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Abstract

The primary focus of this Ph.D. thesis is the precise determination
and validation of the uncertainties associated with parton distribution func-
tions (PDFs). We introduce and implement the theory covariance method
within the NNPDF4.0 framework, enabling the incorporation of theoretical
uncertainties into the PDF determination process. Additionally, we revisit
and expand upon the closure tests framework, which serves as a tool for val-
idating the PDF extraction methodology in a controlled environment. This
framework is applied to a dataset that has been deliberately constructed to
be inconsistent, allowing for a rigorous assessment of the methodology’s ro-
bustness. Furthermore, we utilize this framework to validate the extraction
of the strong coupling constant using the correlated replica method. Finally,
we present a novel theoretical pipeline, which introduces several technical
advancements and underpins all the results discussed in this thesis.
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Introduction

With the Large Hadron Collider (LHC) currently on its Phase lll, the experimental preci-
sion will signi cantly improve due to an expected luminosity of approximately 300fb 1.
This LHC run is also projected to enhance its discovery potential, operating at a center-
of-mass energy around 14 TeV. The new kinematic regions explored during this phase
are likely to be pertinent to some of the most critical unresolved issues of the Standard
Model. It is essential to maximize the potential of the forthcoming data to address these
beyond-the-standard-mod@SM) questions. To achieve this is necessary for the theoreti-
cal prediction to match the experimental precision, which is now recognized to be at the
percent level.

On the theoretical front, one of the primary sources of uncertainty arises from the de-
piction of the internal structure of the colliding hadrons, most commonly protons. This
depiction is encapsulated in the Parton Distribution Functions(PDFs). These functions
are essential for interpreting any hadron collision event, as they describe the constituent
particles of the proton, known as partons Since PDFs are connected to the low-energy
dynamics occurring inside the proton, they cannot be determined within the framework
of perturbative Quantum ChromoDynamics (QCD), complicating their accurate deter-
mination.

While alternative methods exist, the most prevalent approach to extracting PDFs in-
volves leveraging their universality, which means that they remain the same across dif-
ferent collision processes. This universality allows for the extraction of a set of PDFs
from a limited dataset, which, in theory, can predict any other proton collision event *. In
particular, thanks to the collinear factorization theorera longitudinal cross-section  for a
certain process can be written as the convolution

=A f,

where f is the PDF and *, called partonic cross-sectigulescribes the high-energy dynam-
ics happening between the partons in the collision. Given that the partonic cross-sections
are related to high-energy dynamics, they can be calculated within the framework of per-

turbative QCD. Consequently, by utilizing a dataset that measures the value of ~ for a set

1in practice, this is not straightforward, as various complications can undermine PDF universality. For in-
stance, the dataset used for determination might not be comprehensive enough, potentially failing to constrain
certain combinations and/or kinematic regions of the PDFs. These and other complications are discussed in
more detail in chapter 2.

Vii



viii Thesis overview

of processes and the corresponding partonic cross-sections™ computed through pertur-
bation theory, one can solve the inverse problem to extract the PDFs. The quality of the
PDF determination and the associated uncertainties will depend on three main factors:
the experimental data, the theoretical predictions (of the partonic cross-sections), and the
tting methodology. While the experimental aspect will not be further discussed, the ad-
vancements in theoretical predictions and in the methodology form the central theme of
this thesis.

Regarding the theoretical predictions, this thesis addresses a critical issue: how to
estimate theoretical uncertainties, primarily arising from neglected higher-order terms
in the perturbative series, and incorporate them into the PDF ts (chapter 2). This prob-
lem, previously overlooked, has now become essential for obtaining reliable PDF uncer-
tainties and central values, given that theoretical errors are comparable to experimental
errors.

On the methodology side, one of the most signi cant challenges is assessing the relia-
bility of PDF uncertainties. This task is particularly complex for NNPDF, which employs
a Neural Network approach that currently lacks a comprehensive theoretical foundation.
Therefore, it becomes crucial to rigorously test and validate the resulting PDFs under
controlled conditions. This validation can be achieved through a closure test, which
evaluates the t results using appropriate statistical metrics in an arti cial environment
where the correct answer is known. Due to its versatility, the closure test framework al-
lows for testing the robustness of a t in various scenarios, including cases where there
may be inconsistencies in the experimental data or challenges in precise parameter esti-
mation. These aspects are explored in detail in chapter 3.

All the results presented in this thesis necessitated technical improvements in the
production of theoretical predictions, culminating in the development of an entirely new
theory pipeline, detailed in chapter 4.

Outline of the thesis

Chapter 1: QCD and Parton Distribution Functions.

We review the fundamental properties of Quantum Chromodynamic$¢QCD), the
fundamental theory describing the strong interactions (sections 1.1 and 1.2). We
focus on the parton model (section 1.3) and, in particular, on the Parton Distribu-
tion Functions(PDFs), which are the common thread that connects all the topics
covered in this thesis. We also provide some details on the different ways in which
heavy quarks effects can be taken into account (section 1.4). This introduction is
mainly based on [1-3].

Chapter 2: Inclusion of theory errors in PDF tting.

We present the rst NNLO PDF extraction with inclusion of theory errors due to
missing higher orders (MHO), based on the methodology rst introduced in [4].
We also adapt this methodology to produce an approximate N3LO PDF set where
different sources of theory errors, due to missing or incomplete theoretical calcula-
tions, are taken into account. This chapter is based on [5-7].

Chapter 3: Validation of the methodology: Closure Tests.

We provide a complete description of the Closure Testool, a validation framework
already adopted in [8] (section 3.1). We then discuss the statistical estimators that
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can be used in the context of a multiclosure testto assess the quality of a tting
methodology and we propose some improved variants (section 3.1.1). Making use
of the improved estimators, we test the NNPDF4.0 methodology on data that are
inconsistent by design, i.e. data whose nominal uncertainties are smaller than their
real uncertainties (section 3.2). We also make use of the closure tests framework
to validate our estimation of the strong coupling s (section 3.3). Most of what is
discussed in this chapter is based on [8-10] [11]

Chapter 4: Technical Improvements: The Pineline.

We present the Pineling a new set of tools, adopted by NNPDF as the theory pre-
dictions production pipeline, whose goal is to standardize and make more ef cient
the process of producing high-energy theory predictions (sections 4.1 and 4.2). We
also present a speci c example in which we show that adopting the Pineline is
both simple and advantageous from a performance point of view. This chapter is
mainly based on [12].

A substantial part of the research presented in this thesis was conducted in collabo-
ration with colleagues from the NNPDF collaboration. Throughout the presentation of
results, emphasis has been placed on areas where the author believes their contributions
have been particularly noteworthy. Unless explicitly stated otherwise in the captions, all
gures presented in this thesis have been generated by the author or have previously
appeared in publications co-authored by the author.

Also, note the colors of the citations in the text: the cyan is used for citation to paper
co-authored by the author, while green is used for all the others.

The following publications co-authored by the author are not discussed in this thesis:

* NNPDF4.0 aN3LO PDFs with QED correctionf/].

« Photons in the proton: implications for the LHC3].






CHAPTER 1

QCD and Parton Distribution Functions

In this chapter, Quantum ChromoDynamics (QCD), the model that is currently used
to describe the strong interactions happening inside the hadrons, is described in some
details. QCD was rst introduced in the 1960s and, since then, its predictive power
was con rmed by many experiments, making it the main tool for the computation of
theoretical predictions at the hadron colliders.

It is the theory of quarks, gluons and their interactions and it is a gauge theory,
like Quantum Electrodynamics (QED). Both theories share several similarities; for ex-
ample, just as electrons carry electric charge, quarks carry the QCD charge, referred to
as color. However, unlike the single type of electric charge, color comes in three types:
red, green, and blue. Additionally, while photons are electrically neutral, gluons are not
color-neutral. Instead, gluons can be thought of as carrying a combination of color and
anti-color charges, resulting in eight distinct combinations. These and other differences
stem from the fact that QCD is a non-abelian gauge theory, unlike QED. This fundamen-
tal distinction leads to many unique features in QCD that are absent in QED, as will be
illustrated in the following sections.

Another signi cant distinction between QCD and QED lies in their respective cou-
pling behaviors. The strong coupling constant, s, approaches zero at high energy scales,
a phenomenon known as asymptotic freedomin contrast, the electromagnetic coupling
constant, gum, increases with rising energy scales. At the energy levels of the LHC, ¢
varies from approximately 0:08 at a scale of5 TeV, an energy range conducive to the
application of perturbation theory, to about 1 at 0:5 GeV. The high value of ¢ at lower
energy scales facilitates the aggregation of quarks into color-neutral states, known as
hadrons, a phenomenon referred to as con nement However, this high value also makes
perturbation theory ineffective for making predictions at low energies. To address this
issue, modern high-energy scattering predictions are computed using the improved par-
ton model, an enhancement of Feynman's original parton model that incorporates QCD
corrections.

In the following section (1.1), the QCD lagrangian and its group structure are de-
scribed. In section 1.2, the fundamentals aspects of perturbative QCD are recalled, as
well as UV and IR divergences treatment. In section 1.3, the improved parton model is
described is some details, focusing on the introduction of the Parton Distribution Func-
tions (PDFs) and on their evolution equations. Finally, in section 1.4, some details about
the treatment of the heavy quarks effects are provided. Most of the discussion of this
chapter is based on [1-3].



2 1.1 Lagrangian and group structure

1.1 Lagrangian and group structure

The elds entering the QCD Lagrangian are the quark elds, 5, which are spinors (since
quarks are fermions) that carry the color index aranging from 1to 3, and the gluon elds,
AC | which are vector elds that carry the color index C ranging from  1to 8. The theory
is constructed to be gauge invariant under local SU(3) symmetry group, i.e. invariant
under the eld transformations

i ©0tS,

a! € b (1.1)

ACtC 1 ¢ P (x)tP ACtC i@ C(x)tc el Ex)tE ;
Os
where ©(x) are eight arbitrary real functions of the space-time position x, t¢ are the

eight SU(3) group generators, the index is a Lorentz index and, as in the rest of this
thesis, the repeated indices are summed over, following Einstein notation.

In eq. (1.1) the avour index has been kept implicit, as it will be done in the rest of
this chapter. There are six quark avours, which can be categorized into three families
based on their physical masses and electric charges. The rst family includes the up (u)
and down ( d) quarks. These are the lightest, with masses of approximately 2 MeV and
5 MeV, respectively, and electric charges of e, =2=3and ey = 1=3. The second family
consists of the charm (c) and strange (s) quarks, with masses around 1 GeV and 100MeV,
respectively. The third family comprises the top ( t) and bottom (b) quarks, with signif-
icantly larger masses of approximately 170 GeV and 5 GeV. Despite having the same
electric charge structure, the quark masses increase substantially across these families.
The underlying physical reason for the existence of multiple essentially equivalent quark
families, as well as the possibility of additional families, remains unknown.

While quark elds transform according to the fundamental representation of SU(3),
gluon elds transform according to the adjointrepresentation. However, the parameters
€ (x) are functions of the space-time coordinate x. Ensuring the invariance of the theory
under a local group transformation is the conventional method for constructing gauge
theories such as QCD and QED.

The SU(3) group generators t© are hermitian matrices which have to follow the so-
called Lie algebra of the group

[th;t®] = if ABC < (1.2)

where f ABC is a completely antisymmetric tensor whose entries are called structure con-
stantsof SU(3). Itis important to note that the non-abelian nature of the SU(3) group is
indicated by the fact that f B is non-zero. Adopting the Gell-man convention

1 .

Tr(t"tB)= TR ag Tk = 5 (1.3)
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it is possible to write the generators of SU(3) esplicitly as

0 1 0 1 0 1 0 1
1 010 L 0 0 1 1 00 L 001
tlzé@l 0 0°~t2:§@i 0 OAtszé@O 1 0°~t4:§@0 0 A
0 0O 0 0 O 0 0 O 100
0 1 0 1 0 1 0 1
1 00 i 1 000 1 000 ; 100
t5:§@0 0 oAtG:E@o 0 1At7:§@0 0 iAtS= p_@0 1 O0A:
i 0 0 010 0i o 23 00 2

From this explicit representation of the generators, we can observe that there are two
diagonal matrices, t3 and t®. Since they are diagonal, they commute with each other,
indicating that the rank of SU(3) is 2 (generally, the rank of SU(N) is N  1). This
is signi cant because the rank corresponds to the number of Casimir operators of the
group, which are associated with important properties of particles.

The generators in the adjoint representation are instead 8 8 matrices de ned as
(TA)BC = jf ABC . (1.4)

In QCD computations there are some color related quantities which usually appear in
the cross-sections. In particular, when quarks are involved one recurring combination is

N2 1 4
tébtﬁc =Cr ac; Cg= 5N = §; (1.5)
A
while, when gluons are involved, we often have
Tr(TATB)= Ca "B ;CA= N =3: (1.6)

Having discussed the group structure of QCD in some detail, we will nhow focus the
remainder of this section on the Lagrangian formulation of the theory. The QCD La-
grangian can be written as

Locp = Lg+ Lo+ Lguantum ; (1.7)

where L is the quark part, Lg the purely gluonic part and L guanwm i needed for the
guantization of the theory. The quark part is

Lq= Ca(iBap M oap) b (1.8)

where
B = @ ap+ igs taCbAC ; (1.9)

is the covariant derivativaised, in place of the standard derivative, to promote the global
SU(3) symmetry to the local version of eq. (1.1). The covariant derivative includes an
additional component compared to the standard derivative, which governs the interac-
tions between quarks and gluons. As evident from eq. (1.9), these interactions do not
preserve the diagonal nature of color states, implying that when a gluon interacts with a
quark, the quark typically changes its color.

The second part contains the dynamics and the interactions of the gluons with them-
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selves. De ning the eld-strength tensoras
FA = @A @A" of C ABAC; (1.10)

the gluonic lagrangian can be written as
1
Lg= ZTr(F F ): (1.11)

It is crucial to observe that the term gsf AB¢ AB A€ represents one of the primary distinc-
tions from Quantum Electrodynamics (QED). This term arises due to the non-abelian
nature of QCD and plays a pivotal role, as will be discussed in the subsequent section,
in the formation of three- and four-gluon vertices, phenomena absent for the photons in
QED.

The nal component of the Lagrangian is not gauge-invariant and must be included
for proper quantization of the theory. Due to the gauge symmetry of the theory, there
exist redundant degrees of freedom that render canonical quantization inadequate for
QCD. To address this issue, theFaddeev-Popawethod involves eliminating these redun-
dant degrees of freedom by introducing a gauge- xing term into the Lagrangian. It reads

_ 1 X 2.
I—g:f: - ? ]@AA] ' (1-12)
A
from which one gets, for example, the Feynman gauge setting = 1 or the Landau gauge
for =0. Additionally, to complete the quantization part of the lagrangian, we must add
the ghostterm

L ghost = “A@D,g B (1.13)

which introduces another kind of elds, called ghostelds, that are complex scalar elds
but that obey Fermi statistics. This property makes these degrees of freedom unphysical
and hence not directly associated with observable particles. However, for the computa-
tion of measurable quantities, these degrees of freedom generally need to be taken into
account.

1.2 Perturbative QCD

Perturbation theory involves expressing a given observable as a series expansion in a
small parameter. In Quantum Chromodynamics (QCD) the strong coupling constant ¢
serves this role. Therefore, an observable quantity computed using perturbation theory
upto 7 orderin QCD can be expressed as:

F=f@+f® 4@ 24 4§ Ny o 0*1): (1.14)

Notice the round parenthesis notation denoting the perturbative order that will be adopted
in the rest of the thesis.

For perturbation theory to provide reliable predictions, it is essential not only that the
expansion parameter itself is small, but also that the coef cients f () do notinclude terms
that grow excessively with i. In other words, the critical condition for the reliability of
perturbation theory is that f () L constitutes a parametrically decreasing function in i.
This requirement imposes constraints on both the coupling constant and the coef cients
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themselves.

Regarding the coupling constant, as mentioned earlier in this chapter, in Quantum
Chromodynamics (QCD) it decreases with increasing energy scale of the process. This
behavior is a consequence of renormalizing ultraviolet (UV) divergences (further details
on running coupling and renormalization can be found in section 1.2.1). The value of
the QCD coupling constant varies by up to an order of magnitude within commonly
observed kinematic ranges, making perturbation theory not always reliable across all
energy scales. Thus, in QCD, there exist distinct kinematic regions: the perturbative re-
gion, typically above 1 GeV, and the non-perturbative region. This dichotomy implies
that standard techniques cannot reliably predict the low-energy internal dynamics of
objects such as hadrons, nor processes involving them. However, the Feynman parton
model provides a means to circumvent these limitations and make predictions for pro-
cesses initiated by hadrons, such as those observed at the LHC. The parton model will
be discussed in section 1.3.

Regarding the coef cients f (), they are primarily computed using Feynman diagram
techniques. Starting from the QCD Lagrangian discussed in the preceding section, one
can derive the QCD Feynman rules ( g. 1.1), which govern the construction of Feynman
diagrams associated with these coef cients f (). It is noteworthy that the second and
third rules in g. 1.1 correspond precisely to the last term of eqg. (1.10), highlighting
them as signi cant differences between QCD and QED, as mentioned earlier. Once the
coef cients f () are computed, it may occur that calculations involving multiple energy
scales introduce logarithms of the ratios of these scales. In certain kinematic regions,
these logarithmic terms can become signi cant and, depending on their exponents, can
cause the coef cients f () to become too large for perturbation theory to be applicable. In
such cases, it becomes necessary to resum these logarithmic contributions to all orders.

A; A;
p
. BN
Pl
a b C; a\ B;
igstd, of"C [(p @) g +(g r)g +(r pg ]
D; A;
C; B;
ig3f XAC £XBD [g g g g +(C) $

(D; )+(B; )$ (C; )1

Figure 1.1: Interactions vertices of the Feynman rules of QCD

A class of such logarithms is composed by the collinear logarithmsThese logarithmic
terms arise from the phase-space integration of, for instance, theg ! qq splitting pro-
cess in the limit where the nal quarks become collinear. If the nal quarks are treated as
heavy, meaning their masses are non-zero, the logarithms take the form Iogk szmé ,
where mq is the mass of the quark, Q is the hard energy scale of the process, and the
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power K is less than or equal to the perturbative order i of the coef cient f () being com-
puted. If the quarks are treated as light, these collinear logarithms become infrared (IR)
collinear divergences that must be regularized, for example, using dimensional regu-
larization. In section 1.2.2 we discuss collinear divergences and, more in general, how
IR divergences are treated, while, in section 1.4, we discuss how the resummation of
collinear logarithms is performed, focusing on the Deep Inelastic Scattering (DIS) case.

1.2.1 UV divergences: running coupling

When computing a quantity in perturbation theory beyond leading order, phase-space
integrals can become divergent in both the ultraviolet (UV) region, i.e. high energy, and
the infrared (IR) region, i.e. low energy. The methods for addressing these divergences
vary depending on their nature. In this and the subsequent section, we will examine the
main aspects of their regularization. For a detailed description, the reader may refer to
[14, 15].

The standard procedure to regularize UV divergences is renormalization. It involves
rede ning both the elds and the constant terms, such as the coupling, in the Lagrangian
in a manner that allows them to absorb the in nities. In the QCD case this means to
rescale quark and gluon elds, quark masses and the coupling as follows

b:pz; Ab:pZA; mbzz—mm; gg:+ZLgs; (1.15)
Z; Zy; Z3
where we use the apexbto denote a bare i.e. not renormalized yet, quantity.
In dimensional regularization, which is the standard method used to regularize IR
divergences as well, the Lagrangian is constructed to have a dimension of d =4 2.
Consequently, the energy dimensions of elds and constants are altered as

d 1 3
[ 1= 5 =3 (1.16)
[A] = d 5 2 1 (1.17)
4 d
[O]=d 2[] [Al= ——=": (1.18)
In order to keep working with a dimensionless coupling, one may de ne
by 2 2 2
b — (gs) — Zl S‘_\_2 : 2 € : (119)

ST 4 72Z,

where s the Euler's gamma and , called renormalization scales a ctitious scale in
which the energy scale is retained. The second part of the last equation de nes a partic-
ular scheme of renormalization called modi ed minimal subtraction schen(®S), which is
the scheme adopted in this chapter.

After this rede nition, Z terms can be xed, order by order in perturbation theory
in such a way the observables are UV nite. However, by means of eq. (1.19), the bare
coupling acquires an energy dependence which we must impose to vanish, as

7z log 2=0: (1.20)
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In turn, this equation leads to the renormalization group equatio(RGE) of the renormal-
ized coupling, that reads

2 L9= () (1.21)

and that xes, order by order in perturbation theory, the dependence of the renormalized
coupling ¢ onthe renormalization scale . The function appearing on the right hand
side of the latest equation can be expressed as

(s( )= s (o0 2(A+ 13 A+0(; (1.22)

with the coef cients ; computed in perturbation theory (currently they are known up
to ve loops [16]). In particular,

_ 11CA  4nsTe _ 33 2ng
0~ 12 T 12 (1.23)

that is positive for ny < 17 (thus is positive in our case, given that, as far as we currently
know, n; = 6). The solution of eq. (1.21) at leading order, with d =4, is

s( 3) .
1+ o(2) olog 2= 2 (1.24)

s( 2):

where 5 is an arbitrary scale. It is then clear that, with ¢ > 0, the value of the run-
ning coupling decreases logarithmically to 0 as the energy scale of the process increases.
As already mentioned, this property is called asymptotic freedom, and makes QCD an
asymptotically free theory. Note that in eq. (1.24) we still need an initial condition in
order to compute the value fo the running coupling at all energy scales 2. This initial
condition is usually obtained from experiments, which quote the value of the running
coupling at the mass of the Z boson, s(M2) (g.1.2).

In eq. (1.24), the xed coupling still depends on the arbitrary scale (. In certain
cases, it may be desirable to eliminate this dependence. This is commonly achieved
by replacing it with a dimensionful parameter  qcp, which roughly corresponds to the
energy scale at which the theory becomes strongly coupled. It allows to write eq. (1.24)

as
1

s( )= ——————; (1.25)
olog —
QCD
thanks to its de nition Z
i b & (1.26)
log = — .
(ZQCD s(2) (X)

Its value is approximately 200MeV, although its precise de nition depends on the cho-
sen renormalization scheme. Together with the renormalization group equations (RGE)
describing the running of the coupling,  ocp enables us to replace the dependence on
the dimensionless parameter gs, which, as we have just seen, is not a constant.

1.2.2 IR divergences

The other type of divergence encountered when computing a QCD observable is the IR
divergence. It arises from the low-energy region of phase-space integrals and can be cat-
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Figure 1.2: Running coupling measurements at different scales and different perturbative order.
This gure is taken from [17].

egorized into two types: soft divergences, associated with the low energy of the particles,
and collinear divergences, related to the collinearity between emitted and emitting par-
ticles. Both types can originate from either initial or nal state particles, and the methods
for their regularization differ signi cantly in these two cases, as a consequence of these
two theorems [18]:

» Bloch-Nordsieckheorem: IR singularities cancel between real and virtual diagrams
when summing up all resolution-indistinguishable nal states at a certain pertur-
bative order.

» Kinoshita-Lee-NauenberKLN) theorem: mass singularities (m ! 0) of external
particles (i.e. both initial and nal) are cancelled if all mass-degenerate states are
summed up.

The rst theorem ensures the cancellation of both collinear and soft nal-state diver-
gences when all virtual and real diagrams at a given perturbative order are combined.
However, it is essential to clarify the concept of resolution-indistinguishable nal states.
The key point is that real diagrams, which must be added to the virtual ones, include
additional real emissions of QCD particles. Consequently, they do not share the same
nal state and, in principle, should not be considered together. Nonetheless, the cru-
cial observation is that, in both the soft and collinear limits, the real-emission process
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becomes experimentally (and theoretically) indistinguishable from the no-emission pro-
cess, thereby justifying their combined consideration.

The second theorem indicates that, since summing over the initial degenerate states
is not typically performed, the cancellation of initial-state divergences is not assured.
However, it can be demonstrated that soft divergences do cancel in the initial state. Con-
sequently, only the collinear initial-state divergences persist. A different method of reg-
ularization is required for these divergences.

The regularization of collinear divergences is based on the fact that it can be demon-
strated that only the non-singular part of the cross-section is process-dependent, while
the singular part is entirely universal. Speci cally, it has been found that a quark emit-
ting a gluon introduces a collinear divergence proportional, at O( ), to the so-called
Altarelli-Parisi quark-quark splitting function

1+ 72

- _S 2y .
Paq = 5 Cr 1z ., +0O( 5); (1.27)
where the plus-distributionis de ned as
z 1 z 1
. dzf (2)[9(2)]+ , [f(2 f@Ilg(2): (1.28)

The other Altarelli-Parisi [19] splitting functions arise from the computation of the other
types of splittings: a gluon remaining a gluon ( Pyg), @ gluon becoming a quark (Pqg), and
a quark becoming a gluon (Pgyq). It is important to emphasize that, while the splitting
functions are process-independent, they are not scheme-independent. In the MS scheme
they are

s z 1 z 11Cs  4Teng 5
= — + + + — + iy
Pgg 7 4Cp T 2. - z(1 2 6 a1 2 o( 2);
Pag = 5oni 2+ (1 2)°]+ O( 2);
+ 2
Pgq = 5=Cr 1@ 27, o 7). (1.29)

The universality of the splitting functions is the fundamental concept underlying the
collinear factorization method, which is used to regularize collinear divergences. How-
ever, to understand its operation, it is rst necessary to introduce the Feynman parton
model. Consequently, the detailed presentation of this topic is deferred to the next sec-
tion (1.3).

1.3 Parton Model

From section 1.2, it should be evident that computing a cross-section of a hadron-initiated
process solely from rst principles is impossible within standard perturbation theory.
The reason is that, even if the center-of-mass energy is suf ciently high to fall within the
perturbative region of QCD, the hadrons themselves are intrinsically low-energy objects,
and thus their internal structure is governed by non-perturbative dynamics.

The initial solution to this problem was the parton model, developed by Richard
Feynmanin the late 1960s. Its fundamental concept is to factorize the cross-section of



10 1.3.1 Deep Inelastic Scattering

a hadron-initiated process into two components: the cross-section of the high-energy
process occurring between the partons (i.e. quarks and gluons), known as the partonic
cross-sectiorand a process-independent part representing the probability distribution of
extracting a particular parton from the hadron. This approach allows the rst part to be
computed using perturbation theory. However, a method to compute the second part,
called the parton distribution function(PDF), is still required.

The key point, which is the central topic of this thesis and that will be discussed
in detall in chapter 2, is that PDFs can be tted from experimental data, and once de-
termined from a particular process, they can be used for other processes due to their
process-independent nature.

To clarify the discussion on the parton model, itis advantageous to specialize it on the
case of Deep Inelastic Scattering (DIS), which is introduced in the following section. The
discussion on the parton model applied to the DIS case is then resumed in section 1.3.2.

1.3.1 Deep Inelastic Scattering

Deep Inelastic Scattering (DIS) involves the collision of a lepton with a hadronic target,
resulting in the destruction of the target. This contrasts with elastic or slightly inelastic
scattering, where the target remains intact. DIS provides a precise method for testing
Quantum Chromodynamics (QCD), as it allows the hadron (typically a proton) to be
probed with a structureless particle, usually an electron. Historically, DIS experiments
have been crucial for advancing the understanding of perturbative QCD. Even today;,
DIS measurements remain signi cant for the determination of parton distribution func-
tions (PDFs). Examples of such measurements, that are currently used in modern PDF
determinations, are those permormed at SLAC [20], BCDMS [21] and HERA (H 1 [22]
and ZEUS [23]). Given its importance, this section is dedicated to de ning the kinemat-
ics and the observables associated with the DIS process.

Figure 1.3: Schematic representation of the Deep Inleastic Scattering process of the charged lepton
| with the hadron target H[3].

In DIS, a charged lepton with initial momentum k and nal momentum k° scatters
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off a hadron target of momentum P producing a nal state X (g. 1.3):
I(k)+ H(P)! 1(KY)+ X: (1.30)

For the rest of this section we will only consider the case of an electron scattering off a
proton, through a virtual photon. This means we are only considering the electromagnetic
(EM) contribution. If we considered also the contribution given by a Z boson mediator,
we would fully describe the neutral current(NC) sector, as opposed to thecharged current
(CC) contribution that is mediated by W bosons. This approximation is valid as long
as the energy scale is well below the Z massM .

The centre-of-mass energy is
s=(P + k)?; (1.31)

and the invariant mass of the nal state X is
W2 =(P+ q)?: (1.32)

We can then de ne the standard DIS kinematic variables

Q= 7
2
X = Q ;
2P ¢
P 2
=0 E:%: (1.33)

The variable x, known as the Bjorken scaling variableanges betweenOand 1. At x = 1, it
corresponds to elastic scattering. The deep inelastic scaling region is then characterized
by Q? 5cp for xed and suf ciently small ~ x.

It can be shown that the Feynman amplitude of DIS can be decomposed into a lep-
tonic and a hadronic part, as

11X e
7 M 2= @L h* (1.34)

spin

with the leptonic tensot.  that reads

L =kk®+Kk°k g k K (1.35)
The hadronic part can be also expressed in terms of anhadronic tensqras
x Z
W = d h* ; (1.36)

X

where d is the phase-space factor. By requiring Lorentz symmetry and gauge invari-
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ance, we derive a general formulation of the hadronic tensor, expressed as

W (Pig= g +—qq§ F1(x:Q?)
1 P q P q . 02) -
*pqP 9@ P ag FxQ): (1.37)

The functions F; and F, are called structure functionsand they are the main observables
in the context of DIS 1.

We can also express the differential cross-section of the DIS process in terms of the
structure functions, as

d __2° 2(1
axdoz - i ¢*@ y)9)Fr(xQ?%) + %FL(X;QZ) ; (1.38)
with = =4 ) and
I:L = F2 2XF1;
Fr=2F: (1.39)

An example of the F, structure function as measured by the SLAC, BCDMS, H1 and

Figure 1.4: The F structure function as measured by the SLAC, BCDMS, H 1 and ZEUS collabora-
tions for different values of the scale Q2 [1].

ZEUS collaborations for different values of the scale Q? is shownin g. 1.4.

1If one allows for parity violating effects in the charged current sector, a third structure function  F3 is
needed to fully parametrize the hadronic tensor.
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1.3.2 Parton Model in DIS case

For a process with a single hadron in the initial state, like deep-inelastic scatterin@plS),
the parton model takes the form

Z,

X 2
F(Q?) = fq(X)Cq(x)dx + O %CZD : (1.40)
q 0

where Cg is the partonic cross-section, called coef cients functionsn DIS case, for parton
g, f 4 is the PDF for parton g, x is the fraction of inital hadron momentum carried by the
parton and Q is the energy scale of the process.

The parton model formula of eq. (1.40), as explicitly written, is valid up to corrections
of the order éCD:QZ, thus applying only to energy scales within the perturbative region
of QCD. Formally, this has been rigorously proved only for deep inelastic scattering
(DIS); nonetheless, the parton model is currently utilized for all QCD processes. The
graphical interpretation of eq. (1.40) is illustrated in g. 1.5b (applied to the DIS case),
while g. 1.5a depicts the version for two initial hadrons.

products

N
0102

products

(@) (b)

Figure 1.5: Graphical version of the LO parton model formulas applied in both the two initial
hadrons (a) and the single-initial hadron (b) cases. The bubbles * or Cq represent the partonic
cross-sections, the other bubbles are the initial hadrons and the f;, are the PDFs.

However, this model, as for eq. (1.40), is valid only at leading order (LO), i.e. at the
rst order in perturbation theory, since it does not incorporate radiative QCD correc-
tions. The inclusion of these corrections leads to what is known as the improved parton
mode] which enables the computation of observables beyond LO but alters the interpre-
tation of parton distribution functions (PDFs) as probability distributions. The form of
the improved parton model for deep inelastic scattering (DIS) is

F(Q%x) = qu yi F Cq(y;Q*=%; s( &)+ O %DZ : (1.41)

As discussed in section 1.2.2, beyond LO the coef cients Cq contains unregularized IR
collinear divergences. However, the PDFs, devoid of their distribution function interpre-

tation, can also contain such divergences. Thus, to achieve a nite result from eq. (1.41),
the PDFs are presumed to incorporate infrared (IR) divergences in a manner that offsets
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those present in the coef cient functions. This forms the foundational concept of the
collinear factorization method, which is elaborated upon in detail in section 1.3.3. As a
consequence of the collinear factorization, PDFs acquire a dependence on aactorization
scale g, which will be also discussed in section 1.3.3.

For completeness, the parton model form in the two initial hadrons case is

X z 1 Q2
x (s;Mx ) = dxidxafq, (X1; E)fa,(X2i E) quaet x X1iX2i s( &)~
0102 0 F
(1.42)

where g, q,1 x is the partonic cross section for the partons o; and ¢ to produce a certain
nal state X.

1.3.3 Collinear Factorization and DGLAP evolution

Collinear factorization is the method used to regularize initial-state collinear infrared
(IR) divergences in QCD, based on the factorization theorem [24—26]. Denoting the co-
ef cients functions, which still include IR singular terms, as  C;, the theorem in dimen-
sional regularization can be expressed as

z 1
_ dz X
Cix; ss)= =G =i s ij(Z s ) (1.43)
x Z z
where C; are the IR regularized coef cients functions, i.e. they do not have polesn , and
j are called collinear counter-termand are the objects containing the divergent terms.
De ning the Mellin transformof f (z) as

z 1
f(N) dzzN f (2); (1.44)
0

the factorization theorem can be equivalently written in Mellin space as
Ci(N; s )=GCi(N; ;) 5 (N; s ) (1.45)

Note the property of the Mellin space that converts a convolution, like the one in eq. (1.43),
in a product. We will make use of Mellin space for most of this section.

These expressions imply that it is feasible to separate out the universal collinear sin-
gularities, which are not process-dependent (see section 1.2.2), contained within j ,
from the raw coef cient functions such that the residual parts, C;, are nite with respect
to infrared (IR) regularization. Since observable are computed through the convolution
of the coef cients functions with the PDFs, we can then absorb the collinear counter-
terms j inthe PDF de nition as

F(N;Q?%) = C(N; s( ?);)fi(N;)
Ci(N; s(3;) i (N; s( 2);)F(N; )
Ci(N; s( 2 )fi(N;( 2)+ O(); (1.46)

where we denoted with f; the bare PDFs. Of course, the last line makes sense only if the
divergences in j effectively cancel out with those in the bare parton distribution func-
tions (PDFs), as assumed. Although we will not show this explicitly, it can be proven that
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this condition holds true, thereby allowing for the regularization of initial-state infrared
(IR) divergences in this manner.

From the last line of eq. (1.46), it is clear that PDFs acquire an energy dependence
through the dependence on 2 of the strong coupling . Since the all-order PDFs are
assumed to be scale independent, we can get the renormalization group equation for the
PDFs d

FgzfiNe B)= (N3 sCEDF(NG B); (1.47)
F
where the functions j are called anomalous dimensiored we have identi ed the scale

2 with the factorization scale 2. Note the convention of the minus sign in front of the
anomalous dimensions on the right hand side of the equation. In x-space it reads

z
d 1dz X
fi 2)=  =Pj i sl 2) fi(z 2); (1.48)

that is expressed in terms of the Altarelli-Parisi splitting functions. Note that the anoma-
lous dimensions are the Mellin transforms of the corresponding Altarelli-Parisi splitting
functions.

These equations are known as the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
equations [19, 27] and they describe the evolution of parton distribution functions (PDFs)
with respect to the factorization scale. The DGLAP equations enable us to de ne PDFs
at an initial scale Qo and evolve them up to a higher scale Q relevant to a hard pro-
cess. This capability allows PDFs parametrized at an initial scale to be constrained by
processes occurring at different energy scales.

Due to the SU(n¢) avour symmetry presentin QCD in the limit where quark masses
are neglected, it is feasible to establish a basis of avor states that remain invariant under
evolution with the matrix Pj . One approach to constructing such a basis involves parti-
tioning the system of equations into two subsystems referred to as the singlet and non-
singlet sectors. Given a system consisting of six quarks u; d; s; c; t; b their anti-quarks, as
well as the gluon, we de ne
f. fi (1.49)

where we denoted with f; the PDF of the anti-quark i. Thef PDFs are calledvalence
PDFs and they are usually denoted as

Vi f (1.50)

or with the subscript V, e.g. the valence up quarkisuy = u u. Some combination of
the f * PDFs instead de ne the triplet states

o d
ut +d- 25t

Tis=u"+d" +s" 3¢
ut+d +sT+ ¢t 40
ut+d +s"+c+b" 5t (1.51)

Tss

where u; d;s;c;b;tare the PDFs of the corresponding quark avour. The valence and
triplet states comprise the so-called non-singletsector. It can be demonstrated straight-
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forwardly that the non-singlet sector decouple from the others, meaning it evolves ac-
cording to the equation

z
d : (8) tdz X, :
F g EfNS(X. =5 SP@ 9t 2R (1.52)

where valence states evolve with P and triplet states evolve with P. . The de nition of
P and P, stem from the following de nitions of  singlet(S) and non-singlet(NS) compo-
nents of the splitting functions,

P — . PV PS

Qi dk ik qq qq
— . \% S

P Ok i PY + P

P =Py Pu: (1.53)

The singletsector is instead composed by the gluon g and the singlet distribution
= fr (1.54)

which evolve according to the coupled equation

Z
d x; 2) _ s(B)T'dz Py Py (Z
7 2
F)

2 ( dz
Fd2 g 2 x Z Pgg Pgg 0z

TN

) .
y (1.55)

We can also rewrite egs. (1.52) and (1.55) in Mellin space as

ifNS(N. 2)_ S( |2:) NS(N. (2))fNS(N 2)

d l2: i v FJ T 2 qq v S\U F i v F

i (N, |2:) — S( |2:) qq 2nf qag (N; ;2:) .

aZ oN: B T2 e e O E) (1.59)

In practice, the DGLAP equations are solved using iterative numerical procedures. Var-
ious software packages have been developed for this purpose. Some, like HOPPET [28],
QCDNUM [29], and APFEL [30], solve the evolution equations directly in momentum
space. Others, such as PEGASUS [31] and EKO [32], employ the Mellin space approach.

Itis important to note that the DGLAP equations are formulated in terms of splitting
functions, which are computed using perturbation theory. Therefore, while eq. (1.56)
hold true to all orders theoretically, in practice they are applied up to a certain nite
order of perturbation theory. We will then talk about evolution performed at LO, NLO,
NNLO and so on, according to the perturbative order accuracy of the splitting functions
employed in the evolution. Examples of PDFs evolved from Qp = 1:65GeV to Q =
3:2GeV and Q =100 GeV are shown respectively in g. 1.6a and g. 1.6b.

Before proceeding further, it is also bene cial to examine some general properties of
the PDFs. These properties arise from fundamental observations about their nature and
serve as important guidelines in the context of PDF determination.

Since the PDFs must reproduce the quantum numbers that characterize the proton,
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(a) (b)

Figure 1.6: The NNPDF 4:0 PDFs [8] evolved from the initial scale Qo =1:65GeVto Q = 3:2GeV
(left) and Q = 100 GeV (right).

it follows that Z, Z,
dx(d(x; Q% d(x; Q%)= dv(xQ?%)=1; (1.57)
0 0
for the valence down-quark, and
z 1 z 1
dx(u(x; Q%) u(xQ*))=  u(xQ*)=2; (1.58)
0 0

for the valence up-quark. These relations, referred to as the valence sum ruleslso require
the PDFs to be integrable across the entire range ofx.

The longitudinal momenta of all the constituent partons within a hadron must col-
lectively equal the total longitudinal momentum of the hadron itself. This requirement
is formalized by the momentum sum rule, which is expressed as

X 41
dxxfi(x;Q?) =1": (1.59)

i=qiqig O

1.4 Heavy Quarks

Quarks are conventionally categorized into light quarks, which have a mass signi cantly
below ocp, and heavy quarks, whose mass exceeds qcp. According to this classi ca-
tion, the up, down, and strange quarks are considered light quarks. For these quarks, the
massless approximation yields accurate results. For the remaining quarks, the massless
approximation is no longer appropriate, in particular for processes in which the typical
hard scale Q is of the same order of magnitude of the quark mass. In fact, in the latter
case, mass power correction, i.e. terms like m§=Q2, contribute signi cantly to the nal
prediction. On the other hand, in the region Q mq the collinear logarithms, intro-
duced in section 1.2, become relevant and they can spoil the perturbative accuracy of the
series if not resummed at all orders.

It is then clear that the appropriate way, or schemegto treat the heavy quark contri-
butions strongly depends on the kinematic region of interest. For this reason, variable
avour number schemefVFNS) are usually adopted to obtain accurate predictions for
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datasets with a large range in the hard scale Q. In particular, for each heavy quark with
massmy,, we have three relevant kinematic regions:

e Q mp: The mass of the heavy quark is signi cantly larger than the hard scale
of the process. In this scenario, the heavy quark can be decoupled [33] and treated
as a purely nal state particle, which means that it does not contribute to DGLAP
evolution and to the running of the coupling. The scheme that is accurate in this
region is known as the xed avor number (FFN) scheme and the number of consid-
ered avours does not include the heavy quark.

* Q my: Since the mass power corrections are relevant in this region, the partonic
calculation contains the exact dependence onmy, but the heavy quark is still con-
sidered a non-active avour and does not contribute to the evolutions. Moreovet,
my, acts as an IR regulator, and thus the collinear singularities, given by the gluon
splitting into a h-pair, produce log szmﬁ terms. In this regime, these terms are
considered small and are included in the xed order expansion.

« Q my: Theh quarkis considered an active avor, so its renormalization scheme
is switched from decouplingto MS and it also contributes to DGLAP evolution and
running coupling. The collinear logarithms are not small in this regime, thereby
spoiling the accuracy of the xed order expansion. Consequently, these logarithms
are resummed to all orders in an effective heavy quark PDF. In this case, the calcu-
lation of the partonic cross sections is carried out in the my ! 0 limit, called zero
mass(ZM) scheme, because the mass power corrections can be safely neglected.

To ensure a smooth transition between the three regions for all the heavy quarks, the
so-called general mass variable avour numb&6M-VFEN) schemes are usually adopted.
While different formulations of such schemes exist, which will be brie y described in the
next sections, their general approach is to interpolate between the Fixed Flavor Number
(FFN) and Zero Mass (ZM) schemes, ensuring that double-counting of terms is avoided.
In the following sections we will describe FFN (section 1.4.1), ZM (section 1.4.2) and
GM-VFN (section 1.4.3) schemes, focusing on the Deep Inelastic Scattering case for sim-
plicity's sake .

1.4.1 Fixed Flavour Number (FFN) scheme

Let us rst consider the region where the mass of the heavy quark is approximately
equal to the hard scale (the threshold region) or larger than the hard scale of the process
Q . my. In this region, the heavy quark is considered a purely nal state particle, i.e.
it does not contribute to DGLAP and running coupling. We can then write the structure
function in the FFN scheme as®

X 2 2
F[”'](Qz;mﬁ): Ci[nl] %’% fi[m]( 2); (160)

2The decision to focus on Deep Inelastic Scattering (DIS) is also motivated by the fact that, in practice, DIS
datasets are the primary instance where the use of a General-Mass Variable Flavor Number (GM-VFN) scheme
is truly necessary. In most non-DIS datasets, the typical hard energy scale is suf ciently high that the Zero
Mass (ZM) scheme is usually suf ciently accurate.

3Note that here we are setting the factorization scale to be equal to the renormalizationscale, g = ¢ =
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where the index i runs over the n; light quarks and the x dependence is omitted. Note
the square bracket notation denoting the number of avours in the scheme in which

each quantity has been computed. In particular, fi[”'] denotes PDFs evolved with n,
active avours in DGLAP. This means that fi[”'] Ofor i > n | at all scales. In the same

way, Ci[“'] means that the running of the coupling is performed with n, active avours.

We will denote it with "1,

1.4.2 Zero Mass (ZM) scheme

Although the FFN scheme is accurate in the region where Q . my, this scheme does
not resum logs of Q?=m? that become large in the region Q  mjy,. This can be resolved
by using the ZM-VFN scheme in which the heavy quark is treated as a parton at scales
above the heavy quark mass, allowing for the resummation of the logs of szmf1 through
DGLAP evolution. Onthe other hand,inthe Q  my region, the power mass corrections
become irrelevant and we can safely carry out the calculation in the my ! 0 limit. This
scheme differs from the FFN scheme only through the additional parton, and thus the
equation for the structure function analogue to eq. (1.60) can be written as

+

X+l 2
Fni+1] (QZ) — Ci[m+1] % fi[”|+1] ( 2) : (1.61)

i
It is important to note that in this case we get the contribution of the heavy quark PDF

frE“' ' This PDF is generated by DGLAP evolution performed with n;+1 active avours
and thus it is non-zero only for 2 > m 24, This condition holds as long as the intrinsic
component, which is non-zero alsointhe 2 <m ﬁ region and not generated by DGLAP,
of the heavy quark PDF is neglected. The generalized equations that apply to the intrin-
sic heavy quark case can be found, for example, in [34].

1.4.3 General Mass Variable Flavour Number (GM-VFN) scheme

Previously, we have examined the Fixed Flavor Number (FFN) scheme, which is com-
promised by unresummed logarithms of Q2=mZ, diminishing its accuracy beyond the
region Q . my. Conversely, the Zero Mass Variable Flavor Number (ZM-VFN) scheme
lacks corrections proportional to my,=Q, affecting its precision outside the domain Q
mp.

We then turn our attention to the General Mass Variable Flavour Number (GM-VFN)
schemes. These schemes are designed to interpolate between the FFN and ZM-VFN
approaches, thereby offering a uni ed framework that mitigates the impact of missing
corrections when heavy quark masses are present. This interpolation ensures improved
accuracy over a wider range of energy scales.

We rst need to note that PDFs evolved with a different number of active avours

4To be more precise, the scale where the heavy quark PDF is generated is called thethresholdscale, denoted
by 4, and it is another unphysical scale of the same kind of the renormalization and factorization scale.
Conventionally, it is often chosen to equal the heavy quark mass, my,, yet this selection is not obligatory and
the nal results depend perturbatively on this choice.
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are related at the matching(or threshold scale by

X
= AT I R=m MR (1.62)
j=1

where Aj are known as matching conditionsand are known up to NNLO [35, 36]. Since
the structure function in the n; scheme,

X
F[m](QZ) — Ci[m](sz 2) fi[m]( 2); (1.63)

i=1
and in the n; + 1 scheme,

n+1
FOe@) = oM@= 3 1), (1.64)
i=1

must match at the matching scale 4, i.e.
FIMIC 2y= plm+( 2y, (1.65)

we can get, using eq. (1.62),

X+l
M= c™UChH AP I E=m) (1.66)
i=1

It is important to note that the last equation contains a degree of arbitrariness. Specif-
ically, the transformation matrix Aj; converts an n; + 1-dimensional vector into an n-
dimensional vector. This introduces a degree of freedom, linked to the terms propor-
tional to powers of m,=Q, that one can exploit to simplify the construction of the GM-
VFN scheme. This degree of freedom allows for a scheme choice, which has led to the
introduction of several GM-VFN schemes, such as:

e The ACOT scheme [37] and the S-ACOT scheme [38, 39].
» The TR scheme [40] and the TR' scheme [41].

* The FONLL scheme [42].

» The BPT scheme [43].

The FONLL scheme is particularly signi cant within the context of this thesis, as it is
adopted by the NNPDF collaboration. It serves as the framework employed for gener-
ating theoretical predictions that underpin most of the results presented in this thesis.
However, in the following we will adopt the BPT scheme choices and notation. This
scheme shares many similarities with FONLL but simpli es the expression of the nal
result. In particular, the FONLL and BPT schemes are exactly equivalent at all orders,
even if the construction itself is obtained with different steps, and they start to differ only
in the organization of the perturbative expansion.

The fundamental concept behind constructing the GM-VFN scheme is to combine
observables computed in the n; and n; + 1 scheme, while carefully subtracting the terms
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that would otherwise be counted twice. So we write the structure function as
FGM - F[n|+1] + Fnons; (167)

where F[M*1 s the resummed result of eq. (1.61) while F"°" contains all and only the
mass power corrections and thus vanishes in the limit my ! 0. This last condition
ensures that correctly Fgy ! FI[™*3 in the high-energy limit. We then need to require
that

[ nons — F[m] Fsing : (1.68)

where F[Mis the FFNS result of eq. (1.60) andF S"¢ must contain all the double counting
terms. In particular, this implies that FS"9 is the xed-order expansion of the resummed
result FIM*1 We can then obtain its expression just evaluating FI"'*1 in |, = Q as

A X
Femo = ptlj o= AT Mmy Qe ot AR M my; Q) M(Q):
i =1
(1.69)
where we used the f "+l expression of eq. (1.62). We can then plug eq. (1.69) in the
de nition of F"°"S to get

Enons — F[m] Fsing -

X
- [Di[m] Cj[n|+l] Aj[in|+1] [m](mh;Q) C}[1n|+l]ALri]|+l] [nI](mh;Q)]fi[nI](Q):
i =1
(2.70)

Note that the coef cients functions Di[”'] are obtained from the Ci[n']

, re-expanding their
perturbative series in terms of the n; + 1 running coupling M5 This is needed to

ensure that all the expressions in the last equation are expanded in terms of the same
coupling ™M™,

While in principle we have everything now to compute F©®M, we would like to ex-
pressF[M*1 and F"°"s in terms of the same PDFs set. In fact, the former is expressed in
terms of the n; + 1 PDFs, while the latter (eq. (1.70)) is expressed in terms of then, PDFs.
We then rewrite

Frons — inonS(Q; mp)f i[5](Q) : (1.71)

and we X the coef cients C"°" comparing the last equation to eq. (1.70). We then get
| +1

X
C rons = Dj[m] [Cl?lﬂ AL?|+1] [m]] Aj[im] (ni+1] . (1.72)
j=1 k=1
- - - (] [ni+1]
Here we note explicitly the ambiguity caused by the inverse Aj; : !
[m]

of the rectangu-

lar matrix AL';‘ 1 . In the BPT scheme, we exploit these two degrees of freedom to
impose

Cpome= s =0 (1.73)

5This | i ion M+ 2y Ml 2y, ()2 2 2
This is done using the expression g (9= s"( 9+ Gilogﬁh;+ o( 35).
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which simpli es the practical implementation of the GM-VFN scheme. The nal result
can be written as
X
F=" G@Qmupf™+ "™ " (Q; (1.74)
i=1

where Cy, does not contain mass power correction as consequence of the choice made in
eg. (1.73) and
Ci(Qmn) = ¢" Q)+ C™(Qimn): (1.75)



CHAPTER 2

Inclusion of theory errors in PDF tting

The uncertainty associated with parton distribution functions (PDFs) represents a sig-
ni cant bottleneck in achieving precision physics at the Large Hadron Collider (LHC).
Recent advancements in methodology, particularly the application of machine learning
techniques and the accumulation of experimental data, have culminated in the develop-
ment of NNPDF4.0 [8]. This version of PDFs claims a nominal precision at the percent
level. Itis imperative to evaluate whether this purported precision is indeed reliable and
whether it corresponds to a comparable level of accuracy.

Signi cant efforts have been dedicated to evaluating the impact of the methodologies
employed in the determination of PDFs on their associated uncertainties. This includes,
in particular, the manner in which the information contained in the data is propagated
to the PDF uncertainties ([9, 44]). Nevertheless, the uncertainties provided in all stan-
dard PDF sets, such as NNPDF4.0 [8], CT18 [45], MSHT20 [46], or ABMP16 [47], do not
account for theoretical uncertainties. The sole exceptions are the parametric uncertainty
related to the value of the strong coupling constant, s, which has been routinely in-
cluded since the early days of LHC physics [48], and nuclear uncertainties affecting data
such as deep-inelastic scattering on nuclear targets (e.g., neutrino DIS data), which are
incorporated in the NNPDF4.0 PDF determination [49, 50].

Theoretical uncertainties can, in principle, originate from a variety of sources, both
parametric (such as the values of heavy quark masses) and non-parametric (such as the
aforementioned nuclear corrections). Theoretical uncertainties associated with missing
higher orders in Quantum Chromodynamics (QCD) computations—hereafter referred
to as MHOUs—are particularly pertinent, as they in uence any prediction. The current
standard perturbative accuracy of QCD computations is next-to-next-to-leading order
(NNLO), with next-to-next-to-next-to-leading order (N3LO) corrections only known in
a limited number of instances [51]. At NNLO, MHOUSs are typically on the order of a few
percent or greater. For LHC precision observables utilized in PDF determination, such
as gauge boson or top-pair production, this uncertainty is comparable to experimental
systematic uncertainties and often exceeds experimental statistical uncertainties.

Given that the uncertainties in both the experimental measurements and theoretical
predictions symmetrically contribute to the gure of merit used for PDF determination,
it is unjusti able to include the former without accounting for the latter if they are of
comparable magnitudes. In the subsequent sections, the NNPDF4.0 approach to incor-
porating MHOUSs into the PDF determination is presented in detalil.

This chapter is organized as follows. In section 2.1 we brie y review the NNPDF4.0
methodology, emphasizing the aspects that are most pertinent to the main topic of this
chapter (for further details the reader can refer to [3, 8, 52]). In section 2.2, we review the
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theory covariance matrix framework, as initially presented in [4, 53]. We also provide
some details about the estimation of the missing higher orders (2.2.1) and about the
application of the method to the N3LO determination (2.2.3). In sections 2.3 and 2.4,
we validate our estimation on the known NLO and present the results at the PDF and
observable levels [5, 6].

2.1 NNPDF4.0 methodology

The determination of PDFs from discrete data exempli es a pattern recognition prob-
lem, wherein the objective of a PDF tter is to deliver an accurate representation of an
unknown underlying function. However, the problem of PDF determination exhibits
speci ¢ characteristic features that must be considered when developing a tting frame-
work. Firstly, unlike in most standard pattern recognition problems where the model
output is directly compared to data, in the case of PDF determination, one cannot asso-
ciate a single data point with a pair consisting of an input and an output of the model.
Instead, as indicated by egs. (1.41) and (1.42), each observable depends non-linearly on
multiple output PDF functions across the entire range of x. Secondly, for PDFs to be
effective in predicting observables, it is essential to provide a description of the full cor-
relations among PDFs.

In the following, we will describe some of the most relevant aspects of the NNPDF4.0
determination, focusing on the propagation of data uncertainties to PDF uncertainties,
without pretense of completeness.

2.1.1 Error propagation: Monte Carlo method

The most commonly adopted method to propagate data uncertainties to PDFs is the
Hessianmethod [54, 55], which represents PDF uncertainties by symmetric eigenvectors.
On the other hand, NNPDF utilizes a Monte Carlo(MC) replica approach.

The MC replica method involves generating a set of t outcomes to approximate the
posterior probability distribution of the PDF model based on a given set of experimental
input data. This technique relies on a known data generating distribution, typically a
multivariate normal distribution, which is used to generate N s pseudo-data samples.
Each sample is subsequently tted to the forward model employed to describe the data.
For a more detailed mathematical treatment, refer to Ref. [56], where the authors present
an analytical expression for the posterior distribution of the model derived from this
method.

If we assume that the observational noise of the experimental data can be modeled
as a vector drawn from a multivariate normal distribution with a speci ed covariance
matrix C, which is measured in the experiment, the central experimental values Yy, are
given by

Yo=f+ ; (2.1)

where f 2 RN« js the vector of true, thus unknown, observable values, which we will
also refer to as Level-0 (LO) data', and N (0; C) represents the observational noise
drawn from a Gaussian distribution centered at zero with covariance matrix C. We will
also refer to the yg vector as Level-1 (L1) data. Then, the pseudo-data replicas are gener-

1This notation is typical of closure testsvhich will be described in chapter 3.
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ated by augmenting yo with some noise () N (0;C), as

W =yo+ ®O=f+ + ®: (2.2)
where the index k runs over the number of replicas Nyes. Each realization of the noise
(k) is independently drawn from the same multivariate Gaussian distribution as the
observational noise. The vector () is known as Level-2 (L2) data. We can also write the

last equation explicitly as
'y(data p
= k
©=yo+  ( C)y rj( ' (2.3)
j=1

where rj(k) are random numbers generated from a standard normal distribution and

N gata is the total number of data used in the t.
Therefore, the outcome of a PDF determination using the NNPDF framework con-

resent an importance sampling of the probability distribution of the PDFs. Each PDF
replica f (K) is obtained from its corresponding pseudo-data replica (). Estimators for
functions of the PDFs, as well as their variances, are computed by simple averages over
the replicas:

eps

hX [f i = Nlp X [f ®7;
reps k=1
Var[X [f]] = Nlp eps(x [f 1 h X[f1i)?: (2.4)
reps k=1

Thus, uncertainty bands corresponding to any con dence level can be computed from
the posterior Monte Carlo distribution. For instance, it can be veri ed that the  68%con-
dence interval aligns withthe 1 uncertainty band. This alignment is explicitly demon-
strated for the gluon PDF at Q = Qp = 1:65GeV in g. 2.1. In particular, g.2.1a shows
the distribution of Nps = 100 gluon PDF replicas and g. 2.1b shows the resulting 1
interval and 68%con dence level.

() (b)

Figure 2.1: The distribution of Neps = 100 gluon PDF replicas (left) and the resulting 1 interval
and 68% con dence level (right) [3].
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Thus far, we have outlined how the MC replica method propagates experimental un-
certainties to the PDFs. In section 2.2, we will demonstrate its generalization to accom-
modate additional sources of uncertainties, with particular focus on those arising from
theoretical errors. Before proceeding, we will brie y introduce the PDF parametrization
(section 2.1.2) and the tting procedure (section 2.1.3).

2.1.2 PDF parametrization

The fundamental challenge in PDF determination is extracting a continuous function
from a discrete dataset. This inherently poses an ill-de ned problem, but it can be made
tractable by constructing a suitable prior. It is the goal of this section to describe such
prior in some details.

First, remind that the PDFs as functions of x need to be parameterized at a single scale
Qo, where the PDFs at any other scaleQ can be derived by solving the DGLAP evolution
equations discussed in section 1.3.3. It is crucial to select a parametrization that is com-
plex enough to accurately describe the underlying data. A parametrization that is too
simplistic may introduce biases in the resulting PDFs. For this reason, the NNPDF col-
laboration parametrizes the PDFs using a Neural Network, replacing the more common
xed functional form adopted, for instance, by CT18 [45], MSHT20 [46] and ABMP16
[47]. In the latter approach, the PDFs abe parametrized using various functional forms
constructed from polynomials in x and * x, followed by Hessian propagation methods.
However, uncertainties obtained in this straightforward manner often underestimate the
uncertainties of the corresponding predictions. To address this, a posteriori adjustment
is made by in ating the chi-squared distribution corresponding to 1 using a tolerance
factor. The Neural Network (NN) approach adopted by NNPDF then mitigates this po-
tential source of bias as it is known that, in the limit of in nite number of parameters,
neural networks can reproduce any differentiable functions ( universal approximation the-
orem[57]).

The NNPDF4.0 parametrization can be expressed as

xfi(xQo)= Aix® (@ x) 'NNi(X); (2.5)

where the prefactors A; and x® )(1  x) ' ensure that the known PDF constraints
(section 1.3.3) are satis ed.

The Neural Network model NN ;, provides a non-linear mapping from an input space
(in this case x) to an output space (in this case the space of PDFs). This is achieved
through a directed graph structure consisting of multiple layers, where nodes in consec-
utive layers are fully connected. A schematic representation of this graph used in the
NNPDF4.0 determination is depicted in g. 2.2. Note that the we have two inputs, x and
In X, because PDFs are expected to scale logarithmically at smallx and linearly at large x
[58].

In the gure, the blue circles represent the nodes of the graph, each associated with
an activation function Here, the input to each activation function corresponds to the set
of all outputs of the previous layer, represented by the edges. Therefore, if we know
the activation functions of each node, we can explicitly evaluate the neural network and
obtain the function encoded by it. In particular, the output of the i th node ofthe | th

layer is
m_ X ma iy, o
=g Wi’ +b

i ; (2.6)
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Figure 2.2: The graphical representation of the neural network parametrizaion adopted in
NNPDF4.0 [8].

where g() is the activation function of the node and the Weightswi(j') and the biaseﬁq(') are

the free parameters of the NN. These are the parameters that are optimized during the
tting procedure, as described in section 2.1.3. The other parameters of the Neural Net-
work, such as the number of layers, the number of units, the activation functions and so
on, are called hyperparameterand, while they are kept xed during each t, their choice
must be optimized. In [59] an automated algorithm that is able to optimize the hyper-
parameters, nding the best possible NN architecture among a nite space of possible
architectures, has been proposed.

Various choices exist for the activation function, but it must be nonlinear and mono-
tonic. A neural network constructed solely with linear activation functions would reduce
to a basic linear regression model. A common choice for the activation function is the
sigmoidfunction given by g(x) = ﬁ This function exhibits two asymptotes: g(x) =1
asx!1 andg(x)=0asx! 1 , making it a differentiable function that approxi-
mates astep function The concept of the activation function as a step function provides
an intuitive analogy to neurons in a biological brain, where neurons either re a signal
or do not based on their inputs.

To mitigate the potential restriction imposed by the polynomial prefactor in eq. (2.5)
and to avoid underestimating uncertainties, the exponents and are randomly sam-
pled from a range determined in a self-consistent manner [60, 61]. Speci cally, when
changes are made to the methodology or dataset, an initial tis conducted to calculate
the effective exponents for each distribution using

logfi(x) .
log 1=x '

logfi(x) .

i(x) = gl x (2.7)

i(x)=

Then, for each subsequent ts, the and exponents are sampled from an uniform
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distribution on a interval corresponding to twice the con dence interval of the respective
effective exponent.

Finally, it is noteworthy from g. 2.2 that the output nodes are parameterized in the
evolution basis fg; ;V;Vs;Vs; T3; Tg; T1s5g (See section 1.3.3). This choice is motivated
by the observation that, as explained in section 1.3.3, the DGLAP evolution solutions
are more straightforward in the evolution basis compared to the avour basis. In [8], it
has been demonstrated that the PDFs remain stable, i.e. agree within thel level, when
changing the parametrization basis.

2.1.3 Fitting procedure

The NNPDF tting procedure is depicted in g. 2.3. The optimization of the free param-
eters of the NN is carried out by the so-called stopping algorithnm(described in more detail
later on), that is contained in the blue box in the gure. The inputs of the stopping algo-
rithm are the theoretical predictions in FK tableformat (see chapter 4), the experimental
data along with their covariance matrices and the hyperparameters of the Neural Net-
works optimized as described above. The output of the stopping algorithm are the PDFs
parametrized a the tting scale Qg = 1:65GeV. They are then evolved to a prede ned
Q grid by a software implementing DGLAP equations 2, and selected by some post- t
criteria. Finally they are exported in LHAPDF6 standard format [62].

Figure 2.3: Diagrammatic representation of the NNPDF tting procedure. The orange boxes de-
scribe the stoppingalgorithm with whichthe 2 is minimized. The inputs of the stopping algorithm
(on the left) are the experimental data, the theoretical predictions (in FK Tableformat, see chapter 4)
and the hyperparameters of the Neural Network. The outputs are the PDFs at the tting scale Qo
which are rst evolved to a prede ned grid of  Q values and then ltered by some post-t selection
criteria. The nal grids are then provided in the standard LHAPDF format [3].

Stopping algorithm.  Given the assumption that the experimental uncertainties are
Gaussian, a natural choice for the target function is the chi-squared statistic, de ned

as
’Xdata
= (Di P)G'(D; Py); (2.8)
i =1
where D is the vector of experimental datapoints, P is the corresponding vector of theo-
retical prediction at a certain tting step and, as introduced above, C is the experimental

2t used to be APFEL[30], but now we use EKO[32] which is part of the new theory pipeline described in
chapter 4.
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covariance matrix3. The latter can be expressed in terms of experimental uncertainties
as

_ (uncorr)  (uncorr)
Ci = i | j
"(mu\t b(corr
(norm)  (norm) (corr) (corr) .
+ im  jm T NI DiDj; (2.9)
m=1 =1
where " are the uncorrelated systematic uncertainties, ™ are the multiplicative
normalization uncertainties and > are the remaining correlated uncertainties.

A suf ciently large neural network is capable of optimizing the experimental data
to such an extent that it also learns the noise present in the data, rather than restricting
the extraction of information to only the genuine features of the data. This phenomenon
is known as over tting, and the stopping algorithm (g. 2.4), together with the Cross-
validation are speci cally designed to prevent it.

Adopting a cross-validation method means that the full global NNPDF4.0 dataset is
divided into a training dataset and avalidationdataset. For each experimental dataset, a
random fraction of 75%of the data points is placed in the training set, while the remain-
ing 25%is placed in the validation set. Fig. 2.5 illustrates the use of the split into training
and validation sets to identify the optimal instance of the neural network. During the
tting process, the training set is utilized to de ne a training error function 2, which
serves as the target for the optimizer. This function can, in principle, be reduced indef-
initely, asymptotically approaching zero. This behavior is depicted by the blue curve in
the gure.

Conversely, the validation set is not directly used by the optimizer, but the corre-
sponding error function 3a| for this subset of data is evaluated at each training epoch,
represented by the orange line. As shown in the gure, \2,a, reaches its minimum value
just before 6000epochs, after which it begins to increase. This increase indicates over t-
ting, where the optimizer starts tting the noise present in the training data and loses its
ability to generalize well to unseen data.

The optimal result of the tting procedure corresponds to the epoch at which 2, is
minimized. In g. 2.5, the epoch representing the best instance of the neural network is
highlighted by a vertical dashed line.

This criteria is implemented in the stopping algorithm, depicted in g. 2.4. To deter-
mine when a neural network has completed its training, a counter is initiated once the
validation loss 2, falls below a speci ed threshold. From this point, the counter tracks
the number of epochs that have passed, and the training terminates if the validation loss
does not improve for a predetermined number of epochs. This number of epochs is a
hyperparameter. Should this occur, the training is halted and the model is reset to the in-
stance with the lowest validation loss. If at no stage during the training process does the
validation loss reach this threshold value, the tis considered insuf ciently consistent
with the data and is consequently discarded.

Additionally, for an instance to be deemed acceptable, it must satisfy certain positiv-
ity criteria, ensuring that the up, down, and strange quark and antiquark PDFs, as well

3In practice, in order to avoid the so-called D'Agostini bias [63], due to the presence of multiplicative un-
certainties, during the optimization the to covariance matrix is used instead [64]. This implies using the theo-
retical prediction P, obtained with a certain to PDF set, in place of the datapoints D for the normalization part
ineq. (2.9).
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as the gluon PDF, are positive. These constraints are derived from [65], which demon-
strated that the PDFs for individual quark avors and the gluon, as de ned inthe  MS
factorization scheme, are non-negative.

Lastly, there is an upper limit on the number of epochs for which the model is allowed
to be trained. If the model is still improving when this limit is reached, the training will
nevertheless be terminated.

Once the training of the full set of replicas is complete, speci ¢ post- t criteria are
evaluated. Replicas that do not satisfy all of these criteria are discarded. As a result, any
replica with an arc-length ora 2 value, calculated relative to the experimental data, that
exceeds4 from the central value of its distribution is discarded. The post- t check also
veri es the integrability of the solutions by ensuring that the inequality

xf(xK Q) < % (2.10)

int
k

is satis ed for f; = V;Vs; Vg; T3; Tg evaluated at Q2 = 5 GeVZ and x) 2 10 °;10 ;10 7.
Roughly 1% of the replicas are discarded by the post- t criteria.

Figure 2.4: Diagram showing the stopping algorithm used to choose the optimal minimization
step (or epochto stop the t, based on the look-baclalgorithm [3].

2.2 The theoretical covariance matrix framework

The NNPDF methodology can be extended, under certain assumptions, to incorporate
theoretical errors expressed by a theoretical covariance matrix. In this section, we rst
outline the theoretical foundation of this approach, which can accommodate any source
of theoretical uncertainty. Subsequently, in section 2.2.1, we delve into the problem of
estimating Missing Higher Order Uncertainties (MHOUS), addressed through the scale
variation method. Detailed insights into the construction of the theory covariance matrix
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Figure 2.5: Typical pro le of the training and validation 2 as a function of the tting step. The
optimal stopping point, in which the validation  chi? reaches its minimum, is highlighted by a red
dashed line [3].

are provided in section 2.2.2. Finally, the application of this framework to the broader
challenge of extracting PDFs at N3LO is brie y discussed in section 2.2.3.

We begin by noting that each experimental data point D; is associated with a "true”
value T;, which represents the value given by Nature. Due to imperfections in experi-
mental measurements, T; cannot be determined exactly, but Bayesian probability can be
used to estimate the likelihood of a hypothesis for T;. Assuming Gaussian distribution
of experimental results around this hypothetical true value, the conditional probability
for the true values T given the measured cross-sectionsD is

P(TID)= P(DT)/ exp (T, DG, (T, D)) : (2.11)

Although the true values T; are unknown, theoretical predictions P; can be computed
for each data point D;. These predictions are derived from a theoretical framework that
is typically incomplete, such as being based on a xed-order truncation of a perturbative
expansion or omitting higher-twist effects, nuclear effects, or other dif cult-to-calculate
factors. Additionally, these theory predictions P; rely on PDFs evolved to a suitable
scale, also using an incomplete theory. While the theory predictions may correspond
to various observables and processes, they all hinge on the same underlying (universal)
PDFs.

Now, following a similar approach used in estimating experimental systematics, we
assume that the true values T; are centered on the theory predictions P;, and are dis-
tributed Gaussianly around these predictions. Ideally, these distributions would coin-
cide if the theory were exact and the PDFs were known with certainty. The conditional
probability for the true values T given theoretical predictions P is

}(Ti P)S; ((Tj  Py) (2.12)

P(TjP)= P(PjT)/ exp 5

where the theory covariance matri$; has to be estimated (section 2.2.1).
PDFs are determined by maximizing the marginalized probability of the theory given
the data P(PjD), where the true values T remain unknown. Using Bayes' theorem we
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have
P(TDP)P(DjP)= P(DJTP)P(T|P); (2.13)

where
P(DjTP)= P(D|T); (2.14)

given that experimental data do not depend on the theoretical predictions P but only on
the true values T. Thus, we can obtain
z

P(DjP)= DNTP(TD)P(TjP); (2.15)

wherethe N dimensional integral is over all possible values of T and which stems from
Z
DNTP(TjPD)=1": (2.16)

Having marginalized over the true values T, now the probability of the experimental
data is conditional to the theoretical predictions P.

We can rewrite this probability in terms of the difference between the true values and
the theoretical predictions, i.e.
TRy (217)

as

z
. 1 1
P(DjP)/ DN exp 50 P )C; (D} P i) = St

which is obtained exploiting the Gaussianity assumption. We can now perform this
integral explicitly [4], exploiting the fact that both C and S are symmetric matrices, to
get

P(PjD)= P(DjP)/ exp %(D P)T(c! c c t+s Hc b P)

(2.19)
Now, noting that
(Cl+s Hh=(c c+s)s ) t=s(C+5S) c; (2.20)
we can write
ct clict+shilct=ct cls(Cc+s)t=(Cc+s)t; (221
which allows us to write the nal result
P(PjD)/ exp %(Di P)(C+S);'(D; Pj) : (2.22)

Comparison of eq. (2.22) with eq. (2.11) indicates that when replacing the true T, by the
theoretical predictions P; in the expression for the 2 of the data, the theoretical covari-
ance matrix S; should simply be added to the experimental covariance matrix Cj [66].
This implies that, at least within this Gaussian approximation, when determining PDFs,

theoretical uncertainties can be treated akin to additional experimental systematics: they
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represent additional uncertainties considered when seeking to derive the truth from the
data based on a speci ¢ theoretical prediction. The experimental and theoretical uncer-
tainties are added in quadrature because they are assumed to be uncorrelated.

The question remains of how to estimate the theory covariance matrix S; . We need
a method to estimate the shifts ;, often referred to as nuisance parameteiia the con-
text of systematic error determination, that accounts for theoretical correlations among
different kinematic points within the same dataset, across different datasets measuring
the same physical process, and between datasets corresponding to different processes
(involving different initial state hadrons). It should be noted that theory correlations
persist even among different processes due to universal parton distributions; processes
involving only leptons in the initial state are the only ones with truly independent theo-
retical uncertainties, though they are irrelevant for PDF determination.

The most commonly used method for estimating the theoretical corrections due to
Missing Higher-Order Uncertainties (MHOUS), which naturally incorporates all theo-
retical correlations, is scale variation This method is discussed in section 2.2.1 and then
applied in section 2.2.2 to formulate speci ¢ procedures for constructing the theory co-
variance matrix S; . Other approaches discussed in the literature involve estimating
MHOUSs based on the behavior of known perturbative orders [67—70]; however, these
approaches do not currently offer a suf ciently well-established formalism of broad ap-
plicability and it is currently not clear how they can provide theoretical correlations be-
tween observables. It should be noted that the formalism presented in this section is
independent of the speci ¢ method used to estimate the correlated theoretical shifts ;.

2.2.1 MHOUs from scale variations

Theoretical predictions at hadron colliders rely on two quantities computed perturba-
tively: the partonic cross sections or coef cient functions, eq. (1.41), and the anomalous
dimensions, eq. (1.47), which determine the scale dependence, eq. (1.48), of the PDF.
Both quantities can be expressed as a series in the strong coupling s(Q?), which itself is
given perturbatively through the solution to eq. (1.24) in terms of the value of the strong
coupling at a reference scale, typically s(Mz). The Missing Higher-Order Uncertainty
(MHOU) on the predictions arises from the truncation of these perturbative expansions
at a given order.

In principle, if a variable- avour-number scheme is used (section 1.4), a further MHOU
is introduced by the truncation of the perturbative expansion of the matching condi-
tions that relate PDFs in schemes with different numbers of active avors (see eq. (1.62)).
These uncertainties, especially those related to the matching at the charm threshold, are
very signi cant if one is interested in PDFs below the charm threshold, such as when de-
termining the intrinsic charm PDF [71, 72]. However, for precision LHC phenomenology,
physics predictions are produced in an n; =5 scheme, and PDFs are also determined by
comparing to data predictions, the vast majority of which are computed inthe nf =5
scheme. Therefore, the matching uncertainties only affect the small amount of data be-
low the bottom threshold | (no data below the charm threshold are used), and then
only through the MHOU at the bottom threshold, which is very small. Consequently,
the MHOU related to the matching conditions are subdominant, and we will neglect
them here.

We thus focus on MHOUSs on the hard cross-sections and anomalous dimensions.
The estimation of these MHOUSs from scale variations is obtained by producing various
expressions for a perturbative result to a given accuracy, which differ by the subleading
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terms generated when varying the scale at which the strong coupling is evaluated. Start-
ing with the coef cient function, we construct a scale varied N XLO coef cient function

_ X o
C(s( 2 )= M 2)_ (s Ti( 1) (2.23)

=0

requiring that -
C( s( +Q%; )= C( s(@°NIL+ O $); (2.24)

which determines the scale varied coef cients C;( () in terms of the starting C;. Note
that | is de ned as the square of the ratio between the renormalization scale and the
typical scale of the process, i.e. ; = 2=Q?. We provide explicit expressions up to N Lo
in appendix A.

At any given order, C and C differ by subleadingerms: their difference is taken as
an estimate of the missing higher orders, and it is used for the construction of a theory
covariance matrix, as described in section 2.2.2. We refer to this method of estimating
MHOUSs on partonic cross-sections as renormalization scale variatigras it has to do with
the scale dependence of ¢ in the coef cient functions expansion.

Through the same procedure, we may obtain an estimate of the MHOU on the anoma-
lous dimension. Namely, we construct a scale-varied N ¥LO anomalous dimension

— 2y. .y = 2% 2yyj — .
CsC )= (9 GO0 (2.25)

j=0

requiring
TCs(1Q)5 )= (@)L OC s); (2.26)

which xes —( ¢) interms of ;. Note that this is just a speci ¢ instance of eq. (2.23),
obtained choosing m = 1. The de nition of ; is analogous to the de nition of |,
ie. ¢ = f2=Q2. The subleading difference between and — can be taken as an esti-
mate of the MHOU on anomalous dimensions. This uncertainty then translates into a
MHOU on the PDF f (Q?) when expressed through eq. (1.47) in terms of the PDFs at the
parametrization scale. We refer to this estimate of the MHOU on the scale dependence
of the PDF asfactorization scale variation

By substituting the scale-varied anomalous dimension —( (Q?); ) into the expres-
sion of the PDF in eq. (1.47), it can be shown [4] that factorization scale variation can
equivalently be performed directly at the level of the PDF. To do so, we start by espress-
ing the solution of the DGLAP evolution equations from Q3 to Q2 in terms of an evolution
kernel operatofEKO)[32], as

Zq2 2
d
F@)=EQ Q@=Pep 5 (%) F(Q); (2.27)

where P denotes the path ordering Then, we de ne a scale-varied PDF f(Q? ¢),asa
PDF whose scale dependence is governed by a scale varied EKCE(Q?  Q3; ), as

f(Q% )= E(Q® Q3 ) (Q}): (2.28)
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The scale varied NLL# EKO, as usual, differs by subleading terms from the original
EKO:

E(Q® QF; 1)= E(Q* QjIL+ O( s): (2.29)
We can construct the scale varied EKO as
E(Q* Qf 1)=K(s(1Q%; 1)E(:Q* Qf); (2.30)

where the additional N LL evolution kernel K ( s( +Q?); ) isgiven by the expansion

X )
K<s(fQ2);f):_ (s( QK (1): (2.31)

i=0

By substituting this expansion into eq. (2.29), all coef cients K; ( ) are determined in
terms of ;. Their expressions are provided up to N L0 in appendix A. Collectively,
egs. (2.29) and (2.30) imply that the scale-varied evolution kernel evolves from Q3 to
¢ Q2, and then from ; Q2 back to Q2, with the latter evolution expandedto xed N ¥LO.

The two methods for performing factorization scale variation, whether on anomalous
dimensions (as in eq. (2.26)) or directly on PDFs (as in eq. (2.29)), are equivalent. When
executed at NLO, both methods generate the same subleading N**1 LO terms, although
higher-order terms may differ. Speci cally, this equivalence ensures that the theoretical
predictions are consistent within the limits of the calculated perturbative order. These
two approaches to factorization scale variation, involving variations in the scale of the
anomalous dimension and the scale of the PDF, were distinguished as Scheme Aand
Scheme B [53].

A third way, referred to as Scheme Gn [53], consists of using the scale-varied PDF,
eg. (2.28), namely

Q% 1)= K( s(1Q?%; 1)E(1Q% QA (QY); (2.32)

but including K ( s( 1 Q%); ¢) in the coef cient functions instead of the PDF, exploit-
ing the factorization theorem. For completeness, also the explicit expressions needed to
adopt this scheme are given in appendix A.

In standard practice, factorization scale variation is typically implemented using
Scheme C, as it avoids the need to alter the PDFs, which are commonly obtained from an
external source. However, in the context of PDF determination, factorization scale varia-
tion via Scheme B (eqg. (2.28)) is preferred for its simplicity. This approach involves mod-
ifying only the EKO used in computing PDF evolution. Hence, we will adopt Scheme B
for factorization scale variation.

2.2.2 Prescriptions for the theory covariance matrix

The missing higher-order uncertainty (MHOU) arising from the perturbative trunca-

tion of the partonic cross-sections and the scale dependence of the parton distribution
functions (PDFs) are respectively estimated through renormalization scale variation, as
described in eq. (2.24), and factorization scale variation according to scheme B of [4],

4The NKLL solutions to the DGLAP evolution equations resum the N XLL collinear logarithms (see sec-
tion 1.4). In practice, it means that the anomalous dimensions are computed up to N KLO.
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detailed in eq. (2.30). These uncertainties are incorporated into the t through the con-
struction of a MHOU covariance matrix. We review here the details of the construction of
such theory covariance matrix, together with a description of the possible prescriptions
that can be adopted in its de nition[4, 5, 53].

The estimation of the shifts ; (as de ned in section 2.2) given by the scale variation
procedure is

i(t:0) Pi(t; 1) Pi(0;0); (2.33)
where P;( t; ) is the prediction for the i-th datapoint obtained by varying the renor-
malization and factorization scale by a factor ., ; respectively.

Next, we need to choose a correlation pattern for scale variation, as follows:

 Factorization scale variation is correlated for all datapoints because the scale de-
pendence of PDFs is universal.

» Renormalization scale variation is correlated for all datapoints belonging to the
same category. This category could either be the same observable, such as fully in-
clusive DIS cross-sections, or different observables pertaining to the same process,
for example, the transverse momentum and rapidity distributions of the Z boson.

Note that this approach necessitates a categorization of processes. For instance, charged-
current (CC) and neutral-current (NC) deep inelastic scattering are treated as distinct
processes. The speci c categorization adopted for the results presented in sections 2.3
and 2.4, is detailed in section 2.3.1.

These choices correspond to the assumption that factorization and renormalization
scale variations fully capture the MHOU on anomalous dimensions and partonic cross-
sections, respectively, and that missing higher-order terms are of a similar nature and
thus of a similar magnitude across all processes within a given process category. Al-
ternative assumptions are possible. For instance, one could decorrelate the renormal-
ization scale variation from contributions to the same process originating from different
partonic sub-channels, or introduce an additional variation of the process scale on top of
the renormalization and factorization scale variations discussed above (see Section 4:3
of [4] for a more detailed discussion).

The MHOU covariance matrix is then de ned as

X
Si = Nm iCt5r) 505 ) (2.34)
Vi

where the sum runs over the space V, of the m scale variations that are included. The
factorization scale is always varied in a correlated manner, while the renormalization
scales, corresponding to ;, and ., are varied in a correlated manner ( ,, = ;) if
datapoints i and j belong to the same category. However, they are varied independently
if i and j belong to different categories.

The normalization factor np, is nontrivial to compute because it must account for the
mismatch between the dimension of the space of scale variations when two datapoints
are in the same category (hence, there is only one correlated set of renormalization scale
variations) and when they are not (thus, there are two independent sets of variations).
These normalization factors were computed for various choices of the space V, and for
various values of m in [4]. A detailed description of the possible prescriptions, as well
as the computation of such normalization factors is provided in appendix B.
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Asin [4], and as is commonly done, we consider scale variations by a factor 2, so that
£, r = f1=4;14g: (2.35)

In [4], various choices for the space of allowed variations were examined. Among these
were the 9-point prescription, where  and ; are allowed to take all values f 1=4; 1, 4g,
resulting in m = 8 (eight variations around the central value). Another commonly used
prescription is the 7-point prescription, with  m = 6, derived from the 9-point prescrip-
tion by discarding the two outermost variations, speci cally where r =4 ¢ =14
and [ =1=4and ; = 4. We will demonstrate in section 2.3 that, upon validating the
MHOU covariance matrix [5], the 7-point and 9-point prescriptions exhibit similar be-
havior, consistent with the ndings of [4]. Other prescriptions, which involve a more
limited set of independent scale variations, were shown in [4] to be less effective, and
therefore, will not be considered further. The explicit expressions for the MHOU covari-
ance matrix using the 7-point and 9-point prescriptions are provided in Egs. (4.18-4.19)
and Eq. (4.15) of [4], respectively.

The assumptions concerning the correlation patterns of renormalization and factor-
ization scale variations, the categorization of processes, the range of scale variations,
and the speci ¢ selection of variation points inherently involve some degree of arbitrari-
ness (part of which is discussed in appendix B). This arises because the MHOU repre-
sents an estimate of the probability distribution for an unknown quantity with a unique
true value, making it intrinsically Bayesian. The validation of such estimates relies on
comparing their performance against cases where the true value is known, as we will
demonstrate in section 2.3.

2.2.3 Application to N3LO

Calculations of hard-scattering cross-sections at the fourth perturbative order in the
strong coupling (N3LO), have been available for a considerable period for massless
deep-inelastic scattering (DIS) [73—76]. More recently, these calculations have been ex-
tended to encompass a rapidly expanding range of processes at hadron colliders. These
processes include inclusive Higgs production through gluon-fusion [77, 78] and bottom-
fusion [79], as well as in association with vector bosons [80] and through vector-boson
fusion [81]. Additionally, N3LO calculations have been conducted for Higgs pair pro-
duction [82], inclusive Drell-Yan production [83, 84], differential Higgs production [85—
89], and differential Drell-Yan distributions [90, 91]. For a comprehensive overview, see
[92].

In order to exploit this theoretical accuracy, one must combine these partonic cross-
sections with PDFs at the same perturbative order. The primary challenge hindering
progress in this endeavor is the absence of complete expressions for the N3LO splitting
functions that dictate the scale dependence of the PDFs. Currently, only partial infor-
mation is accessible [93-103], which includes a collection of integer N-Mellin moments,
terms proportional to n[( with k 1, and insights into the behavior at large and small
values of x. Despite these partial ndings, it is possible to approximate the N3LO split-
ting functions by combining available data [102, 104], mirroring successful strategies
previously employed at NNLO [105]. Although we will not discuss the construction of
this approximation in the context of this thesis, it is fully described in [6].

Therefore, achieving a global PDF determination at N3LO involves working with in-
complete information: we have approximate knowledge of splitting functions and com-
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plete knowledge of partonic cross-sections only for certain processes. A preliminary
effort in this direction was undertaken in [104], where the unknown theoretical aspects
of N3LO calculations were modeled using a set of nuisance parameters. These parame-
ters were then simultaneously determined with the PDFs through a t to experimental
data.

Here, we employ a distinct approach. Speci cally, we utilize the theory covariance
matrix framework described in section 2.2 to address the gaps in perturbative informa-
tion. In particular, we build, in the same way we built the MHOU covariance matrix in
section 2.2.2, anincomplete higher-order uncertainti@glOUs) covariance matrix that in-
corporates the uncertainties due to incomplete knowledge of N3LO theory, speci cally
for the splitting functions approximation and for the massive DIS coef cient functions.
Armed with these theory covariance matrices, we are poised to conduct a determina-
tion of PDFs at approximate N3L(referred to as aN3LO hereafter). In this approach, the
theory covariance matrix plays a crucial role by accommodating both the incomplete un-
derstanding of N3LO splitting functions and the massive coef cient functions (IHOUS),
as well as the absence of N3LO corrections in partonic cross-sections for hadronic pro-
cesses (MHOUS).

Certainly, the purpose of this thesis does not delve into the detailed construction of
the IHOUs covariance matrix, as comprehensively outlined in [6]. Instead, this section
has underscored how the framework of theory covariance matrices can be extended to
encompass challenges beyond its initial domain. Moreover, it serves as an introduction
to the ndings that will be presented in section 2.4, which include results that have been
derived using aN3LO PDFs.

2.3 \Validation on known perturbative order

In this section, we compute and validate the MHOU covariance matrix following the
methodology outlined in the previous section. Initially, we describe the construction
of the matrix based on an appropriate categorization of the dataset. Subsequently, we
validate the matrix at the Next-to-Leading Order (NLO) level, where the next-order cor-
rections are known, allowing for the exact determination of the true MHOUSs.

2.3.1 Dataset and categorization of processes

To determine the covariance matrix, we must rst select an appropriate dataset and pro-
cess categorization. The dataset utilized for the determination of the NNPDF4.0MHOU
PDFs is identical to that used for the determination of the NNLO NNPDF4.0 PDFs,
as detailed in Ref. [8]. This same dataset is employed for both the NLO and NNLO
NNPDF4.0MHOU PDFs discussed herein. In Ref. [8], a slightly different dataset was
used for the NLO PDF determination, speci cally excluding data points for which NNLO
corrections are substantial and including some data at NLO for which NNLO corrections
were not available at the time. Here, we aim to use the same dataset at both NLO and
NNLO to analyze the impact of including MHOUSs on perturbative convergence, with-
out any changes in the dataset acting as a confounding factor.

As explained in the previous section, process categories correspond to classes of pro-
cesses for which the missing higher-order terms are likely to originate similarly. Con-
sequently, the correlation between the MHOU on any pair of predictions for processes
within the same category can be approximated as if they were two data points from the
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same physical process. We thus classify processes into nine categories: neutral-current
deep-inelastic scattering (DIS NC); charged-current deep-inelastic scattering (DIS CC);
and the following seven hadronic production processes: top-pair; Z, i.e., neutral-current
Drell-Yan (DY NC); W , i.e., charged-current Drell-Yan (DY CC); single top; single-
inclusive jets; prompt photon; and dijet. For more details about the process categoriza-
tion see tables 2.2 to 2.5.

With these classi cations, the covariance matrices at NLO and NNLO can be com-
puted using eq. (2.34). The results at NLO and NNLO, computed using the 7-point
prescription, are shown in g. 2.6. As anticipated, the absolute value of the matrix el-
ements is smaller at NNLO compared to NLO, with a reduction of nearly an order of
magnitude. However, the pattern of correlations remains relatively stable across differ-
ent perturbative orders. It is important to note that all data points, including those from
different experiments, are correlated through MHOUSs on perturbative evolution. This
represents a signi cant difference compared to a typical experimental covariance matrix.

@ (b)

Figure 2.6: The theory covariance matrices computed at NLO (left) and at NNLO (right) [5].

The relative uncertainties on individual points (i.e. the square root of the diagonal
covariance matrix elements) before and after the inclusion of the MHOU, as well as the
MHOWU itself, are compared in g. 2.7 at both NLO and NNLO. It is evident that, at the
NLO level, the MHOU uncertainty is comparable to the other components of the uncer-
tainty, whereas, at NNLO, it is clearly subdominant. Consequently, we might expect the
effect of MHOUs at NNLO to manifest primarily through correlations, thus impacting
the PDF central values more signi cantly than the PDF uncertainties.

2.3.2 \Validation procedure

The MHOU covariance matrix at NLO can be validated by comparing it to the known
difference between NLO and NNLO predictions. This comparison can be performed
using various estimators, originally proposed in [4]. We present here the results of this
validation, both for our default 7-point prescription and for the 9-point prescription dis-
cussed in section 2.2.2 and in appendix B.

We de ne a normalized shift vector, whose i-th component ; is the normalized shift
of the i-th datapoint due to the change in theory prediction from NLO to NNLO for a
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(@) (b)

Figure 2.7: The diagonal elements of the theory covariance matrix at NLO (left) and at NNLO
(right) compared with the experimental uncertainty and the total uncertainty, i.e. obtained as the
sum in quadrature of the two [5].

xed PDF, namely
P_NNLO P_NLO
i = W, (2.36)
where PNNLO and PNLO are respectively the NNLO and NLO theory predictions both
computed using the NLO PDF set. The simplest validation consists of comparing the
shift ; to the uncertainty on individual points (also normalized), i.e. to the square root
of the diagonal entries of the normalized NLO MHOU covariance matrix

NLO

gno = (2.37)

NLO NLO:
PNLOP,

Results are presented in g. 2.8 fog1 both the 7-point (2.8a) and the 9-point (2.8b) prescrip-

tions, where we compare ; to éi’i\'LO. It is evident that for deep-inelastic scattering,
both 7-point and 9-point scale variations at NLO provide a very conservative uncer-
tainty estimate that signi cantly overestimates the NLO-NNLO shift. Conversely, for
hadronic processes, the shift and scale variation estimates are generally comparable in
size. However, for Drell-Yan (DY) processes, scale variations occasionally underestimate
the shift.

(@) (b)

q
Figure 2.8: Comparison of the shifts of eq. (2.36) to 8NLO (eq. (2.37)) as obtained with the 7-

points prescription (left) and with the 9-points prescription (right) [5].
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