos
de masa, y también con distribuciones de otros grupos comé € MSTWO08, que los
incluyen usando métodos diferentes del FONLL. Las distidnes LO se han comparado
tanto con las NLO como con las distribuciones de las colaomas MSTW y CTEQ,
mientras que las distribuciones NNLO se han comparado coiMBTWO08 NNLO y
ABKMO09 NNLO (ademas de compararlas con NNPDF2.1 NLO). Se maceelo que
en general las distribuciones de la colaboracion NNPDF sosistentes dentro de una
sigma (solo en el caso LO esto no es verdad, debido a la inmpatee la incertidumbre
tedrica en este caso). En comparacion con los resultadas diemas grupos se han ob-
servado diferencias de alguna forma signi cativas en ggcasos especi cos, sobretodo
en el caso NNLO. Comparando los tres conjuntos LO, NLO y NNL®@sble estu-
diar la estabilidad estadistica, siendo los tres detehomaegun la misma metodologia y
usando los mismos datos. Se observa una excelente cons@rgeria expansion pertur-
bativa en la regién cinemética de los datos. De la comparat@dun orden perturbativo
con el siguiente es posible dar una estimacién de la incentide tedrica que afecta al
orden mas bajo. En el caso de la determinacion a LO, se ver@ata que el error exper-
imental solo es una fraccion del error teérico (que no esiaiagluido). En cambio, para
el conjunto NLO (y plausiblemente NNLO) la incertidumbrériea resulta despreciable
en comparacion a la experimental.

Han sido también producidos varios conjuntos de PDFs cenatiifes valores tanto de

s como dem.y my,. De esta forma, es posible determinar las incertidumbnedo@das
para las PDFs y para el parametro que varia.

Se han calculado las predicciones para un conjunto de @tdesvdel GCH (pro-
duccion de bosones vectores, top quarks y bosones de Higgsdlal las distribuciones
parténicas NNPDF2.1 NLO y NNLO. Estas predicciones hansiaoparadas entre ellas
y también con predicciones obtenidas usando las PDFs degripos. Ha sido posible
comparar también estos resultados con los primeros datas delaboraciones ATLAS
y CMS. Al incluir los efectos debidos a las masas de los quagkagos se observa una
modi cacion bastante pequefia en estas observables. Eria@dmbiferencia es substan-
cial si se consideran observables que sondean directafasrdestribuciones partonicas
de los quarks pesados.



La metodologia usada por la colaboracion NNPDF ha sido apt@ada también para
la determinacion de la constante de acoplamiento fuelt® ;). Esto es posible gracias a
gue las predicciones tedricas para el conjunto global desadktpenden simultaneamente
tanto de las PDFs como de. El valor asi determinado ha sidg(Mz) = 0:1191
0:0006™". En la determinacion de este parametro la incertidumbreteés dominante y
signi cativa, y no esta incluida en el error aqui determimgde en cambio solo representa
la incertidumbre estadistica.
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