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MUST DETERMINE AN INFINITE–DIMENSIONAL OBJECT
FROM A FINITE SET OF DATA POINTS
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SOLUTIONS. . .
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PROBLEM PROJECTED ONTO THE FINITE–DIMENSIONAL SPACE OF PARAMETERS

WHAT IS THE BIAS (THEOR. ERROR) DUE TO THE CHOICE OF FUNCTIONAL FORM?

EXPAND OVER A FINITE SET OF BASIS FUNCTIONS, E.G. ORTHOGONAL POLYNOMIALS

PROBLEM PROJECTED ONTO THE FINITE–DIMENSIONAL SPACE OF EXPANSION

COEFFICIENTS

WHAT IS THE BIAS (THEOR. ERROR) DUE TO THE CHOICE OF TRUNCATION?

GENERATE A MONTE-CARLO SAMPLE OF FCTS. W. “REASONABLE” PRIOR DISTN.,
AND UPDATE FROM DATA USING BAYESIAN INFERENCE

PROBLEM IS MADE FINITE-DIMENSIONAL BY THE CHOICE OF PRIOR, BUT RESULT DO

NOT DEPEND ON THE CHOICE IF SUFFICIENTLY GENERAL

HARD TO HANDLE “FLAT DIRECTIONS”
; COMPUTATIONALLY VERY INTENSIVE
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THE NEURAL MONTE CARLO APPROACH

BASIC IDEA: USE NEURAL NETWORKS AS UNIVERSAL UNBIASED INTERPOLANTS

GENERATE A SET OF MONTE CARLO REPLICAS OF THE ORIGINAL

DATASET WHICH IS LARGE ENOUGH TO REPRODUCE CENTRAL

VALUES (AS AVERAGES), ERRORS (AS VARIANCES) AND CORRELATIONS (AS

COVARIANCES)
REPRESENTATION OF AT DISCRETE SET OF POINTS

TRAIN A NEURAL NET ON EACH REPLICA, THUS OBTAINING A NEURAL

REPRESENTATION OF THE FUNCTION

THE SET OF NEURAL NETS IS A REPRESENTATION OF THE PROBABILITY DENSITY:

EXAMPLE: MELLIN MOMENT

CHECK GOODNESS OF FIT THROUGH STATISTICAL INDICATORS

( , CORRELATION,. . . )



THE NEURAL MONTE CARLO APPROACH

BASIC IDEA: USE NEURAL NETWORKS AS UNIVERSAL UNBIASED INTERPOLANTS

� GENERATE A SET OF MONTE CARLO REPLICAS

� ÌÍ Î T o p bv � Tr

OF THE ORIGINAL

DATASET

� ÌÏËÐ ÑÐ ÎT o p b�v � Tr

WHICH IS LARGE ENOUGH TO REPRODUCE CENTRAL

VALUES (AS AVERAGES), ERRORS (AS VARIANCES) AND CORRELATIONS (AS

COVARIANCES)�

REPRESENTATION OF

� �� T�

AT DISCRETE SET OF POINTS

oqp b5v � Tb r

� TRAIN A NEURAL NET ON EACH REPLICA, THUS OBTAINING A NEURAL

REPRESENTATION OF THE FUNCTION

� ÌÓÒÔ Õ Î ÌÍ ÎT o p v � r

� THE SET OF NEURAL NETS IS A REPRESENTATION OF THE PROBABILITY DENSITY:

� � �� Toqp v � Tr � � s Ö ×ÙØÔ Ú
Û[ÜÝÞ

Í^ß à
� ��� TÌÓÒÔ Õ Î ÌÍ Î oqp v � Tr �

EXAMPLE: MELLIN MOMENT

�âá àã äV V Ûæå à Q T)VWX Y T+ � Z àÛ[ÜÝÞ ÛçÜÝÞÍ^ß à á àã äV V Ûæå à Q TÌÓÒÔ Õ Î ÌÍ Î )V X Y T+

� CHECK GOODNESS OF FIT THROUGH STATISTICAL INDICATORS

( è T

, CORRELATION,. . . )



NEURAL NETWORKS
STRUCTURE
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NEURAL NETWORKS
TRAINING

TRAINING BY BACK-PROPAGATION

� START WITH RANDOM NETWORK & COMPUTE OUTPUT FOR GIVEN INPUT (

� TFOR

GIVEN
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)

� COMPARE COMPUTED OUTPUT TO DESIRED OUTPUT BY MEANS OF ENERGY

FUNCTION

oqøtù úù è Tr

� VARY WEIGHTS AND THRESHOLDS ALONG DIRECTION OF STEEPEST DESCENT OF

ENERGY FUNCTION

�

CAN BE DONE BY BACK-PROPAGATION

� ITERATE

UNDERLEARNING “PROPER” LEARNING OVERLEARNING

WHEN SHOULD TRAINING STOP?
WHICH IS THE APPROPRIATE ENERGY FUNCTION?
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OPTIMAL TRAINING
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PERFORM WEIGHTED AVERAGE
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WHICH ARE VERY CLOSE?� TIS NOT A FRACTAL!

CLEVER A: ERROR FUNCTION USUAL LOG-LIKELIHOOD

ESTABLISH FIXED TRAINING LENGTH SUCH THAT

WHAT ABOUT SYST. ERRORS? TAKEN CARE OF BY MC DATA GENERATION!

TRAIN 1000 PROTON, 1000 DEUTERON & 1000 NONSINGLET NETS
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NEURAL INFORMATION HANDLING I

STUDY DEPENDENCE OF ERROR FCTN
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INHOMOGENEOUS ERRORS

NS: AFTER TRAINING CYCLES, BUT WIDE SPREAD BETWEEN DATASETS

NMC OVERLEARNT & BCDMS UNDERLEARNT

EACH DATASET PREDICTS THE OTHER

FULL COMPATIBILITY

BCDMS HARDER TO LEARD THAN NMC

(SMALLER ERRORS)
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É z � � � � � È � � � � �? � � � � � � � � � . Å � � � �

SOLUTION: WEIGHTED TRAINING01 2 3546 7 86 9 2 1 2 1 : ;$ < = >? @ A Ö$ < B @ >

é � � �? � � . � �� � � Æ � ~� �Ç Å � � � Â � � � � � � � � È � � Æ� � � zÉ ~ � � . È � � � � �� � � � � .

é � � � � �? � � . � �� �� � Ì ã Î � <

é � Æ � � � � � �? � � . � �� �� � Ì ã Î Æ� � � ~� �Ç Å � � � Â � � � � �� ~ �
É � Â Å ��? � � � �� Â � �� � ��� � � � � �� � � � . � z � 	 � � � � È � � È � � ) . �� z� � Â � � � Â 	 Â Æ� 	 � �
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IN NONSINGLET CASE,

AVERAGE VARIANCE OF NETS
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STAT.

ERROR OF DATA (FACTOR 3–4)
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BIAS; ERROR REDUCTION HERE (0.53 )
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STAT.
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�? � �� . � � � �� � E � F Z àÛ[ÜÝÞ ÛçÜ ÝÞÒ ß à Û"� � �bß à
	 � ª � Ü � ­ ª � ­� å � ª
� Ý � ­ ª
� ­� � �

� ªÝ «Þ ­��� � � ��G HI JK LMON ]P Q H R] S ] K T MVU S�

W � � � � �� �X � � �� � E Y � F Z àÛtÜÝÞ ÛçÜÝÞÒ ß à Û"� � �bß à
	 � ªÝ «Þ ­� å � ª
� Ý � ­ ª � ­� � �

� ªÝ «Þ ­� � � �

' �� � � � � ��� � � � � Z � E Y � F[ E � Fû � Æ  ÒÔ Õ D D  Ô � Ú � È � �

Z � < ) BIAS;
Z � < [ ( ) ERROR REDUCTION HERE

ZZ *]\ ; �
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NEURAL INFORMATION HANDLING III
INCOMPATIBLE DATA� FOR PROTON FITS, CONVERGENCE ACHIEVED, BUT

! Ì ã Î #^ Öö _

EVEN W. VERY LONG

TRAININGé Æ� � ( - � �� � � � Ì ã Î `a < \ ' ) � �� � � � � . ~ � � È � � � �� � � +

é Æ� � ( - � �� � � � Ì ã Î `a ( \ ( ) � �� � � � � . ~ � � È ( - � � � �
É +

� ALL OTHER STATISTICAL INDICATORS OK

SOME NMC DATA ARE INCOMPATIBLE WITH OTHER DATA' �� ~Ê 	 Å � Æ Å �� � � � �� � � b � � � � ( - � Å �� � � � �� � � b � � � �

NEURAL NET DISCARDS INCONSISTENT DATA & PROVIDES GOOD FIT TO THE REST



RESULTS

NEURAL FIT TO PROTON

ced DATA

� FULL NEURAL FIT TO

c d FOR PROTON, DEUTERON & NONSINGLET AVAILABLE

� ERRORS AND CORRELATIONS FAITHFULLY REPRODUCED, BUT STAT.
UNCERTAINTIES OPTIMALLY COMBINEDf

FIT CAN BE USED IN LIEU OF DATA, BUT BETTER THAN THEM

� SOURCE CODE, DRIVER PROGRAM & GRAPHIC WEB INTERFACE FORcd PLOTS & NUMERICAL COMPUTATION AVAILABLE @
gh h ij k kml n i g o"prq st uq v wq sl kx y{z s v |p }



AN APPLICATION: ~�� FROM SCALING VIOLATIONS

NONSINGLET

ced f

NONSINGLET QUARK DISTRIBUTION

IN THE “DIS” FACTORIZATION SCHEME
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SO

� Û �T EVOLVES MULTIPLICATIVELY
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à
�
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GIVEN DATA FOR

� Û �T CAN DETERMINE JK FROM ITS SCALING VIOLATIONS

PROBLEM: HARD TO DEAL WITH CONVOLUTIONS...
SOLUTION: INTRODUCE A PARAMETRIZATION OF , TAKE MELLIN MOMS.

;

,

NO PARAMETRIZATION BIAS NEURAL NETS

NO EXTRAPOLATION BIAS TRUNCATED MOMENTS
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bß à � Tb � u b o p v � Tr�� u b oqp v � Tr � Úå Ò
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� Û �T EVOLVES MULTIPLICATIVELY

� T �� � T� Û �T oqp v � Tr s JK o � Tr
�"�

à
�

���
� � p
� v JK o � Tr � Û �T o � v � Tr

�û { � � Ê � � È � Â � � � � � � � � � � Ê �� � � � � ( � � Å � � � � � � . Æ	 �� � ��� �
GIVEN DATA FOR

� Û �T CAN DETERMINE JK FROM ITS SCALING VIOLATIONS

PROBLEM: HARD TO DEAL WITH CONVOLUTIONS...
SOLUTION: INTRODUCE A PARAMETRIZATION OF

� T, TAKE MELLIN MOMS.

� T ���� � Q Û �T� Û ) � T+ Z � � Ì � � ÎT�� � Û 	g K ) � T+ � Q Û �T ) � T+

;

�Ò )g K ) � T+ + � á àã V Û å à � )VWX g K ) � T+ +

,

Q Û �T� Û ) � T+ � á àã V Ûæå à Q Û �T )VWX � T+

NO PARAMETRIZATION BIAS

�
NEURAL NETS

NO EXTRAPOLATION BIAS

�
TRUNCATED MOMENTS

� � �� � � �
� ¦� � �� � á �« ¦ �� � � ó � � � �� �
� � � � �



DETERMINATION OF ~ �é MOMENTS CAN BE COMPUTED AT ANY SCALE IN TERMS OF MOMS. AT REF. SCALE

Y Tã

S �I T  ¡ � J_ T L  S M TU ¢] SI M¤£ ¥ �
� ¦P � �¦� � � �P ¦ �� R J S JI ¢ MVU J R§ ¨ ] U` R M ¢` ] U R ¦ � ©

ª � «� �
� ¦� � � �� � ¬Þ ­�
® �� ¥�Þ �� ¦P � �¦� � � �P ¦ �� ªÞ �
� ¦� � �¦ �� CAN DETERMINE JK BY MINIMIZING è T°¯ M S � N T_ ] I M ] U N J ¢] SI M¤£ ± ó ��² I T ¢ U J  I` U J S´³

µ TZ Ò � b ¶� í �dÔ � ÚÒ )V ãX Y Tb +ï d Õ ·Ò )WV ãX Y Tb + �¹¸ å àÒ b�º ¶ í �dÔ � Ú¶ )V ãX Y Tí +ï d Õ ·¶ )WV ãX Y Tí + �

MOMENTS AND CORRELATIONS

IN PRINCIPLE FIT g K & ALL MOMENTS AT REF. SCALE

IN PRACTICE NEIGHBOURING MOMENTS HIGHLY CORRELATED;

OFF-DIAGONAL ANOMALOUS DIMS. SMALL

)
FIT ONLY A SUBSET OF MOMENTS

(NMC + BCDMS)
SINGLE MOMENT� » �

2 0.085

¼

0.070

3 0.106

¼

0.030

4 0.115

¼

0.019

5 0.123

¼

0.015

6 0.127

¼

0.014

7 0.129

¼

0.014

8 0.129

¼

0.016

9 0.129

¼

0.018K   I K L J © ¢ MVU M ¢] L JI I TI

MORE MOMENTS
FITTED MOMENTS » �
2+3+4 0.126

¼
0.010

2+4+6 0.140

¼

0.008

3+5+7 0.138

¼

0.009

2+4+6+8 0.142

¼

0.009

3+5+7+9 0.124

¼

0.007

2+4+5+7 0.141

¼

0.009

3+4+5+6+7 0.1256

¼

0.0049

3+4+5+6+8 0.1247

¼

0.0050

2+4+5+6+8 0.1242

¼

0.0042

2+4+5+7+8 0.1254

¼

0.0044I J R © T K S M ¢] L ½ S
OPTIMAL FIT

AS THE NUMBER OF FITTED MOMENTS IS IN-
CREASED

ERROR DECREASES,
STABILITY OF CENTRAL VALUES IMPROVES

BUT IF CORRELATIONS LARGE, FIT UNSTABLE¾ d¿ À � � ÀÁ ¿

GEV

�

, THREE SCALESN TIÃÂI J LU ³` L] I ¡ JI M² � � _ ] L  J³ N L T³ JI¾ � ¦ �¿ÅÄ ¿Æ N TI I J LU ³` L] I ¡ JI M² � ¦ L] I ¡ JI¾2+4+5+6+8

� M ¡ � JI ¢ T ¢ JU S´³ L J³ ³ I J LMÂ] § L J ] U R ¢ TI J N TI I J L] S J R



UNCERTAINTIES

STAT. ERROR REN. SCALE HEAVY QUARK THR.

é ASYMMETRIC µ T

:  )STAT.

+ Z ò ãÈÇ ã ã Éå ãÈÇ ã ã %

é HIGHER ORDER CORRNS FROM � TØÔ Ò Z Ê ØÔ Ò Y T
,

* \ ËÌ Ê ØÔ Ò Ì Í

:  ÎREN.

Ï Z ò ãÈÇ ã ãÐå ãÈÇ ã ã É

é POSITION OF HQ THRESH.

Ñ ÒÕ · Ó Ê Õ · Ô ÒÖÕ , × \ ËÌ Ê Õ · Ì Í  ÎTHRESH.

Ï Ó ò ã Ç ã ã ãå ã Ç ã ã Ò

é POWER CORRNS. VARY

Ñ Ò ¶ ØÒ FROM 20 TO 30 GEV

Ò  ÎHT

Ï D × \ × ×Ù

ÚÜÛ Î ÔÞÝ Ï Ó × \ Ùß Í ò ãÈÇ ã ã Éå ãÈÇ ã ã % (EXP.)

ò ã Ç ã ã Ðå ã Ç ã ã É (TH.) Ó ×]\ Ùß Í ò ãÈÇ ã ãàå ãÈÇ ã ãá (TOTAL)

ERROR: DOMINATED BY EXP. ERROR, TH. BIAS & UNCERTAINTY MINIMIZED

CENTRAL VALUE: CONSISTENT WITH WORLD AVERAGE BUT HIGH

EVIDENCE FOR SUDAKOV?

âã�ä å�æ çæ èé êÃë ì çæ ã é í ê è ê å è î êðï Ñ Òòñ ó Ó Ñ Ò [ ôöõ

ÚÛ ÷ùø çæ í ë ã é ä ú è æ çæ èé ê ã é û ø è íë èë üã ê å ô



OUTLOOK

ý RELIABLE DETERMINATION OF STRUCTURE

FUNCTIONS

GLUON SPIN FRACTION (AND MORE...)

ý SUCCESSFUL IMPLEMENTATION OF NEURAL FITTING

NEURAL PARTON DISTRIBUTIONS


