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Summary of Lecture 1

@ Deep Inelastic Scattering has been, is, and will be a crucial laboratory of QCD
— hadronic structure encoded in unpolarised and polarised PDFs
— PDFs are related to physical observales via factorisation and evolution
— (critically different) qualitative PDF features are driven by this theoretical framework

@ PDFs are a limiting factor for precision and discovery
— unpolarised PDFs: SM and BSM physics at the LHC
— polarised PDFs: contribution of partons’ spin to the proton spin

© PDFs are determined from experimental data by means of parametric regression
— need to define data, theory, and methodology

@ Different physical observables constrain different PDF combinations
—> fixed-target NC DIS: uw and d
— fixed-target CC DIS: s and §
— HERA NC and CC DIS: u, 4, d, d, g (scaling violations and tagged DIS)
—> fixed-target DY: u and d at large =
— collider DY: u, @, d, d, s
— collider DY+c: s (W) and ¢ (Z)
— Zpr, tt, jets: g
— only a small fraction of the above is available for polarised PDFs

Lecture 2: Data, theoretical, and methodological accuracy in PDF determination J
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The ingredients of PDF determination

or
the set of observables
included in the analysis

experimentalists’ input
of the QCD analysis

METHODOLOGY

or

a prescription to
determine PDFs

uncertainty representation
parametrisation
optimisation

validation

THEORY

or

the theoretical details
of the QCD analysis

theorists’ tools
for precision physics

Each of these ingredients is a source of uncertainty in the PDF determination

Each of these ingredients require to make choices which lead to different PDF sets

J
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Overview of current PDF determinations

NNPDF4.0

MSHT20 CT18

HERAPDF2.0

CJ22

ABMP16

Fixed-target DIS
JLAB
HERA I+11
HERA jets
Fixed target DY
Tevatron W, Z
LHC vector boson
LHCW +c¢c Z + ¢
Tevatron jets
LHC jets
LHC top
LHC single ¢
LHC prompt ~
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D ESISISHESTSISDESPESS
DX E@ASISOESTSISUESHESS

RNKXXXNXXNKSNX X

D@D SOESTSISDESESISS

NXENKXEEEXEXKE

statistical
treatment

Monte Carlo

Hessian Hessian
AX2 dynamical AX2 dynamical

Hessian
Ax2 =1

Hessian
Ax2 = 1.645

Hessian

Z&XZ =

1

parametrisation

Neural Network Chebyschev pol.  Bernstein pol.

polynomial

polynomial

polynom

ial

HQ scheme

FONLL

TR/ ACOT-x

TR’

ACOT-x

FFN

accuracy

aN3LO

aN3Lo NNLO

NNLO

NLO

NNLO

latest update

All PDF sets are available as (z, Q?) interpolation grids through the LHAPDF library
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Parton Distribution Functions

Lecture 2: Data, Theoretical and Methodological Accuracy
in PDF Determination
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Outline

2.1 Which data constrain which PDFs?
DIS observables
non-DIS observables

2.2 Can we improve the fit quality by improving the theory?
heavy quarks
missing higher order uncertainties

2.3 Why is the methodology important?
parametrisation
optimisation
uncertainty representation
validation of uncertainties
PDF benchmarks

| will focus on a limited selection of recent results

I will not talk about some very interesting topics (e.g. aN*LO PDFs, interplay between
fitting PDFs and New Physics, non parametric regression models, . ..)

See also lectures by M. Ubiali and the ML hands-on session by P. Zurita
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Deep Inelastic Scattering

Kinematic coverage

Deep Inelastic Scattering

Fixed-Target Drell-Yan
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Deep Inelastic Scattering

Re-write the cross section in terms of structure functions (Fa, F3, F)

d2 ot ) ) ) ) ) )

y Z & Yy FTY_zFi—y?F  Yi =14(1—y)? F} = Fj—2zF} i=NC(y,%,~vZ), CC(WT)
xdy

NC DIS (¢p — £X) at LO (NMC, SLAC, BCDMS, HERA)

2> [€2,2eq9%, (98) + (99)%] (4 + @)
q

|75 F3% FY
[

[Fg,FgZ,FLZ] =1[0,0,0]

FY B3 7 FE] =37 [0,2¢49% 20 9% ] (a - @)
q

CCDIS (¢~p = vX or ip — £t X) at LO (CHORUS, NuTeV, HERA)
(A R | =2 (utd+ste. ) (dratats..)]
[Fgﬁ/’7F3VV+] =2[(u—d—5+c...),(d—a—c+s...)]

[P F ] = 10,0]
isospin (p — n): uP =d" P =u" aP =d" &P =g"
deuteron target approximated as the average of one proton and one neutron
W2 =Q*(1—x)/z > Wi, ~ 10 GeV?

Q% > Qiin ~ 1 GeV?
28 August 2024 10/75
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Deep Inelastic Scattering
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Drell-Yan

Work out the cross section differential in the rapidity of the lepton pair

‘;‘; x ALt i =NC(y,Z,~Z), CC(WT)
NC DY (v, Z) at LO CC DY (W¥) at LO
[arey, A% 7] = Zeqqq,Z\vCKM (AW LY = |30 ((68)? + (99)%) aa
a,q9’ q
isospin (p — n): u? =d" P =u" aP? = d" d° =a"

deuteron target approximated as the average of one proton and one neutron
different experiments measure different cross section combinations

ofn _A/9ud+1/9da  d
% ~ 4;9%1//9(;5 — = DY p/d asymmetry (NuSea, SeaQuest)
b, ut @
wt .
o5 d—+d d
"';57 = %_Z_ — Z— W+ asymmetry (CDF, D0)
o u+ @ u
O'XZ+ ~ ud + c5 Ufp ~ uli+dd + s5 — 5,5 W= and Z production (ATLAS, CMS, LHCb)
w+ 7.
g d+d -
P % Sa—d W= muon asymmetry (ATLAS, CMS)
oy U+ U
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Drell-Yan
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Zpr, tt, Single-Inclusive Jet, and Dijet Production

Various differential distributions, all proportional to the gluon PDF at LO

pr production: —ge® ATLAS d" CMS
Z d g

dp% dmygg ' de dyz

need one final-state parton, then initial-state quark and gluon are on the same footing

wide pr range, constraints on a wide x (typically intermediate) and Q? range

)

n ian. _do do do
tt production: Ik AT dy T d

process initiated by two gluons in the initial state
differential cross sections reconstructed at parton level (additional systematics)
normalise by Uéf;t (systematics largely cancel, but loose control on PDF shape)
particle-level cross sections are theoretically more complicated

wide rapidity range, constraints on the large-x region

single-inclusive jet and dijet production: do?_ | __de? (HERA, ATLAS and CMS)

dydpr ' dyi,2dmi 2

process initiated by two gluons in the initial state
be careful with systematic uncertainties (mostly driven by jet energy reconstruction)
can also be measured in DIS
wide rapidity range, constraints on the large-x region
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Zpr, tt, Single-Inclusive Jet, and Dijet Production

alimeoin T 3 5 [ nlemeandigie” 7 8TeV
< 38,0 e ! E —=10
E T, _g_‘i Open:L =56 pb!
ee-channel 3 ee-channel e, 3 i - - -1
St o 3 e 218 1o Filled: Ly, = 19.7 fb
:Zsr+camhmeﬂ k| o[+ Comored -, E ol %:_ -ee- CT10 NLO ® NP ® EWK
Sarsteatuncerany Satstea unceran
107 & vy woeF. I oy E “o|g 10" —— CT10NLO ® NP
o - :‘: 10°
| i e R # =
i"”zwmbrﬁma il — 10°
; 0 3 S % T3 107 = - Iyl <0.5( x 10°)
pL1GeV] o (GoV] = 05<|y|<1.0(x10°)
101 ==1.0<ly|<1.5( x10*)
CMS 19.7 fb! (8TeV) CcMs 19.7 b (8TeV) - 15<ly|<2.0(x10°)
- o T T — [ T T 2
s | o 04 s b 04 08 104 = +20<]y| <25(x10%)
S0k <b< g0 <wi< +25<|y|<3.0( x10')
3 - +Data 3 - + Data 107 E - 32<lyl<47(x10°)
=10% 4 5 =10° - | L I | L
E -~ FEwz = - hrewz 21 30 40 100 200 300 1000 2000
(P - L —-—
gm‘;— Y E gm‘.— Y 4 Jetp_ [GeV]
S - S - - Y
% 10°F 4 %107 - 5 anas E-eTov. 202007 = atLas fE-8Tev. 202007
° o S 102k == panzorz 4 I == Daa2or2 E|
£ £ € g I [P —
S0k — S0 — H o oo Lot . E
s } I = } | £ 0ok v oo 4 ¢
T 1.af # Systematic uncert. data T 1 gk # Systematic uncert. data & L s e
Q "} =Scale uncert. QO "F &= Scale uncert. = o N
N 1.2+ PDF uncert. 4 N 1.2}~ PDF uncert. E
= =
o1 4 o1t E
w w 10’ —
*‘— o 15F 3
. o el E P i
Br 5 =
08 100 200 fo00 %% 700 200 1000 0ok .
R R
a; [GeV] A [GeV] my[GeV]

[
[

Emanuele R. Nocera (UNITO)

Parton Distribution Functions

28 August 2024

17 /75



Scaling Violations and Heavy Flavour Production

Heavy quark production in DIS
initiated by gluons

Scale dependence in DIS
of singlet structure function

As
WFQ - [Yaafs + 215744 fo]

2 ANOMALOUS DIMENSIONS
L

0 )’qq 2 4 8

the gluon PDF can be determined at small x

from DIS scaling violations (from HERA)
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Single t, Direct v, W, Z+c-jets

Other processes, currently limited by experimental uncertainties

Single t production (t-channel): -42- do  _do (ATLAS, CMS)

dp%." dyt df’dy

partonic cross sections similar to CC DIS; ¢ reconstructed from Wb decay
potential sensitivity to % and d, also through ratios of ¢ and £ production

potential currently limited by Iarge experimental uncertainties

Prompt ~ production: (ATLAS and CMS)

dE” vy

gluon-quark-initiated Compton scattering
potential sensitivity to the gluon PDF

potential currently limited by large experimental uncertainites

W, Z + charm-tagged jets: 42 (ATLAS and CMS)

W + c: sensitivity to strange PDF (and s — 3 asymmetry)
W + Z: sensitivity to charm PDF (including intrinsic charm and ¢ — ¢ asymmetry)

be careful with systematic uncertainties (due to jet tagging algorithm)

More exclusive processes: double gauge boson production, multijet production, ...

generally less precise and potentially contaminated by BSM physics
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Single t, Prompt v, W, Z+c-jets
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All the data together

Hadronic Process Partonic Process PDFs probed @« coverage
Lepton-nucleon £ {p,n} — 4 x v*q = q q,d,9 z 2 0.01
tEn/p 50t 4 X y*d/u — d/u d/u x 2 0.01
v(D)N = p~ () + X W*q — ¢’ q,q 0.01<z<05
vN - p pt 4+ X W*s = ¢ s 0.01 <z <0.2
ON —» utp™ + X W*s > ¢ 5 0.01 <z <0.2
eip—>ei+X Y*q = q 9,49, q 0.0001 <z < 0.1
etp s+ X wt{d, s} = {u,c} d,s z 2 0.01
efp 5 e+ X y*c = ¢,y g — cc c, g 0.0001 <z 0.1
eipﬁjet(s)-&-X v*g — qa g 0.01 <z <01
Proton-(anti)proton pp— ptu™ + X wi, dd — v* q 0.015 <z < 0.35
pn/pp = pTu” + X (ud)/(ua) — v* d/a 0.015 <z < 0.35
pp(pp) — jet(s) + X 99,499,499 — jets 9,4 0.005 Sz < 0.5
pp— (WE 5T+ X wd— Wt ad > W™ u,d,a,d x> 0.05
pp— (WE 5T+ X wud—> W, da > W™ u,d,a,d,(g) x > 0.001
pp(pp) — (Z — £T07) + X wu, dd(ui, dd) — Z u, d(g) z 2 0.001
pp > (W+ce)+ X gs—)ch,g§—>W+6 5,38 x ~ 0.01
pp = (Z+c)+ X gc — Zc, g¢ — Z¢ c, ¢ x ~ 0.01
pp — tt + X gg — tt g xz ~ 0.1
pp — t,t+ X gq — t, tq u, d x ~ 0.01
pp = v+ X 99 — vq g z ~ 0.01
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Overview of current unpolarised PDF determinations

NNPDF4.0

MSHT20 CT18

HERAPDF2.0

CJ22

ABMP16

Fixed-target DIS
JLAB
HERA I+11
HERA jets
Fixed target DY
Tevatron W, Z
LHC vector boson
LHCW +c¢c Z + ¢
Tevatron jets
LHC jets
LHC top
LHC single ¢
LHC prompt ~

SESISTSESISESISTSISISPgS,

D ESISISHESTSISDESPESS
DX E@ASISOESTSISUESHESS

RNKXXXNXXNKSNX X

D@D SOESTSISDESESISS

NXENKXEEEXEXKE

statistical
treatment

Monte Carlo

Hessian Hessian
AX2 dynamical AX2 dynamical

Hessian
Ax2 =1

Hessian
Ax2 = 1.645

Hessian
AX2 =1

parametrisation

Neural Network Chebyschev pol.  Bernstein pol.

polynomial

polynomial

polynomial

HQ scheme

FONLL

TR/ ACOT-x

TR’

ACOT-x

FFN

accuracy

aN3LO

aN3Lo NNLO

NNLO

NLO

NNLO

latest update

All PDF sets are available as (z, Q?) interpolation grids through the LHAPDF library
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And polarised PDFs?

Hadronic Process Partonic Process PDFs probed T coverage
Lepton-nucleon Zi{p, n} — et x v*q = q Aq, Ag, Ag z 2 0.003
Ei{p,n} YL +h+ X ¥*q — q Agq, Ag, Ag 0.005 <z <05
Proton-proton pp — jet(s) + X 99,99, 9q — jets Ag, Aq 0.05 <z <02
pp— WE S F0)+ X wd = W, du - W™ Au, Ad, A, Ad, (5g) 0.05 <z <0.4
pp = h+ X 99,49,99 = h Ag, Aq 0.05 Sz 504
NNPDFpol2.0 MAPPDFpol1.0 BDSSV25 JAM25
Fixed-target DIS m E E E
Fixed-target SIDIS X vl | |
RHIC vector boson @ X E E
RHIC jets val X vl val
RHIC hadrons X X val X
statistical treatment Monte Carlo Monte Carlo Monte Carlo Monte Carlo
parametrisation Neural Network polynomial polynomial polynomial
HQ scheme FONLL pAY ™M yAY
accuracy NNLO NNLO NNLO NLO

latest update
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Unpolarised and polarised PDFs: data

Unpolarized

Polarized

[TTT] EIC
[ LHeC

> H + 0 =

Fixed Target DIS
Collider DIS

Fixed Target SIDIS
Fixed Target DY
Collider DY

Jet Production

Top Production

Thousands of data for unpolarised PDFs; hundreds of data for unpolarised PDFs

J

Emanuele R. Nocera (UNITO)
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Impact of future data: HL-LHC

Kinematic coverage

108 T
N mp‘—quark pair HULHC 14 Tev, pseudo dataF -.’ -..;}
7| » high mass DY g g
10 <« forward W, Z L) lf O
v direct photon
= inclusive jet
& 108 ¢ zZor 3
2 o We+charm -
° ! X
S 10° :
£ =3ab~!
u
104 L.
1 3 | H H
0 1074 1073 1072 107! 10°
X

[ PDF4LHC15
= + HL-LHC (scen A)
s+ HL-LHC (scen C)

(X, Q)/g(x Q)ref]

Q=10GeV

1 Il Il
107 10° 1072 107"
X

Emanuele R. Noc

Ratio to baseline

s (%, Q)/s"(x, Q) ref]

Gluino pair production @ HL-LHC {s=14 TeV

8 .
S5+ HLALHC (scen A)

B POF4aLHC15

2 + HL-LHC (scen C)

0.8

0.6

0.4

0 L | L, I
500 1500 2000 2500 3000 3500 4000

(GeV)

Mgiing

[

Il 1 1
10° 107 10° 107 107!
X

8 PDF4LHC15
= + HL-LHC (scen A)
s + HL-LHC (scen C)

Q=10 GeV

[EPJ C78(2018) 962]
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Impact of future data: unpolarised EIC

[ Current DIS Data Uu
10"t + EIC¢*pDISNC vvv 04r
F EIC ¢*d DIS NC v vav Relative Uncertainty
L v WAV i B
i EIC e*p DIS CC wiidd —— NNPDF3.1
3L L P P
10 g £ =100 fb71 ERAAS A Anld 0.2 NNPDF3.1 + EIC (optu.mstu.:) " ,
E vv ¥ Vv Kk ¥ —-= NNPDF3.1+ EIC (pessimistic) /V
I~ F * X k& & & & & L
(@ vV XA X vx':q
102k vV VVAYE VAV %AV B F——
E *x kA khK KA KA 0.0F
E ** kK AKKKKKKKK§ :
F ** kK KKKKK KK KK
5 *x kA kA Ak KA K & & Kk : ! T S
10k ** khkhhhhkh k& £ &
E FrAKAAK KK KKK KKK F+] YADISM NNLO (c = o)
S EEEE L LY 100 == YADISM NNLO (¢ £ ) T
I **a ka h hk k k& k & & /% x » — ¥ BIC/5=63GeV (£=10f7")
FrAkAE R R KRS K AR F R R ]
107 1073 1072 107! o
T [«
R S SR —-—
©
E; x E), [GeV]: 18x 275; 10x 100; 5x 100 =
O Q2 =20 Gev?
O,C d —_ O,E d 1 1 1 Il 11 1111 1 1 1
-Aacé — ~fed -red 0.01 0.03  0.05 0.1 03 05
cc
Ored x

[PRD 103 (2021) 096005; PRD 109 (2024) L091501]
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Impact of future data: polarised EIC

NC DIS: quark and gluon spin

2.0

DSSV14 dataset
1.5 I +EICDIS /5 = 45GeV/
I - EICDIS /5 = 45 — 140 GeV

5 10
a

d 05

-

+ 00

5
-0.5
-1.0
-15

x(Au -Ad)

-~~~ CTEQ6 x(d-u)

BN DSSV+ &EIC5x100, 5250
all uncertainties for Ay*=9

=05
=0
~0.5
005 |-
0.4 10°

—0.6 —0.4 -0.2 0.0 0.2

1/2- [ 5(Ag + 1/2A%) dz

NC SIDIS with 7 and K: antiquark PDFs

0.03

- EICSIDIS 5

0.02

0.01

0.00

—0.01

—0.02

—0.03

T Ad

107% 107 107 107 1072 107" 107% 107 107 107 1072 107" 107° 107> 10" 107 1072 107
x v x
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Impact of future data: FPF

FTDIS (current) @ FASERv @ FLAfEI0 @  AdvSND

EIC FASERv2 @ FLAMB100 110
T —— NNPDF4.0
F - 1 —— NNPDF4.0 + FPF (stat only
£ =150 fb~" vesd 0+ FPF (stat only) f
10 1051~ === NNPDF40 + FPF (stat + sys) /-
= of 5§§§€§§ E"é
8 12 XLLA g
D102 oe 1o
3 F o P =
[ .pestiecee S
[ ,88°°
oot 0.95
N i
m% .000000539..03.’.’0 ”
?.\3 T Y AT
10 0" -
@ 09057 107 10°

107 10°

mx (GeV)

[EPJ C84 (2024) 369]
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2.1 Theory
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Can we improve the fit quality by improving the theory?

Kinematic coverage

Deep Inelastic Scattering

Fixed-Target Drell-Yan

Drell-Yan Rapidity Distribution

Drell-Yan Mass Distribution

Heavy Quarks Total Cross Section

Jet Transverse Momentum Distribution

106 4 Drell-Yan Transverse Momentum Distribution

Heavy Quarks Production Single Quark Rapidity Distribution

Heavy Quarks Production Rapidity Distribution

Jets Rapidity Distribution

105 ] Dijets Invariant Mass and Rapidity Distribution
4 Photon Production

O Black edge: New in NNDPF4.0

o
o
<
VA> <o

Y

& [oo b

%’ . PN *l Y Mﬁ
o 10 e ‘:u%‘:“rmm“..ﬂmwﬂﬁ
ﬁé) '}AA“‘ u‘oul 3;!}« ;n}'« !‘ﬂ uh‘ul
.x.n..s.“..h.vn....h.uanw‘.

3 J
10 AAAADAAAAIAAAAAAAAA‘AAAIAAA.AgAA \
o
102 4
101 4
1074 1073 1072 107t 10°
X

Naag = 4618 x?/Naas ~ 1.19 (NNLO) 10 = 1/2/Ngas ~ 0.02
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2.1.1 Heavy Quarks
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Heavy Quarks in DIS

Two possible factorisation schemes for DIS structure functions
MS scheme

Heavy quarks are treated as massless (zero-mass scheme)
corrections proportional to In(Q?/m3) are resummed to all orders by DGLAP

corrections that are O(m3 /Q?) are neglected

This scheme is appropriate when Q? > m?

Decoupling scheme

Heavy quarks are treated as massive (massive scheme)
corrections proportional to In(Q?/m3) are treated at fixed order
corrections that are O(mj, /Q?) are included

This scheme is appropriate when Q? ~ m?

The third way: match the two schemes
General-mass variable-flavour number schemes (ACOT, S-ACOT, TR, FONLL, ...)

use MS for Q2 > m? with full mass dependence retained
keep all flavour sin running DGLAP

subtract double counting terms
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Example: the g; and ¢ structure functions at the EIC

PDF SET: NNPDFpoll.1, z = 0.01

PDF SET: NNPDFpoll. 1 z=0.1

Emanuele R. Nocera (UNITO)

Parton Distribution Functions

0.8 —— T 0.40 T
0.6 B ]
) L _
<
504 NNLO Predictions
S — —— ZM-VFNS .
02l —— FFNS
’ - FONLL-C .
— 2 = 1.992 GeV?
090 10! 02 OYe 10! 10%
@ [GeV?) @ [GeV?)
PDF SET NNPDFpoll. Lo= 0.01 PDF SET: NNPDFpoll 1, = 0.1
0.025 —r 0.0050 T
0.000|- — 0.0025 2
—0.025 ]
S —0.0501—
é I~ NNLO Predictions
= 0075 —— ZM-VFNS
—0.100 B = FFNS T
| FONLL-C
0125
0125 m? = 1.992 GeV?
0-15q 107 10° 0.0104 107 10?
Q* [GeV?] Q* [GeV?]



2.1.2 Missing Higher Order Uncertainties
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6 = also+alTle1+al 26,40 (alt3)

5/6i0tax100%

Perturbative Accuracy in PDF Determination
NNLO is the precision frontier for PDF determination

N3LO is the precision frontier for partonic cross sections

Mismatch between perturbative order of partonic cross sections and accuracy of PDFs
may become a significant source of uncertainty

Higgs production in gluon-gluon fusion

5(PDF+a;) -

6 N 8(1/my)

(2)

(2)
1|0 _ — 0 _
5(PDF _ TH) _ NNLO-PDFs NLO—PDFs

»@
NNLO—-PDFs

W boson production in CC Drell-Yan

— O(P)

10,

9 PDF & a; Uncertainties

S(PDF;

8 LHC 13 TeV EDE)

6l PDF4LHCI5_nnlo_mc | = 6(PDF+ay)
5 PP WX

4

3

2|

1

Nabg ————————
aL %7
5(PDF-TH)
2r 1
S(scale) ]
[ S— P R R — . T —— A |
0 20 40 60 80
Collider Energy / TeV

[ ]

Emanuele R. Nocera (UNITO)

Uncertainty [%]

\ \ , ,
1000 1200 1400 1600 1800
Q[GeV]

200 400 600 800
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MHQUSs and Scale Variations

As an example, let us consider the NS DIS structure function

Q% 1y2
F°(N, Q%) = 2Cns(N, 0:(Q”)) exp {/2 NS (N, as(4®)) | fus(Q7)
Q5

Sources of MHOUs

k k

W O (N, ) = aerid + 029d + .. by

CRSXO(N, o) = 1+ 0. CY + .. abC®)
Scale variations

Idea: as(82p?) = as(pu?)[1 + O(as)]
at N¥LO differences due to higher orders are related to the QCD A function up to S

Cns(as(k2u?, £2)) = Cns(as(u?)[1 + O(as)] fixes C*) in terms of C'F)
s (0 (022, 13)) = s (s (12)[1 + O(a.)] fixes 7% in terms of (¥
ACns = Cns(as(kip?, k7)) — Ons(as(p?))
renormalisation scale (at which UV divergences are subtracted) p, = Krp

Ayns = gns(as(w7p?, k7)) — s (as(p?))
factorisation scale (at which collinear divergences are factorised) pur = ks

Propagate AC and Ay into Af
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Scale Variations: Prescriptions

Kry Ry

Kf Iif /{f

Vary pr and py about po
Pick a set of possible variations
3-points: i = py, Ky =2,1/2
7-points: ur,, iy varied independently, s, f = 2,1/2, remove p,/puy = 4

9-points: pur, juy varied independently, k. =2,1/2

To estimate MHQOUs, take the envelope,
i.e. the difference between the largest and smallest predictions
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A Theory Covariance Matrix

Assuming that theory uncertainties are (a) Gaussian and (b) independent from
experimental uncertainties, modify the figure of merit to account for theory errors

Ndat N
_ 1
X2 = 2 (Di—Ti)(COVexp + COVth)ijl(Dj —Tj); (COVth)ij = N E A,Ek)Agk), A£k> = T,b(k) —T;
g 2

Problem reduced to estimate the th. cov. matrix, e.g. in terms of nuisance parameters

k .
AM = Ty(ug, ur) — Ti(ur,0, nr,o0); vary scales in 3 < <2

Theory Correlation matrix (7 pt)

r 1.00 Experimental + Theory Correlation Matrix (7 pt) 1.00
TR Mmoo
i i ¥ 1l [ W
e 075 - - R 075
y |
DISNC{~ = -
050 L 050
025 025
0.00 Dis cc & 10.00
Top =
-025 \ -025
DYNC E :
-050 { -050
Dy cc{ = DY cC
SINGLETOP . SINGLETOP
JETS H -075 JETS -075
PHOTON o u: PHOTON
DIET i i DIET
9 C R < R & -0 < C R < -0
oo 9o¢ @ o Q}%&’ \?&&%\@ oo 90¢ g
o™ o™
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A Theory Covariance Matrix

Assuming that theory uncertainties are (a) Gaussian and (b) independent from
experimental uncertainties, modify the figure of merit to account for theory errors
Ry 1L ) Ak k k
X* = D> (Di=T;)(covexp + covin) ;' (Dj=Ty); (covin)ij = N S Al )A§ A =7
I k
Problem reduced to estimate the th. cov. matrix, e.g. in terms of nuisance parameters

AW = Ty(up, pr) = Ti(ug,0, pro); vary scales in 1 < HE MR <9

2 — pro’ HRO —
0.5 Square root of diagonal elements of covariance matrices (7 pt), normalised to absolute value of data
! f o Experiment y ! il !
. . - Theory E

Total

b5

=2
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X

2

A Theory Covariance Matrix

Assuming that theory uncertainties are (a) Gaussian and (b) independent from

experimental uncertainties, modify the figure of merit to account for theory errors

Naat
= Z (Di—T3)(covexp + covth);jl(Dj —Tj); (coven)ij
4,7

l

0 1,

Problem reduced to estimate the th. cov. matrix, e.g. in terms of nuisance parameters

k 1
AP = Ti(ur, ur) = Tilkr,o, pr0); vary scales in § < A, i <
—— MHOU (7 point)
0.3 —_ NNLO-NLOpOS:ift
02 “
; w\ } "
0.1 ! i
@5 0.0 nl“””'{l* I M’ 1“ é
+ f h
or| I} »
-02 ‘\‘
-03 | ‘N
i I
< C N & A N4
o\{ﬁ & & Gk(go ¢ ?f@
&
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Impact

3 at 100 GeV

=1 NNLO

EE& NLO

g
o
S

T T
[Z] NNLO-MHOU

[ NLO-MHOU

Ratio to NNLO-MHOU

o
©
-y

Ratio to NNLO-MHOU

o
©
=

1074

1.015
1.010

1.005

1.000

Ratio

0.995

0.990 \

0.985

1073

1072
x

107!

T at 1.65 GeV

/

NNLO / NLO MHOU (68% c.1.+10) N
NNLO / NLO CENTRAL (68% c 1 +10)

0.4
X

0.6 0.8

1.06

1.04

1.02

1.00

0.98

0.96

0.94 ~

on Parton Distributions

g at 100 GeV

= NNLO-MHOU
EZJ NNLO
1 NLO-MHOU
EE3 NLO

1074 1073 1072

X
gat 1.65 GeV

107!

NNLO / NLO MHOU (68% c 1+10)
NNLO / NLO CENTRAL (68% c.1+10)

02 0.4 0.6 0.8

X

Faster perturbative convergence when MHOU are incorporated into PDFs

Emanuele R. Noc

NITO)

[EPJC79(2019) 838; ibid. 931; EPJ C84 (2024) 517)
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Impact on Uncertainties and Fit Quality

2 at 100 GeV g at 100 GeV
0.014 1 NNLO-MHOU 0.014 NNLO-MHOU
_ NNLO _ NNLO
3 00121 NLO-MHOU 3 00121 NLO-MHOU
< 0.0101 NLO < 0.010 NLo
) S
= 0.008 = 0.008
=4 =z
£ 0.006 A £ 0.006
° °
& 0.004 1 & 0.004 1
T B
0.002 4 0.002 1
0.000 : . . . 0.000 . . . .
104 10-3 10-2 10-! 10 10-3 10-2 10-!
X X
NLO NNLO
Dataset Ndat 1o MHOU MHOU no MHOU MHOU
DIS NC 2100 1.30 1.22 1.23 1.20
DIS CC 989 0.92 0.87 0.90 0.90
DY NC 736 2.01 1.71 1.20 1.15
DY CC 157 1.48 1.42 1.48 1.37
Top pairs 64 2.08 1.24 1.21 1.43
Single-inclusive jets 356 0.84 0.82 0.96 0.81
Dijets 144 1.52 1.84 2.04 1.71
Prompt photons 53 0.59 0.49 0.75 0.67
Single top 17 0.36 0.35 0.36 0.38
Total 4616 1.34 1.23 1.17 1.13

Overall (rather small) variation of uncertainties. Tensions relieved: improvement in x2

Emanuele R. Nocera (UNITO)
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What Happens at aN3LO?

NLO NNLO aN3Lo
Dataset Ngat no MHOU MHOU Ng,t no MHOU MHOU Ng,t no MHOU MHOU
DIS NC 1980  1.30 122 2100 122 120 2100 122 1.20
DIS CC 988 0.92 0.87 989 0.90 0.90 989  0.91 0.92
DY NC 667 1.49 1.32 736 1.20 1.15 736 1.17 1.16
DY CC 193 131 1.27 157 145 137 157 1.37 1.36
Top pairs 64  1.90 1.24 64 127 1.43 64 1.3 141
Single-inclusive jets 356 0.86 0.82 356 0.94 0.81 356 0.84 0.83
Dijets 144 155 1.81 144 201 17 144 178 1.67
Prompt photons 53 058 0.47 53 076 0.67 53 072 0.68
Single top 17 035 0.34 17 036 0.38 17 035 0.36
Total 4462 1.24 1.16 4616 1.17 1.13 4616 1.15 1.14
Total Dataset
1.26
Fit quality improves with perturbative order =#-+ NNPDFL0 no MHOU
Loabl o NNPDF4.0 MHOU
Fit quality almost independent from L2 .
perturbative order when MHOU are included = | )
Fo
3
Data whose theoretical description is R=RE ”~.‘ )
affected by large scale uncertainties P I R St ]
are deweighted in favour of more e
. 114 —
perturbatively stable data
112 \'I‘.U .\IN‘I.O (\\'I;I.U

Emanuele R. Nocera (UNITO)
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Impact on Inclusive Cross Sections

+10°  Neutral Current Drell Yan (PDF + MHOUSs) «10¢  Charged Current Drell Yan (PDF + MHOUs)
NNPDF4.0 /s =13.6 TeV 100 ® NNPDF4.0 Vs =13.6 TeV -
NNPDF4.0 (NNLOydf) ~ 60 GeV < mys < 120 GeV = & NNPDF4.0 (NNLOpat) 0 GeV < my, < 120 GeV.
MSHT20 = | & MsHT2
MSHT20 (NNLO,g) FOBEF MSHT20 (NWLOpar) ]
g
T
E 1090 E B
: W 2 f By
{ 2085 { ~
4 %
| I | 080 | I 1 |
NLO NNLO N°LO NLO NNLO NLO
Perturbative Order (ME) Perturbative Order (ME)
X101 Higgs in Gluon Fusion (PDF + MHOUS) i Higgs in Vector Boson Fusion (PDF + MHOUS)

Vs =13.6 TeV § NNPDF4.0 V5 =13.6 TeV

45 { = 46 ¥ NNPDF4.0 (NNLOpr) i
$ MSHT20
[]
[
i

L5k &  MSHT20 (NNLOyqf)
441 { I IE 4

o(pp — h)
o
&
T

NNPDF4.0
NNPDF4.0 (NNLOp) |
MSHT20

& MSHT20 (NNLOpar)

o(pp — Hjj) (VBF) [pb]

25 ¢ . 42 | I i 7
NLO NNLO N’LO NLO NNLO N’LO
Perturbative Order (ME) Perturbative Order (ME)
Effect of using aN3LO PDFs instead of NNLO PDFs in N3LO predictions is small
Good consistency between NNPDF4.0 | ] and MSHT20 |
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2.2 Methodology
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% Difference

Why is the
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= e ////W////////////////
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X

circa 1995: small-z rise of HERA F2p and CDF jet

discrepancy

The methodology is crucial if we aim at percent-level accurate PDFs
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Accuracy vs precision or bias vs variance

r op‘t:ﬁmoxl
Vd;.lue,
undertit | | overfit
1 sene_r‘a\:!iza‘tior error
(test)
varionce
i mode[ cémplex}ty

Sing Voriande

}ncfao\sing B
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What are the ingredients of a fitting methodology?

parametrisation

polynomials/neural network(s)
is there a bias due to the parametrisation?

optimisation

(adaptive) gradient descent
is the parameter space explored efficiently?

uncertainty representation

Hessian /bootstrap of experimental uncertainties
what is the statistical meaning of uncertainties?

validation

closure tests (what happens if | know in advance the underlying law that | am fitting?)
are interpolation and extrapolation uncertainties statistically faithful?

benchmark

PDF4LHC working group
are PDFs obtained independently by various groups equivalent?
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2.2.1 Parametrisation
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Parametrisation: general features

Problem projected onto the finite-dimensional space of parameters )

Choose a parametrisation at an initial scale Q3
for each independent parton ¢ (or a combination of them)

zfi(z,Q5) = Aia® (1 — )" Fi(x, {cs,})

small z Fi(w ey, )~ finite large =
k3 x—1
xf; (.I, Q(Q)) IHO) % interpolation in between zf; (:1?, Q%) z—1 (1 _ l‘)bi

The problem is reduced to the determination of the finite set of parameters {cy, }

The interpolating function .%;(z, {cy,}) should be sufficiently
GENERAL (the range of PDF behaviours in the space of functions should not be limited)
SMOOTH (PDFs are implicitly assumed ot be smooth functions)

FLEXIBLE (it should be able to adapt to a variety of data and processes)

to describe the data with minimal bias
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Parametrisation: two alternative choices

@ Polynomial (Bernstein, Chebyschev) parametrisation, e.g.
Fi=14>_ aT " (y(@)) y=1-2z
i=1

in terms of a (relatively) small set of parameters (O(30) per PDF set)
{a} = {as, bs, 75, 0:}

= smooth behavior (a desirable feature for a PDF)
= potential source of bias if the parametrisation is too rigid

@ Redundant parametrisation, e.g.
a neural network

in terms of a huge set of parameters (O(200) per PDF set)
L=1),fi p(L).fi
{a} = {wij 0

= potentially non-smooth
= bias due to the parametrisation reduced as much as possible
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Parametrisation: what a neural network exactly is?

A convenient functional form providing a flexible parametrization
used as a generator of random functions in the PDF space J

EXAMPLE: MULTY-LAYER FEED-FORWARD PERCEPTRON

n;—1
N @ _ (1=1) £(1-1) O]
Ol €= (g o)
<A J
tput layer

) 1
input layer g(y) —
hidden layer 1 hidden layer 2 1+e Y

@ made of neurons grouped into layers (define the architecture)
@ each neuron receives input from neurons in the preceding layer (feed-forward NN)

@ activation §§” determined by a set of parameters (weights and thresholds)

@ activation determined according to a non-linear function (except the last layer)
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Parametrisation: what a neural network exactly is?

EXAMPLE: THE SIMPLEST 1-2-1 MULTI-LAYER FEED-FORWARD PERCEPTRON

0

(3) (3) wﬁ) "Jg) B
fe)=&7 =q1+exp |0 — @) o @ )
1 + 661 —Twyy 1 + 692 —Twyy

n;—1
B _ 1
Reall. ¢ =g (Z wi Vel - 05”) B OR S

J
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Parametrisation: standard vs redundant

HERA-LHC 2009 PDF benchmark
Fit vs H1PDF2000, Q” = 4. GeV?

10° 10° 10° 1

e
°O

10 10° 10 107 1
X

simple parametrization redundant parametrization (NN)
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2.2.2 Optimisation
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Fit quality
@ Define the fit quality (the x? function)

=Y (Tl - D) (cov ), (Tl -

with the experimental covariance matrix

(cov),; = Sijsi + ZUm o\ Z oo\ | DiD;

s; are Ny, uncorrelated uncertainties (statistic 4+ uncorrealted systematic ucnertainties)
052 are Ngat X N additive correlated uncertainties

c R .
al(’a) are Ngat X N, multiplicative uncertainties

@ Find the best-fit configuration of parameters {ao} which minimise the x>

© Treat conveniently

> uncorrelated/correlated uncertainties

need not to overestimate uncertainties and to let the x2 be faithful
» additive/multiplicative uncertainties

need to avoid the D’Agostini bias
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Parameter optimisation: general framework

Optimisation usually performed by means of simple gradient descent:
compute and minimise the gradient of the fit quality with respect to the fit parameters

x>
8@1 ’

fOri:17...,Npar

Optimisation should minimise the noise in the x? driven by noisy experimental data

Additional complications in case of a redundant parametrisation (huge parameter space)

@ need to explore the parameter space as uniformly as possible
(in order to avoid stopping the fit in a local minimum)

@ need for a computationally efficient minimisation
(non-trivial relationship between FFs and observables via convolution)

© need to define a criterion for minimisation stopping
(avoid learning statistical fluctuations of the data)

Alternative algorithms:
genetic algorithms, adaptive algorithms, ...
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Optimisation: training and validation

Target

PDF fit optimization ——— low Y2

train

Quality control

Y

stable x2,,

Ngat

X' = (Tl{a}] = Di) (cov™),, (Ty[{a}] - D;)

2%

N
(cov),; =08t + <ZU£2 ](Cc)y Uz(i) ;?) DiD;
(e
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o " " " .

500 1000 1500 2000 2500 300

Optimisation: stopping criterion

Divide the data into two subsets (training & validation)

Train the NN on the training subset and compute x? for each subset

Stop when the training loss reaches the absolute minimum

The best fit does not coincide with the absolute minimum of the x>
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Hypertoprimisation: fitting the methodology

L Target
Hyperoptimization low X3al

Target

PDF fit optimization ——— low 2

train

Quality | control Quality control

stable x2,,

Test Set (not used for the fit at all)

Compare to a Test Set (new set of data previously not used at all)
Who picks the Test Set? Automatic generalisation based on K foldings
Divide the data into n representative sets, fit n — 1 sets and use the n-th set as test set

Hyperoptimise on mean and standard deviation of xfcst pi=1...n
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Hyperoptimisation: K-folding

—»{Generate new hyperparameter conﬁguration}

[
[Fit to subset of folds]

@NE] v ! l ) y

folds 1,2,4 ] [folds 1,3,4} [ folds 2,3,4 ]

]

[ folds 1,2,3 J

'

Compare to a Test Set (new set of data previously not used at all)
Who picks the Test Set? Automatic generalisation based on K foldings
Divide the data into n representative sets, fit n — 1 sets and use the n-th set as test set

Hyperoptimise on mean and standard deviation of X?est pi=1...n
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Hyperparameters

Yy

Loss

:

1
number_of layers

3 normal uniform
glorot initializer mode

24 . . 2.4
22
g %
g0 . L
18 . 18
16 . . 16
10-% 1072 10-7 Nadam Amsgrad Adadelta Adam

learning_rate

Emanuele R. Nocera (UNITO)
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2.2.3 Uncertainty representation
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The Hessian method: general strategy

@ Expand the x? about its global minimum at first (nontrivial) order

i i 1 8*x*{a
x*{a} ~ x*{ao} + da'Hijda’, Hy; = 5 78%8{%-}

{a}={ao}
@ Assume linear error propagation for any observable O depending on {a}

00{a} 00{a} 00{a}

(Ofa}) = Ofao} +ai — - 90 Ou,

0o{a} X Oij

{a}={ao} {a}={ao}

@ Determine o;; from H;; from maximum likelihood (under Gaussian hypothesis)

-1 _ & x*{a}

= H;;
“ 8a¢8a]~ J

{a}={ao}

@ A C.L. about the best fit is obtained as the volume (in parameter space) about
x*{ao} that corresponds to a fixed increase of the x?; for Gaussian uncertainties:

68% C.L. <= Ax* = x’{a} — x*{ao} = 1
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The Hessian method: some remarks

@ Compact representation and computation of observables and their uncertainties

(Of(z,Q)]) = Ol fo(z, Q%]

1/2
Npar /

colf(w, QM = 3 | S (Olfile, @*)] - Olfo(a, @*))?

i=1

@ Parameters can always be adjusted so that all eigenvalues of H;; are equal to one
(diagonalise H;; and rescale the eigenvectors by their eigenvalues)

Npar
5aiHi]-5aj = Z [a;(ai)r < Oo{a’'} = |V'(’){a'}|

=1

The total contribution to the uncertainty due to two different sources
(possibly correlated) is obtained by simply adding them in quadrature

© Any rotation in the space of parameters preserves the gradient
(one can diagonalise a chosen observable without spoiling the result)

@ Unmanageable Hessian matrix if the numer of parameters is huge
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The Monte Carlo method: general strategy

@ Generate (art) replicas of (exp) data according to the distribution

oLk — o) L Mgy, =1, Naar, k=1,..., Neep

where rl(k) are (Gaussianly distributed) random numbers for each k-th replica

(rim can be generated with any distribution, not neccesarily Gaussian)
@ Perform a fit for each replica k =1,..., Nyep

ompact computation of observables an eir uncertainties
C t tat f ob: bl d th taint
(PDF replicas are equally probable members of a statistical ensemble)

Ol Q) = 57— > 0¥ @@
Neep ’ , 1/2
oolf(r @) = | v 3 (0¥ (@, @%)] - ©Olf(, Q™))
rep k=1

= no need to rely on linear approximation
= computational expensive: need to perform N, fits instead of one
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The Monte Carlo method: determining the sample size

Require that the average over the replicas reproduces the central value
of the original experimental data to a desired accuracy
(the standard deviation reproduces the error and so on)

L | 1 T g

F N

[ Mean values . - [ Errors SE

0.8 - F B

Eo i ] I 1

0.6 L. B

b e ] 107 E

e ] s 0 ]

s ¢ j s F ]

= r ] = r q
£ 02 B £

< [ ] < I B

o~ 4 102 =

r © Ngp=10 ] 5 E

0.2 - t 4

AL < Ngp=100 [ ]

oz £ « Nip=1000 ] « Nip=1000 ]

Bl b b b b by 3 ol Ll L

04 - 1 %0 10° 10" 1

Experimental Experimental
Accuracy of few % requires ~ 100 replicas )
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2.2.4 Validation
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Accuracy vs precision or bias vs variance

r op‘t:ﬁmoxl
Vd;.lue,
undertit | | overfit
1 sene_r‘a\:!iza‘tior error
(test)
varionce
i mode[ cémplex}ty

Sing Voriande

}ncfao\sing B
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Closure tests: general idea | ]

Validation and optimisation of the fitting strategy with known underlying physical law )

INPUT SETTINGS

[ theory

] [ underlying true law ] [ fitting methodology ]4—.-

e.g. perturbative order

1
e.g. PDFs from MSHT20 e.g. minimization algorithm :
1
1

generate a set
of pseudodata

i

is the underlying

perform a fit
to pseudodata

law reproduced?

is the x? value

consistent?

[ ready to fit real data

1
] | VALIDATION & OPTIMIZATION

J AR B IO oo

Full control of procedural uncertainties )
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Closure Tests: Levels

Level 0 Level 1 Level 2

no fluctuations Gaussian fluctuation Monte Carlo replicas
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Closure tests at work

Data region: closure tests Size of uncertainty on g at 1.65 GeV

1.20 -
Fit PDFs to pseudodata generated 115 —
assuming a known underlying law 110 w—level 0
Define bias and variance 108
bias difference of central prediction and truth 100
variance uncertainty of replica predictions 095
0.90
If PDF uncertainty faithful, then 0.85

E[bias] = variance 0.80
. . 1074 1073
25 fits, 40 replicas each X
Size of uncertainty on g at 1.65 GeV

1072 107t

0.044 B fits bias distribution

= replicas variance distribution 115 level 2

level 1
level O

0.95
0.90

0.85

0.80
20 40 60 80 100 0.0 02 04 056 038 10

[EPJ C77 (2017) 663; EPJ C82 (2022) 330]
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doz/dy (fb)
= = N
5 & o

o
«

o
o

Emanuele R. Nocera

Kinematic coverage

+  datasets pre HERA
+  datasets pre LHC
NNPDF40 datasets

Future tests

Extrapolation regions: future test

Test PDF uncertainties on data sets
not included in a given PDF fit
that cover unseen kinematic regions

x10°

NNPDF4.0fit

25 3.0 3.5

NITO)

Data set NNPDF4.0 pre-LHC pre-HERA
pre-HERA 1.09 1.01 0.90
pre-LHC 121 1.20 231
NNPDF4.0 1.29 3.30 231
Only exp. cov. matrix

uatl1l.7 GeV

0.7 PreHera (68 c.l.+10)

PreLHC (68 c.l.+10)
~1 NNPDF4.0 (68 c.l.+10)

107t

10

10-° 1072

X
[Acta Phys.Polon. B52 (2021) 243]

1073 10°
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doz/dy (fb)
= = N
5 & o

o
«

o
o

Emanuele R. Nocera

Kinematic coverage

+  datasets pre HERA
+  datasets pre LHC
NNPDF40 datasets

Future tests

Extrapolation regions: future test

Test PDF uncertainties on data sets
not included in a given PDF fit
that cover unseen kinematic regions

x10°

NNPDF4.0fit

25 3.0 3.5

NITO)

Data set NNPDF4.0 pre-LHC pre-HERA
pre-HERA 0.86
pre-LHC 1.17 1.22
NNPDF4.0 1.12 1.30 1.38
Exp+PDF cov. matrix

uatl1l.7 GeV

0.7 PreHera (68 c.l.+10)

PreLHC (68 c.l.+10)
~1 NNPDF4.0 (68 c.l.+10)

1072 107t 10°

X
[Acta Phys.Polon. B52 (2021) 243]

1073

10

10-°
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2.3 Summary of Lecture 2
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Overview of current PDF determinations

NNPDF4.0

MSHT20 CT18

HERAPDF2.0

CJ22

ABMP16

Fixed-target DIS
JLAB
HERA I+11
HERA jets
Fixed target DY
Tevatron W, Z
LHC vector boson
LHCW +c¢c Z + ¢
Tevatron jets
LHC jets
LHC top
LHC single ¢
LHC prompt ~

SESISTSESISESISTSISISPgS,

D ESISISHESTSISDESPESS
DX E@ASISOESTSISUESHESS

RNKXXXNXXNKSNX X

D@D SOESTSISDESESISS

NXENKXEEEXEXKE

statistical
treatment

Monte Carlo

Hessian Hessian
AX2 dynamical AX2 dynamical

Hessian
Ax2 =1

Hessian
Ax2 = 1.645

Hessian
AX2 =1

parametrisation

Neural Network Chebyschev pol.  Bernstein pol.

polynomial

polynomial

polynomial

HQ scheme

FONLL

TR/ ACOT-x

TR’

ACOT-x

FFN

accuracy

aN3LO

aN3Lo NNLO

NNLO

NLO

NNLO

latest update

All PDF sets are available as (z, Q?) interpolation grids through the LHAPDF library
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Summary of Lecture 2

@ PDF accuracy can be improved by improving the theory
— proper treatment of heavy quarks is mandatory to describe DIS data
— evidence for intrinsic charm in the proton
— MHOUs can be estimated by scale variations
— inclusion of MHOUs stabilises fit quality
— electroweak corrections modify DGLAP equations
— the photon PDF is determined very precisely
— inclusion of photon PDFs impacts the gluon PDF
@ Devising the methodology is essential to minimise bias and variance
— bias is a measure of accuracy, variance is a measure of precision
— choices of parametrisation (polynomial vs neural network)
— choices of uncertainty representation (Hessian vs Monte Carlo)
— are all sources of bias and variance
— closure tests are a way to validate PDF uncertainites in the seen region
— future tests validate the generalisation power in the unseen region

Thank you )
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