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THE EIC-LHC SYNERGY

Hilum

LARGE HADRON COLLIDER

LHC / HL-LHC Plan
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WHY IS IT INTERESTING?

UNCERTAINTIES:
HIGGS IN GLUON FUSION
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Czakon, Harlander, Klappert, Niggetiedt 21
Can be removed (7?)

Reduced to 0.6% (gg light-quark)
Becchetti, Bonciani, Del Duca, Hirschi,
Moriello, Schweitzer 20

Missing NLO) PDFs
MeGowan, Cridge, Harland-Lang, Thorne 22

(R. Rontsch, Les Houches 2023)

e (COLLINEAR) PARTON DISTRIBUTIONS = DOMINANT UNCERTAINTY AT
HADRON COLLIDERS

e DEEP-INELASTIC SCATTERING AT EIC = DOMINANT SOURCE OF INFORMATION ON
PDF IN THE HL-LHC ERA



QUESTIONS (AND ANSWERS)

HOW DOES FACTORIZATION RELATE PHYSICAL OBSERVABLES TO PDFs?
HOW DO PDFS LOOK LIKE, AND WHY?

HOW ARE PHYSICAL OBSERVABLES AFFECTED BY PDFS, AND HOW CAN
PDFS BE EXTRACTED FROM PHYSICAL OBSERVABLES?

WHAT ARE PDF UNCERTAINTIES, AND WHERE DO THEY COME FROM?
THESE LECTURES

A PRACTICAL APPROACH
TRY TO ANSWER NAIVE QUESTIONS...

HOPEFULLY RAISE DEEP QUESTIONS!



FACTORIZATION: REMINDER
SIMPLEST CASE: TOTALLY INCLUSIVE CROSS-SECTION

LEPTON-HADRON

e SCALE Q? = —¢?
 SCALING VARIABLE
T = _262 /
p-q A P/

o FACTORIZATION <= = i '
ONLY ONE
INCOMING PARTON K

HADRON-HADRON

T}W P e SCALE M?

° SCALIN2G VARIABLE

L§7"“* T=s
P

o FACTORIZATION
< ONE INCOMING
PARTON FROM
EACH
HADRON




A FIRST LOOK AT PROTON PDFS (NNPDF4.0, 2021)
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A SET OF CORRELATED PROBABILITY DISTRIBUTIONS OF
QUASI-PROBABILITY DISTRIBUTIONS

zf;(x) PLOTTED VS. Inz = AREA = NUMBER

“VALENCE” U, = 4 — @, dy = d — d = PEAK (AROUND z ~ (.3)
— FINITE NUMBER & MOM. FRACTION

“SEA” 4, d, s+ 5, ¢+ ¢, g = SMALL  GROWTH
= INFINITE NUMBER, FINITE MOMENTUM FRACTION



FACTORIZATION KINEMATICS: HADRONIC VS PARTONIC
ONE HADRON IN THE INITIAL STATE

o(z) = /d/ dyb(x — y2)a(w)o (2) = /qu@y(g)zél%q(g)(}(y):[o@d(x)

® r =B = ﬂ SCALING VARIABLE FOR HADRONIC PROCESS = MEASURED HADRON KINEMATICS:
p PROTON MOMENTUM, q GAUGE BOSON MOMENTUM

2
o z — 2% : SCALING VARIABLE FOR PARTONIC PROCESS (COMPUTED PARTONIC FEYNMAN DIAGRAM)

=>  PARTON MOMENTUM
e y: INCOMING PARTON MOMENTUM FRACTION = p = yp
TWO HADRONS IN THE INITIAL STATE

/dz/ dz1dz2d(T — T1722)q1(21)q2(22)6(2) = / dml/ dﬂ(ﬂ(ml J2(22)0 ( ; >

1T
dy T R dxl
= —L(y)o | — ) = [L®7F](1); Lly) = —q1(z1)g2(y/x1) = [q1 ® q2](y)
r Y Yy y L1
e T = MTZZ SCALING VARIABLE FOR HADRONIC PROCESS

= s = (p1 + p2)? COLLIDER C.M. ENERGY, M? FINAL STATE MASS
2
e z = 2°: SCALING VARIABLE FOR PARTONIC PROCESS (COMPUTED PARTONIC FEYNMAN DIAGRAM)
= § = (p1 + p2)? C.M. ENERGY OF PARTON COLLISION

® I, T2: INCOMING PARTON MOMENTUM FRACTIONS = p; = ;D

z<l=uz; >7
o L:



DIS: A CLOSER LOOK

CROSS SECTION & STRUCTURE FUNCTIONS

(]
koK .
(]

gauge boson virtuality: g% = —Q?
2
Bjorken x: x = Q7

2p-q
Lepton fractional energy loss: y = g%z
2
lepton-nucleon CM energy: s = g—y,

» = 8% e virtual boson-nucleon CM energy W2 = QQl_Tx;
e )\; — lepton helicity; A, — proton helicity
A2t (z,y, Q%) GE Q?
") )\ (1 _ —) F Pz, Q2
i AT o 2 | MY (17 3) 2@ + (- 9P, @)

+y2zFi(z,Q%)] — 2Xp [ A y(2 — y)zg1 (2, Q%) — (1 — y)ga(z, Q%) — y*zgs(z, Q7)] }

Fi(z,Q%) =5, [} 205 (0.(Q%), 2) £y, Q)

PARITY CONS. PARITY VIOL.

g (CE Q ) — xz fl dycz (as(Q2); 5) Afj(y,QQ) UNPOL. Fl, F2 F3

fi» Af; = UNPOL., POL., QUARK ANTIQUARK & GLUON PDFs

POL.

gi g4, gs




DRELL-YAN:. A CLOSER LOOK
BEYOND THE ’I;OTAL CROSS-SECTIONS

¢
q :(\’H"'i-?," C03L7 1 [-7'1_‘ ,irl’ﬂ;‘r s.'mky)

¢

FULLY DIFFERENTIAL: 2 MQCchG" r = M 2 INVARIANT MASS; Y RAPIDITY; p7 TRANSVERSE MOMENTUM
pray

RAPIDITY DISTRIBUTION

RAPIDITY: LONGITUDINAL BOOST OF FINAL STATE WR TO CM OF HADRONIC COLLISION;
Y = HADRONIC CM; y = PARTONIC CM

do(s, M?)
dY dM?

dbab— x 1.z
Zﬁm dx2 dy fo/n, (1) fo/ny (T2) 2y d]\_4>2 ($1$28,M§<)5 <Y— §1n— —y)

2
doabs X _ do(s, M5 ) _ :
e LEADING ORDER: m 000 (y)To(1 — xlmQ) = —v o = 00T Xap fa(@1) fo(x2);
2
2lO = retY r = M- — BOOST DETERMINED BY IMBALANCE OF MOMENTUM FRACTIONS
LO

BEYOND LO ™" = g

1



DRELL-YAN: A CLOSER LOOK
BEYOND TOTAL CROSS-SECTIONS

do (s, MQ,pt dé s x 5 5
dp2dM?> Z/mcligll dx2 dy fo/n, (1) fo/ny (T Q)W (:Izlxgs,M ,pt>

® AT FIXED |p¢|, 8 = 21228 > 3min = (1/ M2 + p? + /p?)?

2
>‘§min_ 1 p% p% - T
= X1, T2 =2 —5 =T +?+ o2 = 5\ 2
e g &
QQ

2
e NEW SCALE VARIABLE Q2 = §in = NEW SCALING VARIABLE 7/ = % =- CONVOLUTION!

do / 2 M2 o 1 dxﬁ 7_/ 1 dé'zj 2 M2
W(Tapta ) =T Z B} — ki \ ;E(x’pt’ )

X

INTEGRAL OVER x1, £2 NOT A CONVOLUTION!



MELLIN TRANSFORM

1
F(N):/O dex™ 1 f(x)

INVERSION FORMULA

4100
f(z) = / - dNz~VF(N)
0 <z <1COMPACT < N COMPLEX
CONVOLUTIONS
Az) = [} 2f(2) () = If ® 9] (2) & H(N) = F(N)G(N)
IN-SPACE FACTORIZED EXPRESSIONS:
e LEPTON-HADRON F(N,Q?%) = >, C; (a(Q?),N) fi(N,Q?)

e HADRON-HADRON o (x, N) = 3. 645 ((Q?), N) Li;(N, Q?)
Li;(Q% N)= fi(N)f;(N)

z < 1 = LARGE/SMALL = <> LARGE/SMALL N



PARTON KINEMATICS vs. HADRON KINEMATICS

1 dy . B 1 day
=, I Lwe () Luw) =) S rw)s (L)
WHICH PARTON MOMENTUM FRACTION CONTRIBUTES TO A GIVEN HADRONIC PROCESS ?

INVERSION OF MELLIN TRANSFORMS
Y(N) = fol deaN"lo(z) < o(z) = [T'° dNz=NS(N)

—100

e INFINITE NUMBER OF SEA PARTONS = N = 1 DIVERGENCE VAT VIR W
e INTEGRATE TO THE RIGHT OF CONVERGENCE ABSCISSA -3-2-l ' s N




SADDLE POINT INTEGRATION

e SADDLE METHOD: [©'% dNz=NS(N) = [T dNeF(@.N),

— 100

TAYLOR EXPAND F(x, N) ABOUT STATIONARY PT Ny (SADDLE)

¢ SADDLE CONDITION —% [—NInz + In S(N)] =0

N-K N=Ng
/x'"z wrp N e L = No(z, Q) DEP ON HADRONIC KINEMATICS
o B(N)=>,;0i;(N)fi(N)fj(N)
k Ra N ® PARTONIC G;;: LO CONSTANT IN N SPACE

e PDF: fi(x) ~ z'™% & f(N) ~ < DROPS

o V1. 2 « 1 = GROWS ON REAL N AXIS
1 1
¥ (No) =
V27 E" (z, No) V27 E" (x, No)

o(x) = Zfi(NO)fj(N0)3(NO)

1J

® HADRONIC CROSS-SECTION FACTORIZES WITH N FIXED BY HADRONIC KINEMATICS

e SMALLER z = zN—1 GROWS FASTER WITH N = SADDLE MOVES TO THE LEFT
= 0 & PDF EVALUATED AT SMALLER N



HADRONIC vs PARTONIC
QUALITATIVE BEHAVIOUR

e THE EVALUATION: SEA, GLUON GROW FASTER THAN VALENCE

= IN POLE MORE TO THE

RIGHT

= SADDLE MOVES TO LARGER N

e THE INTERPRETATION: GLUON & ANTIQUARK SEA MORE

LIKELY TO CARRY SMALL MOMENTUM FRACTION
— PARTONIC PROCESS CLOSER TO THRESHOLD

— LARGE x, LARGE N
HIGGS <~ GLUONS;

-

NOTE ANTIQUARK IN ANTIPROTON IS VALENCE!
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FACTORIZATION & KINEMATICS SUMMARY

LONGITUDINAL & TRANSVERSE KINEMATICS DECOUPLE

LONGITUDINAL KINEMATICS FACTORIZES UPON CONVOLUTION
= (COLLINEAR) PDF (LEPTON-HADRON) OR LUMINOSITY (HADRON-HADRON)
® PARTONIC CROSS SECTIONS

CONVOLUTION UNDONE BY MELLIN

SADDLE POINT MAPS HADRONIC KINEMATICS
= (REAL) N-MELLIN VALUE FOR PDF /LUMI & PARTONIC CROSS SECTION



PDFs: QUALITATIVE FEATURES

lo- NNPDF4.0 NNLO Q= 5.0 GeV 10 NNPDF4.0 NNLO Q= 500.0 GeV
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NOTE  f;(x) (MOMENTUM DENSITY) SHOWN VS. Inx (AREA = NUMBER)

NOTE GLUON DIVIDED BY 10

VALENCE UP AND DOWN: PEAKED AT x ~ 0.3

SEA ANTIQUARK AND GLUON GROW AT SMALL x

LARGE x VALENCE SOMEWHAT SMALLER AT HIGH SCALE
SMALL x SEA AND GLUON MUCH LARGER AT HIGH SCALE

10°



SUM RULES

CONSTRUCT CONSERVED QUANTUM NUMBERS CARRIED BY PARTON DISTRIBUTIONS:

BARYON NUMBER

1 1
/da:(up_rap)zzzzf dz (dP — dP)
0 0

/Olda: (sP — 5P) = /Old:c (P —&P) = /Oldx (bP — bP) = /Olda: (P — ) =0

MOMENTUM

1=1

1 Ny
/O drz [Z (qi () + i(z)) +g(:c)] =1

AT ALL SCALES



THE VALENCE BUMP

IMPOSE SUM RULES, VANISHING AT x = 1
FIT RANDOM DATA WITH A GAUSSIAN PROCESS
QUALITATIVE SHAPE OF VALENCE PDFS REPRODUCED!

THE RANDOM DATA THE VALENCE PDFs
6 PDFs

— truth
. it 104
I data

I'II”" .|| ‘l_ i b ||"’|'1" i

0 100 200 300 . =00 0.0 0.2 0.4 0.6 0.8 1.0



THE SCALE DEPENDENCE OF PDFS
EVOLUTION EQUATIONS

%QNS(Na Q2) — a;—fl_t)f)/é\:;S(Naas(t))qNS(Na QQ)a
d ( (N, Q2) ): o (t) vgq(N,as(t)) 2n 2 (N, s (t)) ( S(N, Q2)
dt \ g9(N,Q?) 21\ Vo, (Nsas(t) 75, (N, as(t)) g(N, Q%)

Q.
ANOMALOUS DIMENSIONS VS. SPLITTING FUNCTIONS

V(N as(t) = [y doaN 1 P(x, as(t)
INTEGRODIFFERENTIAL 2 SPACE VS. ODE N SPACE

SINGLET E(.’,U, QQ) — Z:,ch (Qi(xa QQ) + Q’L(xa QQ)) VS.
NONSINGLET ™% (z, Q?) = q;(z, Q?) — qj(x, Q%) COMBINATIONS OF QUARK PDFS

PERTURBATIVE EXE’ANSION OF ANOl\l/[ALOUS DIMENSION
i (N, as () = 72 (N) + as ()7 (N) + ...
= LOG RESUMMATION: LO < LLQ?; NLO < LLQ?, ...



THE SCALE DEPENDENCE OF PDFSs

THE EVOLUTION BASIS

d as(t)

— N, 2y
dthS( @) 27

da ( (N, Q?) )Z as(t) 'ygq(N,ozs(t)) 2nyys (N, as(t)) ( 5
dt g(N, Q%) 27 Voq (N, s (1)) 'ygg(N,ozs(t)) (

HOW MANY DIFFERENT ANOMALOUS ARE THERE?
LO: vV =~5 : = 4 INDEP. ANOMALOUS DIMENSIONS

YNS(N, as(t)ans (N, Q%),

NLO: ygfq =+ %%S’JF =+ 'yé\és’_ gt =q+qVsSq~ =q— g = 6INDEP. AN. DIMS.

NNLO: vou™" ™ # ~vey>® qi —@j i = j VS. i # j = 7 INDEP. ANOMALOUS DIMENSIONS

WHICH PDF COMBINATIONS EVOLVE INDEPENDENTLY?
LO: g, ¥ = 3.7 (¢i(x, Q%) + Gi(z,Q?)), ANY 2N — 1 LINEAR COMB. OF g;, §;
NLO: g, ¥, ANY N LINEAR COMB. OF gq; — @;, ANY N — 1 LINEAR COMB. OF ¢; + q;
NNLO: g, 3, VALENCE V = 3./ (qi(z,Q*) — @i(x,Q?)), ANY Ny — 1 LINEAR COMB. OF
q; — @i» ANY Ny — 1 LINEAR COMB. OF gq; + g;

A COMMON CHOICE

GLUON g, SINGLET ., VALENCE V

ITERATIVE NS COMBINATIONS OF ¢/ = ¢; + g;: T3 = ut —dt, Tg = ut +dt — 2sT,
Ti5 =ut +dT +sT —3ct... (labels — SU(N) gens.)

ITERATIVE NS COMBINATIONS q, = ¢q; —@q;: V3 =u~ —d™~, Vg =u~ +d~ —2s7,
Vie=u" +d 4+ 8 — 3c.



SCALE DEPENDENCE:
QUALITATIVE FEATURES (LEADING ORDER)

16 —

7qq 7518

— = wm|—

P S R S I P I T S T gl
1 2 3 4 1+ 1 2 3 4

AS Q% INCREASES, PDFS DECREASE AT LARGE x & INCREASE AT SMALL x DUE TO RADIATION
GLUON SECTOR SINGULAR AT N = 1 = GLUON GROWS MORE AT SMALL x
Yqq(1) = 0 = BARYON NUMBER CONSERVATION (BEYOND LO = v44(1) = 7v4g(1))

Yqq(2) + Y44 (2) = 794(2) + 794(2) = 0 MOMENTUM CONSERVATION



PDFs: QUALITATIVE FEATURES

1o NNPDF4.0 NNLO Q= 5.0 GeV 10- NNPDF4.0 NNLO Q= 500.0 GeV
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SUM RULES <> VALENCE BUMP
GLUON ANOMALOUS DIMENSION SINGULAR AT N = 1 < SMALL £ GROWTH OF GLUON
SINGLET-GLUON MIXING <> UNIVERSAL SMALL x BEHAVIOR OF ALL PDFs

OF ANOMALOUS DIMENSIONS (BARYON & MOMENTUM CONSERVATION) <>
DEPLETION OF LARGE x PDFS AT HIGH SCALE

vé\és T # vé\és '® & qi(x) — @;(x) DOES NOT EVOLVE MULTIPLICATIVELY

— CANNOT VANISH AT ALL SCALES



PDF FEATURES: SUMMARY

VALENCE SUM RULE + KINEMATIC VANISHING < VALENCE PEAK

COLLINEAR FACTORIZATION = ANOMALOUS DIMENSIONS & PDFS SHARE
SINGULARITIES

PERTURBATIVE EVOLUTION = SMALL x RISE

MOMENTUM SUM RULE = STRONGER SMALL x RISE <= LARGE x DEPLETION



FOOD FOR THOUGHT

QUESTIONS

. ARE PDFS PROBABILITIES? ARE THEY POSITIVE? IF NOT, WHY NOT?

. CAN YOU UNDERSTAND WHY AT HIGHER ORDERS THERE ARE MORE INDEPENDENT

ANOMALOUS DIMENSIONS?

FOR INSTANCE WHY IS 74, FOR SINGLET AND NONSINGLET THE SAME AT LO AND
NOT AT NLO?

WHICH ARE THE FEYNMAN DIAGRAMS THAT DRIVE THE DIFFERENCE?

. WHY DO SUM RULES HOLD AT ALL SCALES?

CAN YOU EXPLAIN THIS IN TERMS OF ANOMALOUS DIMENSIONS OF OPERATORS?

. DO YOU EXPECT PDFs TO VANISH WHEN 2 — 1?7 WHY?



