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➡ Physics background:  
   The Standard Model, the LHC, factorisation  
   theorem & parton distributions functions  

➡ Statistical formulation of the inverse problem of 
determining the proton structure from the LHC 
data and the CT solution  

➡ Part I Statistical formulation of the inverse 
problem of determining the proton structure from 
the LHC data and the NNPDF solution 

➡ Part II Statistical closure, experimental 
inconsistencies and simultaneous parameter 
determination
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➡ Part III (Some) open questions and discussion



➡ Part I Statistical formulation of the inverse 
problem of determining the proton structure 
from the LHC data and the NNPDF solution



A STATISTICAL FORMULATION OF THE PROBLEM
•  Data D vector of dimension Ndat ~ O(5000), is obtained from many correlated collider measurements:  

(ep) with one proton or nucleus in the initial state and (pp) with two protons in the initial state.  

• Experimentalists tell us that results are approximately distributed as a multivariate normal distribution, and 
provide us with a mean value and an experimental  covariance matrix 𝜮exp for the data.  

• Model predictions for the data T depend on a vector of physics parameters c (coupling constants, heavy 
quark and boson masses…) plus some continuous functions fi that parametrise the proton nuclear 
substructure in terms of PDFs. Note that PDFs themselves depend on physics parameters.
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T (pp)({f},~c) =
npartonsX

i,j=1

[fi ⌦ fj ⌦ �ij ] (x;~c)

<latexit sha1_base64="18wzihr21cR101DLIiZSgo4Vjrk="></latexit>

D ⇠ N (D0,⌃exp)

<latexit sha1_base64="snOWc44dB/WoS7T76Fc7ZCkB7BM=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICWRii6LduFKKtoHNCFMptN26EwSZiZiCfkDN/6KGxeKuHXrzr9x2mahrQcuHM65l3vv8SNGpbKsbyO3sLi0vJJfLaytb2xumds7TRnGApMGDlko2j6ShNGANBRVjLQjQRD3GWn5w8ux37onQtIwuFOjiLgc9QPaoxgpLXnmYQ06knKYOBgxeJ2Wap51DJ1b2ufISxzBIXmI0iPPLFplawI4T+yMFEGGumd+Od0Qx5wECjMkZce2IuUmSCiKGUkLTixJhPAQ9UlH0wBxIt1k8k8KD7TShb1Q6AoUnKi/JxLEpRxxX3dypAZy1huL/3mdWPXO3YQGUaxIgKeLejGDKoTjcGCXCoIVG2mCsKD6VogHSCCsdIQFHYI9+/I8aZ6U7Ur59KZSrF5kceTBHtgHJWCDM1AFV6AOGgCDR/AMXsGb8WS8GO/Gx7Q1Z2Qzu+APjM8fZFubBg==</latexit>

T (ep)({f},~c) =
npartonsX

i=1

Z 1

x
dy fi(y;~c)�i
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<latexit sha1_base64="WTGlPu52+txe1YK+xGMIJYIZsg4="></latexit>



A STATISTICAL FORMULATION OF THE PROBLEM
• For now let’s leave the parameters c = c* fixed to some optimal value (e. g. PDG value).  

• What theory constraints/indications on the functions {f} do we have from the theory? 
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T ({f},~c = ~c⇤) ⌘ T ({f})

<latexit sha1_base64="nzx+0NFPu4A35Rh6wEVfadP+tyw="></latexit>

T ({f}) � 0

<latexit sha1_base64="mjWLfxvIRe8cyuh7agKOxUdeWNo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiRS0WXRjcsKfUETymR60w6dPJiZCCVk4cZfceNCEbd+hDv/xmmahbYeuHA45965c48XcyaVZX0ba+sbm1vbpZ3y7t7+waF5dNyVUSIodGjEI9H3iATOQugopjj0YwEk8Dj0vOnt3O89gJAsCttqFoMbkHHIfEaJ0tLQrLRrqZM/k3o8gcxJfSfLzp0xYGtoVq26lQOvErsgVVSgNTS/nFFEkwBCRTmRcmBbsXJTIhSjHLKyk0iICZ2SMQw0DUkA0k3z7Rk+08oI+5HQFSqcq78nUhJIOQs83RkQNZHL3lz8zxskyr92UxbGiYKQLhb5CccqwvNE8IgJoIrPNCFUMP1XTCdEEKp0bmUdgr188irpXtTtRv3yvlFt3hRxlFAFnaIastEVaqI71EIdRNEjekav6M14Ml6Md+Nj0bpmFDMn6A+Mzx+LiZgH</latexit>



A STATISTICAL FORMULATION OF THE PROBLEM
• Given these constraints and given O(5000) experimental data points D want to determine the set of 

functions {f} (with i = 1, …, npartons) and estimate their uncertainty 
• Want to find a infinite-dimensional object from a finite number of information.  
• Hence, PDF inference is an example of a non-linear infinite-dimensional inverse problem. 
• Mapping D into f is mathematically ill defined, nobody knows the true f = f* 
• Best we can do it to find best f given the data D. 
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P (f |D) / P (D|f)P (f)

<latexit sha1_base64="UxVW/gSWIUM6veH84+uK2OOj7To=">AAACB3icbZDNSsNAFIUn9a/Wv6hLQQaL0EIpiVR0WbQLlxFsKzSlTKaTdugkE2YmQkm7c+OruHGhiFtfwZ1v46TNQlsPDHycey937vEiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By3JY4FJE3PGxb2HJGE0JE1FFSP3kSAo8Bhpe6PrtN5+IEJSHt6pcUS6ARqE1KcYKW31zGOn5E8aZbfiRoJHirsVp9SY+GWYgl/umUWras0El8HOoAgyOT3zy+1zHAckVJghKTu2FalugoSimJFpwY0liRAeoQHpaAxRQGQ3md0xhafa6UOfC/1CBWfu74kEBVKOA093BkgN5WItNf+rdWLlX3YTGkaxIiGeL/JjBhWHaSiwTwXBio01ICyo/ivEQyQQVjq6gg7BXjx5GVpnVbtWPb+tFetXWRx5cAROQAnY4ALUwQ1wQBNg8AiewSt4M56MF+Pd+Ji35oxs5hD8kfH5A4VMlyw=</latexit>

✓ Likelihood ? Prior

P (D|f) ⇠ exp(��2/2)

<latexit sha1_base64="aciqpA2iUDFzzqf5EyXvXIfeSSA=">AAACGHicbVC7TgJBFJ3FF+ILtbSZSEygEHYJRkuiFpaYyCNhkcwOd2HC7CMzs0ay7mfY+Cs2FhpjS+ffODwKBU9yk5Nz7p259zghZ1KZ5reRWlldW99Ib2a2tnd297L7Bw0ZRIJCnQY8EC2HSODMh7piikMrFEA8h0PTGV5N/OYDCMkC/06NQuh4pO8zl1GitNTNlmr52HZcfJ08xfb0udjhESRuUsC2ZB624THMn9p0wO7LpXKhm82ZRXMKvEysOcmhOWrd7NjuBTTywFeUEynblhmqTkyEYpRDkrEjCSGhQ9KHtqY+8UB24ukmCT7RSg+7gdDlKzxVf0/ExJNy5Dm60yNqIBe9ifif146Ue9GJmR9GCnw6+8iNOFYBnqSEe0wAVXykCaGC6V0xHRBBqNJZZnQI1uLJy6RRLlqV4tltJVe9nMeRRkfoGOWRhc5RFd2gGqojip7RK3pHH8aL8WZ8Gl+z1pQxnzlEf2CMfwAiyJ8s</latexit>

�2 =
NdatX

a,b=1

(Ta({f},~c)�Da)⌃
�1
ab (Tb({f},~c)�Db)

<latexit sha1_base64="5VLZW0io35QLo92TCZ81GdJu3ao="></latexit>



A STATISTICAL FORMULATION OF THE PROBLEM
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P (f |D) / P (D|f)P (f)

<latexit sha1_base64="UxVW/gSWIUM6veH84+uK2OOj7To=">AAACB3icbZDNSsNAFIUn9a/Wv6hLQQaL0EIpiVR0WbQLlxFsKzSlTKaTdugkE2YmQkm7c+OruHGhiFtfwZ1v46TNQlsPDHycey937vEiRqWyrG8jt7K6tr6R3yxsbe/s7pn7By3JY4FJE3PGxb2HJGE0JE1FFSP3kSAo8Bhpe6PrtN5+IEJSHt6pcUS6ARqE1KcYKW31zGOn5E8aZbfiRoJHirsVp9SY+GWYgl/umUWras0El8HOoAgyOT3zy+1zHAckVJghKTu2FalugoSimJFpwY0liRAeoQHpaAxRQGQ3md0xhafa6UOfC/1CBWfu74kEBVKOA093BkgN5WItNf+rdWLlX3YTGkaxIiGeL/JjBhWHaSiwTwXBio01ICyo/ivEQyQQVjq6gg7BXjx5GVpnVbtWPb+tFetXWRx5cAROQAnY4ALUwQ1wQBNg8AiewSt4M56MF+Pd+Ji35oxs5hD8kfH5A4VMlyw=</latexit>

✓ Likelihood ? Prior

Two ways of finding the prior so far: 
• Explicit parametrization (parametrical 

modelling) 
Function is projected on a vector 
space of parameters 𝛉 

• Non-parametrical inference (NNs, 
functional space sampling,…): use 
data to also infer probable 
‘smoothness’ of f(x) and thus infer 
probability function P(f) throughout 
the space of functions

P (D|f) ⇠ exp(��2/2)

<latexit sha1_base64="aciqpA2iUDFzzqf5EyXvXIfeSSA=">AAACGHicbVC7TgJBFJ3FF+ILtbSZSEygEHYJRkuiFpaYyCNhkcwOd2HC7CMzs0ay7mfY+Cs2FhpjS+ffODwKBU9yk5Nz7p259zghZ1KZ5reRWlldW99Ib2a2tnd297L7Bw0ZRIJCnQY8EC2HSODMh7piikMrFEA8h0PTGV5N/OYDCMkC/06NQuh4pO8zl1GitNTNlmr52HZcfJ08xfb0udjhESRuUsC2ZB624THMn9p0wO7LpXKhm82ZRXMKvEysOcmhOWrd7NjuBTTywFeUEynblhmqTkyEYpRDkrEjCSGhQ9KHtqY+8UB24ukmCT7RSg+7gdDlKzxVf0/ExJNy5Dm60yNqIBe9ifif146Ue9GJmR9GCnw6+8iNOFYBnqSEe0wAVXykCaGC6V0xHRBBqNJZZnQI1uLJy6RRLlqV4tltJVe9nMeRRkfoGOWRhc5RFd2gGqojip7RK3pHH8aL8WZ8Gl+z1pQxnzlEf2CMfwAiyJ8s</latexit>

�2 =
NdatX

a,b=1

(Ta({f},~c)�Da)⌃
�1
ab (Tb({f},~c)�Db)

<latexit sha1_base64="5VLZW0io35QLo92TCZ81GdJu3ao="></latexit>

• Given these constraints and given O(5000) experimental data points D want to determine the set of 
functions {f} (with i = 1, …, npartons) and estimate their uncertainty 

• Want to find a infinite-dimensional object from a finite number of information.  
• Hence, PDF inference is an example of a non-linear infinite-dimensional inverse problem. 
• Mapping D into f is mathematically ill defined, nobody knows the true f = f* 
• Best we can do it to find best f given the data D. 



NNPDF APPROACH 4/30

1) Deep NN 
parametrisation

2) Monte Carlo 
replicas

• NNPDF produces regular fits of PDFs, since the NNPDF4.0 global fit in 2021 public code with up-to-date 
documentation that includes all theory and experimental inputs to reproduce all results and produce new ones 
https://github.com/NNPDF/nnpdf  & https://docs.nnpdf.science/ 

https://github.com/NNPDF/nnpdf
https://docs.nnpdf.science/


(1) NN PARAMETRIZATION 5/30

• Instead of using fixed parametrisation, choose parametrisation so large that in principle can fit any conceivable 
function f.  

• One option is to use NNs [Forte, Latorre 2002]  
• First PDF fit using NN to parametrise full set of PDFs [Ball, Del Debbio, Forte, Guffanti, Piccione, Rojo, MU, 2008]

• First NNPDF fits: each independent PDF associated to  
an unbiased and flexible parametrisation: O(300) 
parameters of seven (2-5-3-1) fully connected multi-layer 
perceptron versus O(30) in polynomial parametrisation 
• Training and validation splitting to avoid over learning

⇠i = g

0

@
X

j

!ij⇠j � ✓i

1

A

<latexit sha1_base64="QkP7I/k1ZOWOGt6MohM8RF9WmWA=">AAACHHicbZBNS8NAEIY3ftb6FfXoJVgEPSiJCnoRil48VrAqNCVstpN0624SdidiCf0hXvwrXjwo4sWD4L9x0/bg18DCw/vOMDtvmAmu0XU/rYnJqemZ2cpcdX5hcWnZXlm91GmuGDRZKlJ1HVINgifQRI4CrjMFVIYCrsKb09K/ugWleZpcYD+DtqRxwiPOKBopsPf9Ox7w49gXEOGWr3MZ9PxUQkyDgvcGpdvb8bELSAPuKx53cTuwa+6uOyznL3hjqJFxNQL73e+kLJeQIBNU65bnZtguqELOBAyqfq4ho+yGxtAymFAJul0Mjxs4m0bpOFGqzEvQGarfJwoqte7L0HRKil392yvF/7xWjtFRu+BJliMkbLQoyoWDqVMm5XS4Aoaib4Ayxc1fHdalijI0eVZNCN7vk//C5d6uZ/j8oFY/GcdRIetkg2wRjxySOjkjDdIkjNyTR/JMXqwH68l6td5GrRPWeGaN/Cjr4wsZJqKa</latexit><latexit sha1_base64="QkP7I/k1ZOWOGt6MohM8RF9WmWA=">AAACHHicbZBNS8NAEIY3ftb6FfXoJVgEPSiJCnoRil48VrAqNCVstpN0624SdidiCf0hXvwrXjwo4sWD4L9x0/bg18DCw/vOMDtvmAmu0XU/rYnJqemZ2cpcdX5hcWnZXlm91GmuGDRZKlJ1HVINgifQRI4CrjMFVIYCrsKb09K/ugWleZpcYD+DtqRxwiPOKBopsPf9Ox7w49gXEOGWr3MZ9PxUQkyDgvcGpdvb8bELSAPuKx53cTuwa+6uOyznL3hjqJFxNQL73e+kLJeQIBNU65bnZtguqELOBAyqfq4ho+yGxtAymFAJul0Mjxs4m0bpOFGqzEvQGarfJwoqte7L0HRKil392yvF/7xWjtFRu+BJliMkbLQoyoWDqVMm5XS4Aoaib4Ayxc1fHdalijI0eVZNCN7vk//C5d6uZ/j8oFY/GcdRIetkg2wRjxySOjkjDdIkjNyTR/JMXqwH68l6td5GrRPWeGaN/Cjr4wsZJqKa</latexit><latexit sha1_base64="QkP7I/k1ZOWOGt6MohM8RF9WmWA=">AAACHHicbZBNS8NAEIY3ftb6FfXoJVgEPSiJCnoRil48VrAqNCVstpN0624SdidiCf0hXvwrXjwo4sWD4L9x0/bg18DCw/vOMDtvmAmu0XU/rYnJqemZ2cpcdX5hcWnZXlm91GmuGDRZKlJ1HVINgifQRI4CrjMFVIYCrsKb09K/ugWleZpcYD+DtqRxwiPOKBopsPf9Ox7w49gXEOGWr3MZ9PxUQkyDgvcGpdvb8bELSAPuKx53cTuwa+6uOyznL3hjqJFxNQL73e+kLJeQIBNU65bnZtguqELOBAyqfq4ho+yGxtAymFAJul0Mjxs4m0bpOFGqzEvQGarfJwoqte7L0HRKil392yvF/7xWjtFRu+BJliMkbLQoyoWDqVMm5XS4Aoaib4Ayxc1fHdalijI0eVZNCN7vk//C5d6uZ/j8oFY/GcdRIetkg2wRjxySOjkjDdIkjNyTR/JMXqwH68l6td5GrRPWeGaN/Cjr4wsZJqKa</latexit><latexit sha1_base64="QkP7I/k1ZOWOGt6MohM8RF9WmWA=">AAACHHicbZBNS8NAEIY3ftb6FfXoJVgEPSiJCnoRil48VrAqNCVstpN0624SdidiCf0hXvwrXjwo4sWD4L9x0/bg18DCw/vOMDtvmAmu0XU/rYnJqemZ2cpcdX5hcWnZXlm91GmuGDRZKlJ1HVINgifQRI4CrjMFVIYCrsKb09K/ugWleZpcYD+DtqRxwiPOKBopsPf9Ox7w49gXEOGWr3MZ9PxUQkyDgvcGpdvb8bELSAPuKx53cTuwa+6uOyznL3hjqJFxNQL73e+kLJeQIBNU65bnZtguqELOBAyqfq4ho+yGxtAymFAJul0Mjxs4m0bpOFGqzEvQGarfJwoqte7L0HRKil392yvF/7xWjtFRu+BJliMkbLQoyoWDqVMm5XS4Aoaib4Ayxc1fHdalijI0eVZNCN7vk//C5d6uZ/j8oFY/GcdRIetkg2wRjxySOjkjDdIkjNyTR/JMXqwH68l6td5GrRPWeGaN/Cjr4wsZJqKa</latexit>

g(x) =
1

1 + e�x
<latexit sha1_base64="RfnGBJtz+pwoG4Db5wbQlHOr2NY=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRaiIkoigG6HoxmUFe4G2lsl00g6dTMLMRFpCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zreVW1hcWl7JrxbW1jc2t+ztnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvcHNuF5/pFKxUNzrUUTbAe4J5jOCtbE69l6vNDy6avkSk8RNE/eYPiQnwzTt2EXn1JkIzYObQREyVTr2V6sbkjigQhOOlWq6TqTbCZaaEU7TQitWNMJkgHu0aVDggKp2MjkgRYfG6SI/lOYJjSbu74kEB0qNAs90Blj31WxtbP5Xa8bav2wnTESxpoJMF/kxRzpE4zRQl0lKNB8ZwEQy81dE+tiEoU1mBROCO3vyPNTOTl3Dd+fF8nUWRx724QBK4MIFlOEWKlAFAik8wyu8WU/Wi/VufUxbc1Y2swt/ZH3+ALGZldM=</latexit><latexit sha1_base64="RfnGBJtz+pwoG4Db5wbQlHOr2NY=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRaiIkoigG6HoxmUFe4G2lsl00g6dTMLMRFpCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zreVW1hcWl7JrxbW1jc2t+ztnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvcHNuF5/pFKxUNzrUUTbAe4J5jOCtbE69l6vNDy6avkSk8RNE/eYPiQnwzTt2EXn1JkIzYObQREyVTr2V6sbkjigQhOOlWq6TqTbCZaaEU7TQitWNMJkgHu0aVDggKp2MjkgRYfG6SI/lOYJjSbu74kEB0qNAs90Blj31WxtbP5Xa8bav2wnTESxpoJMF/kxRzpE4zRQl0lKNB8ZwEQy81dE+tiEoU1mBROCO3vyPNTOTl3Dd+fF8nUWRx724QBK4MIFlOEWKlAFAik8wyu8WU/Wi/VufUxbc1Y2swt/ZH3+ALGZldM=</latexit><latexit sha1_base64="RfnGBJtz+pwoG4Db5wbQlHOr2NY=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRaiIkoigG6HoxmUFe4G2lsl00g6dTMLMRFpCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zreVW1hcWl7JrxbW1jc2t+ztnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvcHNuF5/pFKxUNzrUUTbAe4J5jOCtbE69l6vNDy6avkSk8RNE/eYPiQnwzTt2EXn1JkIzYObQREyVTr2V6sbkjigQhOOlWq6TqTbCZaaEU7TQitWNMJkgHu0aVDggKp2MjkgRYfG6SI/lOYJjSbu74kEB0qNAs90Blj31WxtbP5Xa8bav2wnTESxpoJMF/kxRzpE4zRQl0lKNB8ZwEQy81dE+tiEoU1mBROCO3vyPNTOTl3Dd+fF8nUWRx724QBK4MIFlOEWKlAFAik8wyu8WU/Wi/VufUxbc1Y2swt/ZH3+ALGZldM=</latexit><latexit sha1_base64="RfnGBJtz+pwoG4Db5wbQlHOr2NY=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRaiIkoigG6HoxmUFe4G2lsl00g6dTMLMRFpCNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRZ0o7zreVW1hcWl7JrxbW1jc2t+ztnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvcHNuF5/pFKxUNzrUUTbAe4J5jOCtbE69l6vNDy6avkSk8RNE/eYPiQnwzTt2EXn1JkIzYObQREyVTr2V6sbkjigQhOOlWq6TqTbCZaaEU7TQitWNMJkgHu0aVDggKp2MjkgRYfG6SI/lOYJjSbu74kEB0qNAs90Blj31WxtbP5Xa8bav2wnTESxpoJMF/kxRzpE4zRQl0lKNB8ZwEQy81dE+tiEoU1mBROCO3vyPNTOTl3Dd+fF8nUWRx724QBK4MIFlOEWKlAFAik8wyu8WU/Wi/VufUxbc1Y2swt/ZH3+ALGZldM=</latexit>

Fully connected 
multi-layer 
perceptron



6/30

• NNPDF4.0: Single deep Neural Network (763 parameters) [Ball et al, 2021 arXiv:2109.02653]  

• Hyper-parameter optimisation via K-fold procedure: scan parameter space and optimise K-fold loss. 

K-fold loss

List of hyper-parameter

(1) DEEP NN PARAMETRIZATION 
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• NNPDF4.0: Single deep Neural Network (763 parameters) [Ball et al, 2021 arXiv:2109.02653]  

• Hyper-parameter optimisation via K-fold procedure: scan parameter space and optimise K-fold loss.  
• Each fold reproduces features of the full dataset, loss = average of the non-fitted folds => good generalisation  

(1) DEEP NN PARAMETRIZATION 
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𝛂, β are pre-processing exponents randomised 
within a range for each parton combination and 
iterated until range is stable The convolution of the PDFs with 

the theory functions 𝛔 is done by 
computing PDFs on a grid of x(k) 
points and multiplying the by a 
precomputed FK table

To impose 
sum rules

FROM DNN TO THEORY PREDICTIONS



9/30(2) THE MONTE CARLO SAMPLING FOR ERROR PROPAGATION

Vector of 
central 
experimental 
values

D0 = t+ ⌘

<latexit sha1_base64="YwEVIrWergFZG7xwwhlCB249h5c=">AAACBHicbVDLSgNBEJz1GeNr1WMug0EQhLArEb0IQT14jGAekA1hdtJJhsw+mOkVwpKDF3/FiwdFvPoR3vwbJ8keNLGgoajqnp4uP5ZCo+N8W0vLK6tr67mN/ObW9s6uvbdf11GiONR4JCPV9JkGKUKooUAJzVgBC3wJDX94PfEbD6C0iMJ7HMXQDlg/FD3BGRqpYxduOg69pEhPaOpNn0sVdMceIBt37KJTcqagi8TNSJFkqHbsL68b8SSAELlkWrdcJ8Z2yhQKLmGc9xINMeND1oeWoSELQLfT6dYxPTJKl/YiZSpEOlV/T6Qs0HoU+KYzYDjQ895E/M9rJdi7aKcijBOEkM8W9RJJMaKTRGhXKOAoR4YwroT5K+UDphhHk1vehODOn7xI6qclt1w6uysXK1dZHDlSIIfkmLjknFTILamSGuHkkTyTV/JmPVkv1rv1MWtdsrKZA/IH1ucPHtmXLA==</latexit>

Vector of “true”, 
thus unknown 
experimental 
values

⌘ ⇠ N (0,⌃exp)

<latexit sha1_base64="5c1H+twU+zPYpultvw7KKOvL+sQ=">AAACHHicbVBNSwMxEM3W7/q16tFLsAgKUna1okfRiydRtK3QLWU2nbahye6SZMWy7A/x4l/x4kERLx4E/41p7cGvBwOP92aSmRcmgmvjeR9OYWJyanpmdq44v7C4tOyurNZ0nCqGVRaLWF2HoFHwCKuGG4HXiUKQocB62D8Z+vUbVJrH0ZUZJNiU0I14hzMwVmq5ezQLRq9kCtt5gAbyQHM5VEHQs3zL2wkueVdCKwuUpHib5Nstt+SVvRHoX+KPSYmMcd5y34J2zFKJkWECtG74XmKaGSjDmcC8GKQaE2B96GLD0ggk6mY2Wiunm1Zp006sbEWGjtTvExlIrQcytJ0STE//9obif14jNZ3DZsajJDUYsa+POqmgJqbDpGibK2RGDCwBprjdlbIeKGDG5lm0Ifi/T/5Lartlv1Lev6iUjo7HccySdbJBtohPDsgROSXnpEoYuSMP5Ik8O/fOo/PivH61FpzxzBr5Aef9E7U4ob0=</latexit>

Observational  
noise

µ(k) = D0 + ✏(k) = t+ ⌘ + ✏(k)

<latexit sha1_base64="2kLcBHGqKpEcohxfizecgpzrPjo="></latexit>

✏(k) ⇠ N (0,⌃exp)

<latexit sha1_base64="9OQYhkyHxzJXMngFf2FPMgJJUpo="></latexit>

Pseudo-data replicas, k = 1, …, Nrep

For now let’s only consider experimental 
covariance matrix. In the NNPDF approach a 
theory covariance matrix is also included and 
added to the experimental covariance matrix

• In such a large parameter space Hessian approach not applicable.  
• Use Monte Carlo - or bootstrap - error propagation by importance sampling  

                                                                                                                                            [Giele, Kosover 1993] [Forte et al, 2006]
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• Visually, fitting pseudo data = throwing 
random pseudo data points about the 
experimental data D0, according to a 
multivariate normal distributions centred 
on the experimental data D0 with 
experimental covariance matrix 𝜮exp. 

• For each pseudo data compute the 
optimal point on the theory surface 
based on training-validation splitting and 
minimisation stopping procedure and 
obtain associated parameter values.  

• Repeating gives an approximation to the 
parameter distribution by importance 
sampling. 

Costantini et al, arXiv:2404.10056 

(2) THE MONTE CARLO SAMPLING FOR ERROR PROPAGATION
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Instead of sampling directly in PDF functional 
space, sampling is done at the level of 
experimental error and “projected” in the PDF 
space. 

(2) THE MONTE CARLO SAMPLING FOR ERROR PROPAGATION



12/30(2) THE REPLICA DISTRIBUTION
• Using results of the optimisation for each replica (PDF 

replicas) we can make predictions for observables that 
depend on PDFs. In prediction space: Gaussian 
distributions.  

• Data uncertainty => PDF replica fluctuations  
• Interpolation, extrapolation and functional uncertainties 

=> best fit degeneracy 
• No correlation between fit quality and position in the Z-H 

plane => uniform fit quality

Ball et al, 2211.12961



12/30(2) THE REPLICA DISTRIBUTION

Fit quality of each replica to the 
central data D0 statistically 
distributed. 
Average replica (best fit PDF) not 
necessarily the one with lowest chi2 

• Using results of the optimisation for each replica (PDF 
replicas) we can make predictions for observables that 
depend on PDFs. In prediction space: Gaussian 
distributions.  

• Data uncertainty => PDF replica fluctuations  
• Interpolation, extrapolation and functional uncertainties 

=> best fit degeneracy 
• No correlation between fit quality and position in the Z-H 

plane => uniform fit quality

Ball et al, 2211.12961



13/30THE ROLE OF DATA AND METHODOLOGY IN A PDF FIT 

NNPDF3.1 NNPDF4.0

NNPDF3.1 
(4093) 1.19 1.12

NNPDF4.0 
(4491) 1.25 1.17

DATA

METHODOLOGY

NNPDF3.1 NNPDF4.0

NNPDF3.1 
(4093) 1.19 1.12

NNPDF4.0 
(4491) 1.25 1.17

DATA

METHODOLOGY

•  Shift in parton luminosities mostly due to inclusion of O(500) more data points   
•  Parton luminosities based on same dataset are consistent with each other but 4.0 methodology displays smaller uncertainty 

than 3.1 methodology

NNPDF3.1 vs NNPDF4.0

NNPDF4.0 data - NNPDF3.1 vs NNPDF4.0 methodology 

Ball et al, 2021 arXiv:2109.02653



➡ Part II Statistical closure test, experimental 
inconsistencies and simultaneous parameter 
fits
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L2 pseudo-data (to propagate uncertainties 
                               in Monte Carlo fits)

�̂NNLO ⌦ (f ⌦ f)“true”PDF

<latexit sha1_base64="C6qIXFp9fdinq1T1p863vlJS4cM="></latexit>

Experimental noise

L1 data, each corresponding to a “run of the universe”

Pretend know the “true” value of 
observables, unknown in real life 
but identified with G in clos. test

D0 = t+ ⌘

<latexit sha1_base64="YwEVIrWergFZG7xwwhlCB249h5c=">AAACBHicbVDLSgNBEJz1GeNr1WMug0EQhLArEb0IQT14jGAekA1hdtJJhsw+mOkVwpKDF3/FiwdFvPoR3vwbJ8keNLGgoajqnp4uP5ZCo+N8W0vLK6tr67mN/ObW9s6uvbdf11GiONR4JCPV9JkGKUKooUAJzVgBC3wJDX94PfEbD6C0iMJ7HMXQDlg/FD3BGRqpYxduOg69pEhPaOpNn0sVdMceIBt37KJTcqagi8TNSJFkqHbsL68b8SSAELlkWrdcJ8Z2yhQKLmGc9xINMeND1oeWoSELQLfT6dYxPTJKl/YiZSpEOlV/T6Qs0HoU+KYzYDjQ895E/M9rJdi7aKcijBOEkM8W9RJJMaKTRGhXKOAoR4YwroT5K+UDphhHk1vehODOn7xI6qclt1w6uysXK1dZHDlSIIfkmLjknFTILamSGuHkkTyTV/JmPVkv1rv1MWtdsrKZA/IH1ucPHtmXLA==</latexit>

t = G(w0)

<latexit sha1_base64="i05aaiwqyMyiN/pxlU1avUtGADc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoRgh70GME8MFnD7GSSDJmdXWZ6lRDyF148KOLVv/Hm3zh5HDSxoKGo6qa7K4ilMOi6305qaXlldS29ntnY3Nreye7uVU2UaMYrLJKRrgfUcCkUr6BAyeux5jQMJK8F/auxX3vk2ohI3eEg5n5Iu0p0BKNopXskF+Q6//TgHreyObfgTkAWiTcjOZih3Mp+NdsRS0KukElqTMNzY/SHVKNgko8yzcTwmLI+7fKGpYqG3PjDycUjcmSVNulE2pZCMlF/TwxpaMwgDGxnSLFn5r2x+J/XSLBz7g+FihPkik0XdRJJMCLj90lbaM5QDiyhTAt7K2E9qilDG1LGhuDNv7xIqicFr1g4vS3mSpezONJwAIeQBw/OoAQ3UIYKMFDwDK/w5hjnxXl3PqatKWc2sw9/4Hz+AGqTj3Q=</latexit>

µ(k) = D0 + ✏(k) = t+ ⌘ + ✏(k)

<latexit sha1_base64="2kLcBHGqKpEcohxfizecgpzrPjo="></latexit>

• What checks are done on the methodology? 

• Assume a given underlying law of Nature: e.g. 
NNLO predictions for partonic cross section 
and a given PDF set (for example a random 
NNPDF replica)  

• Generate data with central values given by the 
“true” law of Nature, and distributed according 
to experimental covariance matrix.  

• Run a fit with NNPDF methodology 

• Do statistics on “runs of the universe”: generate  
D0 Nfit times with different random noise drawn 
from experimental distribution



(3) STATISTICAL ESTIMATORS

• Key estimate is the normalised bias:  
measure mean square deviation of predictions from 
the “truth” in units of predicted standard deviation  

(�PDF)i = E✏ [G(u⇤,k)i � E✏G(u⇤,k)i]

<latexit sha1_base64="FC36uCjovwicSlR3pyaPVbxQOqY="></latexit>

Best fit for each data replica in Monte Carlo approach
Central value of prediction i

PDF uncertainty of prediction i

�
Ḡ
�
i
= E✏ [G(u⇤,k)i]

<latexit sha1_base64="42Im6NdmT7E2jSyGmBsqpJ4lE4w="></latexit>

 PDF covariance matrix of predictions i and j 
(PDF induced correlation among observables) 

Rb ~ 1 faithfully estimated PDF uncertainties 
Rb < 1 overestimated PDF uncertainties 
Rb > 1 underestimated PDF uncertainties

Bias averaged over 
Nfit L1 data, i.e. Nfit  runs of 
the universe, I = 1, …, Nfit
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(3) CONSISTENT CLOSURE TEST
NNPDF4.0 global fit: distributions of Δi 

Barontini et al, 2503.17447 

Rb(CPDF) = 0.90

<latexit sha1_base64="Ps1Cv1vo2Kd6rDUnEA7QULy1RWk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEugmJVNSFUKyIyyr2AW0Ik+m0HTqZhJmJUEJw46+4caGIW7/CnX/jtM1CWw9cOJxzL/fe40eMSmXb30ZuYXFpeSW/Wlhb39jcMrd3GjKMBSZ1HLJQtHwkCaOc1BVVjLQiQVDgM9L0h9Wx33wgQtKQ36tRRNwA9TntUYyUljxz785L/LRU9ZKOCGDt6jo9ghfQts5tzyzalj0BnCdORoogQ80zvzrdEMcB4QozJGXbsSPlJkgoihlJC51YkgjhIeqTtqYcBUS6yeSFFB5qpQt7odDFFZyovycSFEg5CnzdGSA1kLPeWPzPa8eqd+YmlEexIhxPF/ViBlUIx3nALhUEKzbSBGFB9a0QD5BAWOnUCjoEZ/bledI4tpyydXJbLlYuszjyYB8cgBJwwCmogBtQA3WAwSN4Bq/gzXgyXox342PamjOymV3wB8bnD86blRw=</latexit>

• Normalised bias in the basis of the eigenvectors 
of the PDF covariance matrix 

• With Δi being the projection of the Bias along  
each normalised eigenvector of CPDF 
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(4) MODELLING EXPERIMENTAL INCONSISTENCIES 
• How to model an inconsistency of experimental 

origin = some underestimated experimental 
systematics?   

• Generate L1 data with “true” experimental 
covariance matrix 

• Fit the data using the rescaled experimental 
covariance matrix (both in pseudo data 
generation and in the loss function) 

(Cexp)ij =

<latexit sha1_base64="lat5egAymMBUFx5un9L6EzuG4LM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS0Y1Q7MZlBfuANoTJdNqOnZmEmYkYQvwVNy4UceuHuPNvnLZZaOuBC4dz7uXee4KIUaUd59taWV1b39gsbBW3d3b39u2Dw7YKY4lJC4cslN0AKcKoIC1NNSPdSBLEA0Y6waQx9TsPRCoaijudRMTjaCTokGKkjeTbpUrDT/uSQ/IYZad+Su+zK98uO1VnBrhM3JyUQY6mb3/1ByGOOREaM6RUz3Ui7aVIaooZyYr9WJEI4QkakZ6hAnGivHR2fAZPjDKAw1CaEhrO1N8TKeJKJTwwnRzpsVr0puJ/Xi/Ww0svpSKKNRF4vmgYM6hDOE0CDqgkWLPEEIQlNbdCPEYSYW3yKpoQ3MWXl0n7rOrWque3tXL9Oo+jAI7AMagAF1yAOrgBTdACGCTgGbyCN+vJerHerY9564qVz5TAH1ifPxQqlGs=</latexit>

(C�
exp)ij =

<latexit sha1_base64="UY3v1fXCHq7sXCMhsxKVzFcXDmo=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYVUlipBRbAgVXRhLBJ9SG2IHMdpDXYS2Q6iijKw8CssDCDEykew8Te4bQZoOZKlo3PO1fU9XsyoVJb1bRSWlldW14rrpY3Nre0dc3evI6NEYNLGEYtEz0OSMBqStqKKkV4sCOIeI13vrjnxu/dESBqF12ocE4ejYUgDipHSkmuWq82bAdN5H7npQHBIHuLsyE3pbXbumhWrZk0BF4mdkwrI0XLNr4Ef4YSTUGGGpOzbVqycFAlFMSNZaZBIEiN8h4akr2mIOJFOOj0ig4da8WEQCf1CBafq74kUcSnH3NNJjtRIznsT8T+vn6jgzElpGCeKhHi2KEgYVBGcNAJ9KghWbKwJwoLqv0I8QgJhpXsr6RLs+ZMXSee4ZtdrJ1f1SuMir6MIyuAAVIENTkEDXIIWaAMMHsEzeAVvxpPxYrwbH7Nowchn9sEfGJ8/NcyX1g==</latexit>

Consistent 
𝜆 = 1

Extreme  
inconsistency 
𝜆 = 0
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(4) BULK INCONSISTENCY
• DIS only fit, in-sample HERA NC 

data are inconsistent. 
• 860 out of 2576 inconsistent 

datapoints, with all systematic 
uncertainties underestimated by 
the same factor 𝜆.   

• Highly non linear behaviour: for λ ≥ 0.4 despite 
inconsistency, PDF uncertainties remain faithful, but 
then sharply rises. 

• In-sample and out-of-sample datasets behave in a 
similar way => NN model effective at generalising.

In-sample inconsistent 
In-sampe consistent 
Out-of-sample

18/30



• DIS only fit, in-sample HERA NC 
data are inconsistent. 

• 860 out of 2576 inconsistent 
datapoints, with all systematic 
uncertainties underestimated by 
the same factor 𝜆.   

• Highly non linear behaviour: for λ ≥ 0.4 despite the 
inconsistency, PDF uncertainties remain faithful, but 
then sharply rises. 

• In-sample and out-of-sample datasets behave in a 
similar way => NN model effective at generalising.

𝜆 ≥ 0.4: Model corrects for 
underestimated uncertainty in the 
inconsistent data, PDF uncertainties 
do not decrease despite the 
reduced data uncertainty.

λ < 0.4: PDF uncertainty shrinks 
=> underestimated PDF 
uncertainties, largest shifts in the 
gluon and quark singlet 
combinations.

19/30(4) BULK INCONSISTENCY



(4) A CRITERION TO SPOT EXPERIMENTAL INCONSISTENCIES 

• So far learn that NN model cures experimental inconsistencies until they are not too big  
• If strong inconsistencies model fails, as either PDF uncertainties shrink or PDFs shift far from 

underlying law. 
• In real life no access to the “truth”, normalised bias cannot be computed and only a single run 

of the Universe. 
• How to spot inconsistencies in a actual PDF fit?

20/30



Large Rb → Large  𝝌2 of the inconsistent dataset and of consistent datasets correlated to it by the PDFs

Normalised deviation 
of 𝝌2 from its mean

Distribution of n𝛔 values across Nfits in DIS case with maximal inconsistency (λ = 0)

Z: Critical threshold

21/30(4) A CRITERION TO SPOT EXPERIMENTAL INCONSISTENCIES 



Large Rb → Large  𝝌2 of the inconsistent dataset and of consistent datasets correlated to it by the PDFs

Normalised deviation 
of 𝝌2 from its mean

Distribution of n𝛔 values across Nfits in DIS case with maximal inconsistency (λ = 0)

Z: Critical threshold

False 
Positive

False Negative

21/30(4) A CRITERION TO SPOT EXPERIMENTAL INCONSISTENCIES 



A single criterion S1 given by n𝛔  threshold Z not enough to minimise false positive and false negative

Extra criterion: what happens if a large weight is given to inconsistent/consistent dataset? 
Expect that the inconsistent dataset, if given extra weight in the fit, will either fail to improve or will 
improve but spoil 𝝌2 of other consistent datasets, while the consistent dataset will not. 

S1 S2 S3

22/30(4) A CRITERION TO SPOT EXPERIMENTAL INCONSISTENCIES 



(4) OPTIMAL INCONSISTENCY DETECTION
C1: condition S1 satisfied 
C2: condition S1 satisfied, and in a weighted fit either S2 or S3 are satisfied (NNPDF4.0 criterion) 

C3: in weighted fit either S2 or S3 are satisfied  

S1 S2 S3

True 
negative 
efficiency 

True 
positive 
efficiency 
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C1: condition S1 satisfied 
C2: condition S1 satisfied, and in a weighted fit either S2 or S3 are satisfied (NNPDF4.0 criterion) 

C3: in weighted fit either S2 or S3 are satisfied  

True 
negative 
efficiency 

True 
positive 
efficiency 

Z ≈ 0.5 Z ≈ 0.5

In this case for Z ≈ 0.5, 90% probability of NOT flagging a consistent dataset as inconsistent and  
95% probability of flagging an inconsistent dataset as inconsistent.   

24/30(4) OPTIMAL INCONSISTENCY DETECTION



(5) EXTRACTING PARAMETERS FROM DATA

✓ In a PDF fit typically 

PDFs

SM parameters ( 𝜶s(Mz), Mw, 𝜃w …), or BSM parameters (SMEFT WCs …)

✓ In a fit of SMEFT Wilson Coefficients

25/30

�2 =
NdatX

a,b=1

(Ta({f},~c)�Da)⌃
�1
ab (Tb({f},~c)�Db)

<latexit sha1_base64="5VLZW0io35QLo92TCZ81GdJu3ao="></latexit>

T (ep)({f},~c) =
npartonsX

i=1

Z 1

x
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✓
x

y
;~c

◆
⌘

npartonsX

i=1

[fi ⌦ �i] (x;~c)

<latexit sha1_base64="WTGlPu52+txe1YK+xGMIJYIZsg4="></latexit>

T ({f}, c) = T SM({f}, c = 0)(1 + klin · c+ kquad · c2)

<latexit sha1_base64="Yl5aHlGINLlH6WiIFuUopUzD8qw="></latexit>

T ({f}) = T SM({f}, c = 0)

<latexit sha1_base64="CSgMpPNzvGCXgBs8Mps9CJYuXrI="></latexit>

T (c) = T SM({f} = {f}⇤)(1 + klin · c+ kquad · c2)

<latexit sha1_base64="2nPtV1DVEMlT6OLGlwjLO+u/HKs="></latexit>



(5) SIMULTANEOUS EXTRACTION OF  PARAMETERS AND PDF

✓ But PDFs and parameters are correlated and PDFs can absorb shifts in the parameters (absorb 
new physics) [E. Hammou, et al 2307.10370]: can we do simultaneous fits of PDFs and parameters?

PDFs

SM parameters ( 𝜶s(Mz), Mw, 𝜃w …), or BSM parameters (SMEFT WCs …)

26/30
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S. Iranipour,  MU - arXiv: 2201.07240S. Iranipour,  MU - arXiv: 2201.07240

‣ The idea: take a PDF fit based on NNPDF4.0 methodology and make dependence of observables on physics 
parameters {ci} explicit before computing the loss function (e.g. adding SMEFT corrections, or expanding 
observables in terms of SM precision parameters) 

‣ Perform minimisation of loss function over                              by adding new layer to the deep neural  network used 
in NNPDF4.0

27/30(5) THE SIMUNET SOLUTION



(5) EXAMPLE: DRELL-YAN DATA @HL-LHC

✓ Simultaneous analysis of PDFs and W&Y SMEFT coefficient using simuNET method shows that at HL-LHC the effect 
of interplay becomes important as WCs bounds broaden and PDF uncertainties change significantly once SMEFT 
effects allowed in theory predictions entering PDF fit

S. Iranipour,  MU - arXiv: 2201.07240

x 2.3 broadening of bounds for W 
x 1.3 broadening of bounds for Y
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S. Iranipour,  MU - arXiv: 2201.07240

29/30(5) EXAMPLE: DRELL-YAN DATA @HL-LHC

✓ Simultaneous analysis of PDFs and W&Y SMEFT coefficient using simuNET method shows that at HL-LHC the effect 
of interplay becomes important as WCs bounds broaden and PDF uncertainties change significantly once SMEFT 
effects allowed in theory predictions entering PDF fit 
✓ In this study the dependence on c was linear



(5) ISSUE OF MONTE CARLO METHOD WITH QUADRATIC DEPENDENCE

• In the quadratic SMEFT fit observed disagreement 
between MC method and Bayesian sampling method. 
Very different posterior (hence different CLs) 

• Mathematical analysis of the problem in  [Costantini, 
Madigan, Mantani, Moore  arXiv 2404.10056]

• Towards a general Bayesian methodology for 
simultaneous fits  
[Colibri: Costantini, Mantani, Moore, Sanchez, MU  - in progress]
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CONCLUSIONS  AND OUTLOOK
• In an era of precision, need careful assessment of PDF uncertainties and rigorous claims about faithfulness of 

PDF uncertainties. Key is to strive for deeper understanding. 

• Some random pressing questions from me: 

• In Bayesian terms, do we really have control of the prior probability that we assume in our PDF fits and on 
how the outcome depends on it?  

• Can we have a truly Bayesian determination of PDFs? 
• And a Bayesian determination of PDFs and SM/BSM parameters? 
• What can be used as a complete basis of the PDF space? Dimensionality is a problem for sampling? 
• Hyper-parameter determination using K-loss: should one use a single configuration or several? 
• Closure tests can be used as a controlled test set where to test faithfulness of PDF uncertainties: is the 

analysis of the normalised bias enough? Is the inconsistency modelled in a sound way? How to determine 
a set of maximally consistent datasets?  

• At LHC we have huge amount of data and, while lots of progress has been done in determining individual 
quantities from these (PDFs, alphaS, …) we should strive for simultaneous fits, thus including the 
correlations between parameters and PDFs. How can this be done in a clever and robust way? 


